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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he may meet with in the works of the best modem 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
specially to this subject. 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than 180°. The advantage of introducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
Bessel and other German mathematicians ; and especially 
in the Theoria Motu8 Corpontm Ccelestium of Gauss, who 
was the first to suggest their employment. 

The subject of Finite Diflferences of triangles, plane and 

spherical, occupies a large space in Cagnoli's treatise, but 

has not been admitted into more recent works. It here 

occupies only a few pages, but no important result of 

s 
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Cagnoli's Table has been omitted, while a number of the 
formulsB are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re 
lated. W. C. 

U. 8. Natal Aoaduct, 

AimapoU*, Md,, May 1, 1860 



NOTE TO THE FOURTH EDITION. 

In this edition, besides a number of minor changes, and the correction of somt 
typographical errors, a yery important modification has been made in the solution of 
the equation tan x ^ p tan y by series (p. 145), which was given in former editions 
in the nsnal form as stated by all writers on trigonometry. This form was dis- 
cOTcred to lack generality, and consequently to fail in certain applications, in con- 
sequence of the omission of the arbitrary term nnr now introduced. Several subse- 
quent investigations, depending on this, have in like manner been rectified. 

W. C. 

V, S. Naval Aoadhit, April 1, 1864. 
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PART L 

PLANE TEIGONOMETRY. 



CHAPTER I. 

MEASURES OF ANGLES AND ABGS. 



1. TfiiaONOMBTBT is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane Trigonometbt treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Analym. 

8. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed^ 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction 
and measurement: a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distinguishing with the eye the smallest subdivisions of 
lines and angles. 

But here also the case is excluded in wliich the three angles are 
given without a side, because there may be an indefinite number o^ 
plane triangles, whose angles are equal to the same three given ones, as 
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Kg. 1. in Fig, 1. the triangles ABCjA B Q\ 

&c. In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio oi AB to ^ C 
is equal to the ratio of -A'jB'to A! (7, 
&c. ; so that the raJtio% of the sides to 
each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c. ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains. 

6. The units by which angles are expressed are, the degree^ 
minute^ and second; distinguished by the characters ° ' ". 

A degree is an angle equal to ^V of a right angle ; or a degree is 
jiJn of the whole angular space about a point, or ^Iji of four right 
^' 2. angles. Thus, Fig. 2, if the angular space about 

is divided into 360 equal parts, of which AOB 
is one, then AOB\^ one degree. The right angle 
will be expressed by 90° ; two right angles by 
180°, and the whole angular space about a point 
by 360°. 

A minute is an angle equal to ^ of a degree. 
Therefore, 1°=:60'; and a right angle =90 X 60'= 5400'. 

A second is an angle equal to g^^ of a minute. Therefore, 1' = 
60": 1° = 60x60" = 3600"; and a right angle = 90 X 60 X 60" 
-=324000". 

Angles less than seconds are sometimes expressed by thirds^ 
fourths, fifths^ &c., marked '" ^ % &c. ; a third being gV of a second ; 
a fourth, g"(j of a third; &c. But the more convenient method is to 
express them as decimal parts of a second ; thus 4 of a right angle 
will be either 

12° 51' 25" 42'" 51^, &c. 

or more conveniently 

12° 51' 25".714, &c. 

6. The above diyision of angtes is called Bexageiimal, from the diyisor 60 employed 
in the subdiYlsion of the degree. The centesimal division, howeyer, would be prefer- 
ablv in all cases, bnt cannot now be generally introduced without, at the same time, 
changing the arrangement of all our tables, the graduation of astronomical and 
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other instminents, charts, &o. Neyertheless, the attempt has been made in Franeei 
and seyeral standard works exist in the French language, in which it is employed 
throoghoat. 

In the centesimal or French division, the right angle is divided into 100 degrees , 
the degree into 100 minutes ; the minute into 100 seconds, &c. The reduction of 
these denominations from one to the other requires only a change in the position 
of the decimal point ; thus, in this system CO® 75' 84'' '8 is the same as 607584" b 
or 60® '75848 or 0« -6076848, the symbol q denoting a quadrant or right angle. 

To convert centuimal into sexagesimal degreea^ since 100® dec. = 90® sex. dedud wu 
tenth from the number o/eentetimal degrees. 

Example. Required the number of sex. degrees in 85® 47' 43" dec 
85®-4743 cent 
Deduct i\j = 8 -54743 

76® -92687 sex. degrees and dec. parts. 
55'-6122 
36"-732 
or 76® 55' 86"-732 sexagesimal. 

To convert sexagesimal into centesimal degrees, since we most take ^ of the Pes., 
divide by 9 and move the decimal point one place to the righU 
Example. Required the number of centesimal degrees in 76® 55' 80"-732 sex. 
Reducing the minutes and seconds to the decimal of a degree, we have 

76®-92687 sex. 
y> of which is 85® -4743 cent 

or 86® 47' 43'' centesimal. 

To distinguish the degrees of the centesimal from those of the sexagesimal diH 
Bion, the former are frequently called grades, and are denoted by the character • 
instead of ®; thus the preceding angle would be 85* 47' 43". 

Measures of Arcs. 

7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcs maybe taken as the measures of the angles, and we may express 
both the arc and the angle by the number of units of arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
i\ji of the circumference, whatever the radius of the circle may be : 
and we obtain the same numerical expression of Kg. s. 

an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle A OA'^ Fig. 3, and its measure, the 
quadrant AA'^ are therefore both expressed by 
90°; the semicircumference by 180°, and the 
vhole circumference by 860°. ^w 

8 The radius of the circle employed in measuring anodes is then 
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arbitrary, aud we may assume for it such a value as will most sim- 
plify our calculations. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. This value will be generally used throughout this 
treatise. 

9. To find the length of an arc of a given number of degree^^ 
minutesy &c. 

The semi-circumference of a circle whose radius is unity is known 
to be 3'14159265 ; or, the radius being iJ, the semi-circumference 
is 3.14159265 iJ. Hence 

Wheni2 = l 
Arc 180° = 8.14159265 R = 8.1415926f 

" 1° =0.017453293^ =0.017453298 
« V =0.0002908882^ =0.0002908882 
" r = 0.000004848137 iJ =0-000004848137 

An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formulae 

Arc re = 0.017453293 a;° 
= 0.0002908882 a/ 
= 0.000004848137 a;'; 

As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 

Arc a: = [8.2418774] 2;° 
= [6.4637261] a/ 
= [4.6855749] a;'' 

m which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc a; = 38^ 17' 48", the 
radius being — 1. 

38° 17' 48" = 137868" log. 5.1394636 

Log. factor for seconds 4.6855749 

X = 0.6684031 log. x 9-8250384 

10. To find the number of degrees, ^c. in an arc equal to the 
radius. 

We have, from the preceding article. 



* The logarithms in the examples of this work will be taken from StahUy^a Tablet, 
(published in New Haven, by Durrie and Peck,) the best tables of seven-fignre 
logarithms yet published in this ^ountiy. 
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-IQAO 

= 3437'.74677 =206264' -806 

11. The angle at the center measured by an arc equal to the radius, is oftea 
taken as the unit of angalar measure, as this angle will be of an iuTariable magni- 
tude, whatever is the length of the radius. If a; is the number of such units in a 
given angle, the number of degrees, &c., in it will be found by multiplying by the 
value of the radius in degrees, &c., found in the preceding article. Thus, 
2P==ixB?=s 57®-2957795z = [1-7681226] x 
x' =! z i2' = 8487'-74677 x »= [3 •5862789] x 
z" = I R" s 206264"-806 x » [5-8144251] x 

Reciprocally, the angle being given in degrees, &c., we reduce it to the unit ra- 
dius, by dividing by S^, R\ or R"f thus, 

_^__^ ^ 

^^ ii9'^S' ^ R" 

which is evidently the same as multiplying by the factors of Art 9. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the arc which measures the angle in the circle whose radius is unity 
Hence, an angle thus expressed is said to be given in are. If we put (as is usual) 

r =: 8-14159265 • • • 

w is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ ir to denote an 

angular magnitude of ISO® ; -r- a right angle ; 2 ir four right angles, &o. 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or arc from 90°. 

The supplement of an angle or arc is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 80° is 60° ; the supplement of 80° m 
150°. 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

18. Apcording to these definitions, the complement of an arc 
that exceeds 90° is negative; Thus the complement of 120° ii 
90°--120°=» — 30°. In like manner the supplement of 200° u 
180*^ -200° =--20°. 
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CHAPTER 11. 



8INBS, TANGENTS, AND SECANTS. FUNDAMENTAL FORMULJB. 

1 i. Having expressed the sides and angles of ti-iangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 

that of right triangles. Let us therefore 
consider a series of right triangles, ABC, 
AB'C\ AB"C", &c.. Fig. 4, which have 
a common angle A. . The angles at B, 
B\ jB", being also equal, the triangles are 
similar; and by geometry 

B'0':AB'^B''0''iAB" 



Fig. 4. 




or hj the definitions of ratio and proportion, 




BC 
AB 


B'C 
-AB''= 


B"C" 
AB" 


In like 


manner it follows that 






BO 

AC' 


B'C 
-AC'' 


B"C' 
'AC" 


and 


AB 


AB' 


AB" 



AC AC AC" 

Hence it appears that the ratios of the sides to each other are ih$ 
same in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle is the quotient ^ of the opposite $%ds 
divided by the hypotenuse. 
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Thus, in the right triangle ABO, Fig. 5, >^»- 

/ i we designate the sides by the small letters 
a, (, (7, we shall have, (whatever the absolute 
length of the sides) 

sin -A =» — , sm jB = — 
e e 

16. The TANQBNT of the angle is the quotient of the opposite side 
divided by the adjacent side. 

Thus tan J. = — , tan 5 =* — 

b a 

17. The SECANT of the angle is the quotient of the hypotenuse 
divided by the adjacent side. 

Thus sec -4 = -r> sec jB = — 

a 

18. The cosine, cotangent, and cosecant of an angle, are r «- 
spectively the sine, tangent, and secant of the complement of the 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 



y(i) 



19. Since— is the reciprocal of — , it follows from the first and 
a c 

last of these equations, that the sine and cosecant of the same angle 

are reciprocals ; and from the other equations, also, that the cosine 

and secant, the tangent and cotangent are reciprocals. That is, 



sin J. =» cos jB = i5 
c 


cos A =» sm ^ = — 
e 


tan J. — cot 5 = 4 
b 


cot A »= tan JB = — 
a 


sec A ="Cosec5=»i- 


cosec J. = sec 5 = ~ 



Bin ^ = . .. 




cosec A V 


cosec A 


sin -4. 


cos ^ - ^ , 
sec^i 




cos-1 


tan JL = -^ , 

cot^ 




cot^=» V, 
tan^ 


w more briefly, 

sin A cosec -4 = cos ^ 


sec 


^ = tan J. cot A 



m 



(8) 
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SiNESy ko. OF Arcs. 

^'^ 20. The sine^ tangent^ and secant of 

^ an are are reepeetively the sine^ tangent^ 
and secant of the angle at the center 
measured by that arc. Thus, Fig. 6, 

OB 

The sine of an arc, therefore, does not depend npon the absolute 
length of the arc, but upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (8) are also 
applicable when A expresses an arc. 

21. If the radius = 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines. 
Representing the arc AB^ or angle AOB, by a?, we have, when OA 
^ OB « 1, 

BO BO ^^ 



einx 


"OB' 


■ 1^ 


JSU 


tans 


AT 

~oa'' 


AT 


AT 


BWX 


OT 
" 0A~ 


OT 
1 


OT 



and from the arc A'B =» 90° — rr we find in the same way 

co8x = BD=^00 
cot X = A'T' 
cosecr= OT' 

Therefore, in the circle whose radius is unity, the sine of an arc^ 
or of the angle at the center measured by that arc^ is the perpen- 
dicular let fall from one extremity of the arc upon the diameter 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arcy which is intercepted between that extremity and 
the diameter (produced) passing through the other extremity. 

The secant is that part of the produced diameter which is inter* 
cepted between the center and the tangent. 

The cosine is the distance from the center to the foot of ihe sine. 

In a circle of any other radius than unity, the trigonometric 
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"unctions of an arc will be equal to the lines drawn as above, divided 
Dy that radius. 

The properties here stated have heretofore been used by most- 
writers upon trigonometry as definitions, but without limiting the ra- 
dius to unity ; and it is evidently from this mode of viewing thesp 
functions that they have derived their names. 

22. Besides the functions already defined, others have been occasionally employee^ 
to facilitate particular calculations, as the iferaed fine, which in the circle is the 
portion of the diameter intercepted between the extremity of the a^c and the foot 
of the sine ; thus. Fig. 6, the yersed sine of A B i% A C, or the radius being =s 1, 

versin z = 1 — cos i (4) 

by means of which formula we may always substitute versed sines for cosines, anf» 
reciprocally. 

The coversed siiu (covers.) is the versed sine of the complement, and auveraed sine 
(suvers.) is the versed sine of the supplement. 

The chords of arcs have also been used, and may be substituted for sines by the 
formula 

chz=2sin}2; (5) 

which is endent from Fig. 6, where if the arc BB'^sx, we have chord BB' z^ 
2 BC^2BmAB, 

23. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigonometric functions.'^ It becomes necessary, thereforie, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulae and methods by which 
these tables are rendered available. 

Fundamental Formulae. 

24. 0-iven the sine of an angle, to find the cosine. 
From the right triangle AJBO, Fig. 7, we "«-'^- 

have by geometry a^ + b^ = c^ 
Dividing by c^, this equation becomes 

* Also trigonometric lines, from the properties explained in Art. 21 
^ Z b2 
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or, by the definitions of sine and cosine (1), 

sin* A + cos* A = 1 (6j 

in which the notation sin* A signifies « the square of the sine of A.'* 
From this formula, if the sine is given, we find 

cos* ^ = 1 — sin* J. = (1 + sin A) (1 — sin A) 
cos ^ = ^/ (1 - sin* JL) = ^/ [(1 + sin^) (1 - sin^)] (7) 
and if the cosine is given, we find 

sin ^ = ^/ (1 - cos* J.) = x/[(l + cos^)(l - cos -4)] (8) 

25. GHven the sine and cosine of an angUj to find the tangent 
By (1) we have 



tan A ^ -r 



also 



therefore 



sin J. 
cos^ 

tan A = 



a I 

5- - 

c e 

sin -4. 



a 
b 



cos^ 



(9) 



And since the cotangent is the reciprocal of the tangent, 

A COS A 

cot -4=-: -1 (10) 

sm -4 ^ ^ 

26. CUven the tangent of an angle^ to find the secant. 
The right triangle ABO^ Fig. 7, gives 

C.2 == 6» + a* 
Dividing by J*, this becomes 

c* a* 

6* ^ ^ J* 
or, by the definitions of secant and tangent (1), 

sec*A = l + tan*^ (11 j 

This formula applied to the complement of A gives 

cosec* -4 = 1 + cot* A (12) 

-'**•*• 27. The preceding formulae are also 

directly obtained from Fig. 8. If the 
angle AOB^ or the arc AB^ be denoted 
by a:, the right triangle OBO, gives 

BO^ + OO^^OB^ 

or remembering that the radius is unity, 
by Art. 21, 
%in*a; + cos*a;»l (18) 
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The triangle OBO gives by the definition, Art. 16, 

sin a? ,^^^ 

or ^""^^-^^ <!*) 

Since the angle BCD is the complement of BOO^ tva BOB >» 
«ot X, and the triangle BOB gires 

U.nBOB^-^^^ 

COS a? ,^ _. 

01 cot X = -T — (16) 

In a similar manner the triangles AOT^ A' OT* give 

sec' a; =» 1 + tan* x (16) 

cosec'a; =* 1 + cot' x ' (17) 

28. The following equations are easily demonstrated by oombining (13), (14), 
(15), (16), (17), and employing the property of the reciprocals (2). They are of 
frequent use. 

1 . tanz cosx _^^ 

sin % = =3 tan x cos z ^ =r n 8) 

coseo X sec x cot x ^ ' 

1 . . cotx sinx 

cos X = = cot X Sm X sss = i\^\ 

secx cosec X tanx ^ ' 

sin X = ^ (1 — cos* x), cos X =s ^ (1 — sin^) (20) 

sec X sss ^ (1 -|- tan* x), eosec x as ^ (1 -(- cot* x) (21) 

tan X =s ^ (sec* x — 1), cot x =s ^ (coseo* x — 1) (22) 

tanx 1 

cotx _^ 1 

^^®*'™v^(l + cot*x)""-v/(l + *«^'«) ^^^ 

. ^^ sinx ^(1 — coB*x) ^^^^ 

tanx ass — -— :—-- as 5l_i i (2h\ 

-^(1— sin*x) c38X ^^' 

. cosx ^(1 — sin*x) 

cot X s -— -— =s V_A_j L /26) 

^(1 — cos*x) sinx ^ "^ 

29. To find the sine, ^o. of 80° and 60°. 

In Fig. 8, let the arc AB = 30°, and BB' = 2 JLJ5 « 60^. By 
Art. 21, sin AB = jB(7, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radius = 1 ; therefore 

2sin80°=i25(7=j5j5'=xl 

whence 

ain 80° = J - cos 60° (21) 
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ftBd by (7) 

O()8 80O-^[(l + J)(l-J;J-^(|Xj) 

whence cos 30^ « J ^/ 3«Bm60^ 

Ihen, by (9) and (2), 



tan 30^ 



sin 30' 



i 



'cos 30° "" J v/8 ^ ;78 "" ^^^^'^ 



'^'^^''-t^so-o-^^ 



sec 30'' 



cosec 30° 



'cos 30° 
1 






• tan 60° 
» cosec 60° 



2 =Bec60° 



(28) 

(29) 
(30) 

(31) 
(32) 



"sin 30° 

80. To find the siney ^c. ofi5^ Since 45° is the complement of 
46°, we have 

sin 45° = cos 45° 
whence by (13), putting x = 45°, 

Bin« 45° + COS* 45° = 2 sin« 45° «= 2 cos* 45° — 1 
sin»45° = co8«45° = J 
sin 45° = cos 45° = v/ J = J .v/ 2 
sin 45° 
'cos 45°"" 
1 




= cot 45° 
= cosec 45° 



^/2 



(33) 
(34) 

(35) 



sin 45° 
These values are readily verified in the circle, 
Fig. 9, where OAT A' is a square described upon 
the radius. The diagonal OT bisects the right 
angle, whence J.Oir = 45°, and tan 45°=^T 
= OJ. « 1 ; cot 45° = ^' r = 1 ; sin 45° = jB(7 
= 0(7 = cos45°, &c. 

31. The sines and cosines of two angles being given^ to find 
the sine and cosine of the sum^ and the sine and cosine of the differ- 
ence of those angles. 

fig. 11. Let the two angles he A OB 

and BOO, Figs. 10 and 11. 
At any point B in the line 
OB draw J?(7perp. to OB. 
Draw BA and CD perp. to 
0-4, and B E perp. to 0I>. 




AJ> 



FUNDAMENTAL FORMUUB. 21 

Then the triangles B QJE and £ J. are matoally equiangular, 
the three sides of the one being perp. to the three sides of the other 
respectively ; therefore the angle B OJE^ AOB. 



Let 




x-=AOB~BOE 
y^BOO 




Then, Fig. 10, 
Fig. 11, 
and in 


x+y 
x-y 


= 00D 
= 00D 




Fig. 


10, 8in(a!+y) 


OB 
~ 00 


BA + OE 

~ 00 " 


BA^ 
'(70 + 


Fig. 
and in 


11, 8in(a!-y) 
both figures 


OB 

'CO'- 


BA-OE 
" 00 ' 


BA 

'00- 




BA 

00- 


BA 
■BO'' 


BO . 

■pQ = Sin a; cot 


•y 




OE 
00' 


OE 
■OB'' 


OB 

-=-j B 008 a; 8U1 


y 



OE 

GO 

OE 

00 



which being aubstituted in the above ezpressiona of 8in {x + y) and 
sin {x — y) give 

8in {x + y)'= 8in a; cos y + cos x sin y (86) 

sin (« — y) = Bin xcoay — cos x sin y (87) 

Again in 

^. ,„ , , ^ OB OA-EB OA EB 
Fig. 10, cos(a; + y)=^ ^ 00"- 00 

^. „ , , OB OA + EB OA^EB 
Fig. 11, co8(a;-y) = ^ ^ 0^ + 0^ 

and in both figures, 

OA OA OB 
Wm'^OG^'^'"^^ 



EB EB BO . 

oo''Woo°^"""^y 



therefore 



cos {x + y)^ cos rr cos y — sin 2; sin y (88) 

cos (a? — y) =» cos a? cos y + sin x sin y (89) 

and (36), (37), (38), and (39) are the required formula. 

These may be considered as the fundamental formulae of the trigo- 
nometric analysis, and will form the basis of our subsequent invos- 
tigations. They are equally applicable to arcs represented by x and 
y (Art. 20). 
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CHAPTER IIL 

TRIGONOMETRIC FU^CTIONS OF ANGULAR MAGNITUDE IN GENERAu 

82. The definitions of sine, &c. given m the preceding chaptei 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

If, Fig. 12, we suppose the line OA to revolve 
from the position OA to OA' in the direction of 
the arc AA' (or from right to left), it will describe 
an angular magnitude of 90® ; when it arrives at 
OA" it will have described an angular magnitude 
of 180°; at 0A"\ 270°; and at OA again, 360°. 
If it now continue its revolution, when it arrives 
at OA' again, it will have described an angular magnitude of 
360° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
lae established in the preceding chapter ; first deducing their values 
anelytically, and then explaining their geometrical signification. 

33. To find the sine, ^c. of 0° and 90°. In (37) and (39) 
let a; = y ; the first members become sin (a? — a:) = sin 0°, and 
cos (a: — a;) = cos 0° ; and by (13) they are reduced to 

sin 0° = sin a; cos a? — cos aj sin a: = 
cos 0° = cos* X + sin* x =1 

and since 0° and 90° are complements of each other, Art. 12, 

sin 0° = cos 90° = (40) 

cos 0° = Bin 90° = 1 (41) 

from which by (9) and (2) 

taii0<'-cot90° = ^ = ^=0 (42) 
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cotO»- tan 90° -.J^„ = 1-00 (48) 

BeoO° = cosec90°-3^ = l = l (44) 

co8ecO»= seo90°--ji^ = J. = oo (46) 

34. To find the tine, ^o. of 180°. In (36) and (38) let 
xaxy ^ 90° ; these equations become by means of the f receding 
values 

sin 180° = 1x0 + 0x1 = (46) 

cos 180° = 0x0-1x1 = -! (47) 

whence by (9) and (2) 

tanl80° = ^ = cot 180° = J- -oo (48) 

sec 180° = -i = - 1 cosec 180° = ^ = 00 (49) 

35. To find the sine, ^0. of 270°. In (36) and (38) let 
X =180°, y = 90°, then 

8in270°=0x0 +(-l)xl = -l (50) 

co8270° = (-l)x 0-0x1 = (51) 

(62) 



tan270° = -Q-=oo 


cot 270°= ~ =0 

00 


sec 270^ = ^ = 00 


cosec 270° = — ^ = - 



1 (53) 

36. To find the sine, ^c. of 360°. In (36) and (38) let 
X = y = 180° ; then 

sin 360° = 0x(-l) + (~l)x0 = (54) 

co8360°=(-l)x(-l)-0 x0=»l (55) 

the same values as for 0°, whence it follows that all the trig, func 
tions of 360° are the same as those of 0°. 

The same process continued will give for 450° ( =» 360° + 90^), 
the same trig, functions as those of 90° ; for 540° the same fonctionj 
as for 180°, Ac. 
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37. The preceding values now furnish us at once with the values 
of the functions for all possible values of the angle. In (36) and 
(38) let X = 0^, they are reduced to 

sin y = sin 0° cos y + cos 0° sin y = sin y 

cos y = cos 0° cosy — sin 0° sin y = cos y 

which are simply identical equations, and reveal no new property. 
But if in (37) and (39) we put x = 0°, we have, after substituting 
the functions of 0°, 

sin (— y) = — siny cos ( — y) = cosy (56j 

whence by (9) and (2) 

, . sin(— v) —siny . ,^^^ 

tan(-y)= — ) — ^ = ^--tany (57 

^ ^^ cos( — y) cosy ^ 

, . cos(— y) cosy ,_^. 

cot (- y) = -.-4—^ = 7^ « - coty (58) 

^ ^'^ sin ( — y) — sin y ^ 

sec ( — y) = — 7 X = = sec y (59) 

^ ^^ cos( — y) cosy ^ ^ , 

cosec ( — y) = -: — 7 \ = — = — cosec y (60) 

^ ^^ sm ( — y) — sm y ^ ^ ' 

HTy the sin.y tan.^ cot^ and cosec. of the negative of an angle are the 
negative of the sin.^ tan.y cot.y and cosec. of the angle itself; and tht 
cos. and sec. are the same as those of the angle itself. 

38. In (37) and (39) let a; = 90° ; we find after reduction 

sin (90° — y) = cos y cos (90° — y) = sin y 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x = 90°, we find 

sin (90° + y) = cos y, cos (90° + y) — — sin y (61) 
whence by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y) = — tan y (62) 

sec (90° + y) = — cosec y cosec (90° + y) = sec y (63) 

or, the sin. and cosec. of an angle are eqiuil to the cos. and sec. of the 
excess of the angle above 90° ; and the cos.j tan.y cot.j and se?. are 
nqual to the negatives of the sin.j cot^ tan.j and cosec. of the excess 
of the angle alove 90°, 
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39. In (37) and (39) let x « 180^ ; we find 

sin (180^ — y) = sin y cos (180° — y) = — cos y (64; 

tan (180° - t^) = — tan y cot (180° — y) = — cot y (65) 

sec (180° — y) = — sec y cosec (180° — y) = cosec y (66' 

or, the Bin. and cosec. of the supplement of an angle are the same as 
those of the angle itself; and the cos,y tan.y cot.y and sec. are the 
negative of those of the angle itself 

40. If y is acute (that is, less than 90°), all its trig, functions are 
positive ; and since its supplement 180° — y is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
ccsec. of an obtuse angle are positive^ while its cos.j tan., cot, and 
i*c. are negative. 

41. In (36) and (38) let x = 180° ; we find 

sin (180° + y) = — sin y cos (180° + y) = — cos y (67) 

tan (180° + y) = tan y cot (180° + y) = cot y (68) 

sec (180° + y) = — sec y cosec (180° + y) = — cosecy (69) 

by means of which, if y is acute, we obtain the values of the sines, 
&c. of angles between 180° and 270°. 

42. In (37) and (39) let x = 270° ; we find 

sin (270° - y) = - cos y cos (270° - y) = - sin y (70) 

tan (270° - y) = cot y cot (270° — y) = tan y (71) 

sec (270° — y) == — cosec y cosec (270° — y) = — secy (72) 

43. In (36) and (38) let x = 270° ; we find 

sin (270° + y) = - cos y cos (270° + y) = sin y (73) 

tan (270° + y) == - cot y cot (270° + y) = — tany (74) 

sec (270° + y) = cosec y cosec (270° + y) = — sec y (76) 

44. In (37) and (39) let x = 860° ; we find 

sin (360° - y) = — sin y cos (360° — y) = cos y (76) 

tan (360° - y) = - tan y cot (360° - y) = - cot y (77) 

sec (360° — y) = sec y cosec (360° — y) = — cosecy (78; 

tT the functions of 360° — y are the same as those of — y (Art. 87) 

45. In (36) and (38) let x = 360° ; we find 

sin (360° + y) = sin y cos (360° + y) « cos y (79 \ 

^r, the functions of an angle which exceeds 860° are the same as 
those of the excess above 360°, 
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It foUowa that the functions of 720° + y are the same as those 
of 360*^ + y, and therefore the same as those of y ; and. in like 
manner for an angle which exceeds any multiple of 360°. 

46. Since y — 90° is the negative of 90° — y, we obtain from 
Art. 37, 



} 



(80) 



Fig. 13. 
A* 



B'. 


y^'^ 


"■"^^ 


B 


/ 


cot— 


ti 


\ 




C 


c 
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Vj 


sin — 
cos — 


•in- 

COi + 


J 


B" 


^''^^ — 


^ 


B'" 



A'" 



sin (y - 90°) = - sin (90° - y) •« - cosy 
cos (y - 90°) = cos (90° - y) = sin y 

whence also tan., &c. ; and in the same manner we may find the func- 
tions of y - 180°, y - 270°, y - 360°, &c. 

47. We shall now give the geometrical interpretation of the pre- 
ceding results. 

In Fig. 13, let the radius revolve from the 
position OA to 0A\ 0A!\ &c., as in Art. 32, 
thus describing a continuously increasing an- 
gular magnitude ; or, which is equivalent, let 
the arc commencing at A increase continuous- 
ly to AB^ AlA\ AB\ &c. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows. 
1st. 2%e«me being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremity, 
we shall have sin AB = BC, sin AB' = B' 0\ sin A A" B'' = B'' 0\ 
sin AA"B"' =- ^'"(7, and if we make 

AB = A"B' = A''B'' = AB''' = y 
we have 

sin y = ^ (7 

sin(180°-y) = £'a' 

. sin(180° + y)=5''6^' 

sin(360°-y) = £'"(7 

The lines BC, B' (7', B" 0', B'" (7, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulae enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin(180°— y)=siny 
sin (180° -f y) = -siny 
sin (360° — y) = — sin y 

so that the sines from 0° to 180° are positive, while those from 180° 
to 360° are negative ; or the sines which are above the diameter 
A A'' are positive, while those which are below this diameter are 
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aegative ; or still more generally, the sines that have opposite d^ 
rectioniy with reference to the fixed diameter from which they are 
measured, have opposite signs. 

2d. The cosine being, by Art. 21, the distance from the center tJ 
the foot of the sine, we have 

cos y = (7 

cos(180°"-y)-O(7' 

cos(180°+y) = O(7' 

cos(360*^— y) = 0(7 

but by (64), (67), (76), 

cos (180° — y) = — cosy 

cos (180° + y)=-.cosy 

cos (360° — y) = cos y 

so that the cosines on the right of the diameter A! A"* are positive, 
while those on the left of this diameter are negative ; or rather the 
cosines that have opposite directions^ with reference to the diameter 
from which thefy are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli 
cation of analysis to geometry, viz. : that all lines measured in op 
posite directions from a fixed line have opposite signs. 

To interpret the results (66), it is only necessary to observe that 
a negative arc will be one reckoned from A towards B"\ or in tho 
opposite direction to that of the positive arc, so that 

sin AB'" = sin (- y) == B"0^-BO^ - siny 

cos J.J&' = COS ( — y) = 0(7= cosy 
as in (56). 

The same principle applies to the tangents, but it will be simpler 
iu practice to obtain their signs (as also those of the secants'!, ana 
ly tically, from those of the sine and cosine, as has been already shown 
It will be suflScient to bear in mind the following table, which is alsi 
expressed by Fig. 13. 



Sine 

CCSINB 



1st Quad. 2d Quad. 



8d Quad. I 4th Quad. 



:8 
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B'JL. 



-:^ 



C0.+ 



B"* 



48. The particular values of the sine and 
cosine at -4, A\ A!\ &c., or sin. and cos. of 
0°, 90^, 180°, &c., may also be found bj 
Fig. 13, upon the same principles ; but this 
we leave to the student. 

49. General Bemare. — ^In the demon- 
stratim of the fundamental formulae for 
sin (xdby), and cos (a:dbyX ^^*' ^\ ^^ 
angles a?, y and x^^y were all taken less than 90° and positive. 
In this chapter these formulae have been applied to angles of any 
magnitude, and the resulting functions ^ave been shown to take 
opposite signs when the lines representing them take opposite direc- 
tions. It follows that, in deducing trigonometric formulae from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in^the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined. 



60. The results of this chapter may be expressed by a few general formulse. 
From (79) it appears that all the trigonometric functions return to the same values 
after one or more complete revolutions of 3G0^. If we represent the semi-circum- 
ference, or two right angles, by ir (Art. 11), and let n &= any whole number or zero, 
we shall have 



whence 



rin4n^ = 


008 4 n y a 1 


(81) 


gin(4» + l)|.-l 


C08(4«+l)|. = 


(82) 


«m(4n+2)|.-0 


«-(4»+2)y--l 


(88) 


8in(4«+8)|._-l 


oo.(4»+8)^-0 


(84) 


tan4n J — 


t«(4n+l)|:-oo 




t»n(4» + 2)^-0 


ten(4«+8)^-co 





or the tan. of the even multiploti c/-^ =b 0, and of the odd mnltipleB as oo > so that 
vc may write more simply 



.2»l-0 



tan( 



!»+l)^ 



'00 



(«) 
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I« these formulaB we have only to given one of the values 0, 1, 2, 3, 4, Ac., to 
obtain the functions of any given multiple of the right angle. Thus, we fiud 

■in460<> sBs Bin 5 ^ s=s sin (4 + 1) y = 1 by making » =s 1, in (82). 

Slnoe the subtraction of 8 n -^ from the arc will not change the functions, tat 

above formulos are also true when n is a negative whole number. 

51. In a similar manner we obtain 

8in|^4ii~ + jrjsasiny cos j^4 n ^ + y j = cos y (86| 

8in[(4n+l)^ + y]=cosy cos [(4 n + 1) -^ + y] = ^ sin y (87) 

siii[(4n+2)|. + y]=«-siny cos [(4 « + 2) J + y] =-cosy (88) 

sin r(4n+8)~ + yJ = — cosy cos ["(411 + 3) y + y1 =sBiny (8&J 

tan[2n^ + y] « tan y tan [^(2n + l)^ + y] = — coty (90) 

In which n may be any whole number, positive or negative, and y any angle, positive 
or negative. 

52. A still more concise form may be given to the formulae of the two preceding 
articles, as follows : n being, as before, any whole number, positive or negative. 

sin2n-|^ = cos 2 n j == (— 1)» (91) 

sin (2 n + 1) ^=(-l)» cos (2 n+ 1) |1= (92) 

sin r2 n y + y 1 =(— l)»siny cos ["2 n |^ + yj == (— 1)» cos y (93) 

i'ii[(2n4 l)^+y]=:(-l)»cosy cos[(2n+l) ^+y] = -^-l)-8iny (94) 

and from these (85) and (90) may be directly deduced. 

53. We have seen that an angle being given, there is but one corresponding sine. 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
responding ; for if a denote the given sine, and y any corresponding angle, then a if 
also the sine of all the angles 

«• — y, 2 7r-\' y, 8 »• — y, &o. 

— «• — y, — 2 »• + y, — 8 jr — y, &c. 

«r in general 

«== siny SB sin[nsr+ (— l)'»y] (96) 

02 
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1l lik< manctr if a is a giTen cosine, and y any eorresponding angle, 

« = cos y = cos (2 nr zb y) (96) 

^Dcl if a is a giTen tangent corresponding to the angle y, 

a = tan y = tan (n r 4- y) ^97; 

Sine and Tangent oi k Small Angle or Arc. 

64. When tne angle AOB^x, Fig. 14, ?8 
very small, the sine and tangent are very nearly 
equal to the arc A By which measures the angle, 
the radius being unity ; and the cosine and secant 
are nearly equal to 0A=^1 (Art. 21). There- 
fore, to find the sine or tangent of a very small 
angle approximately ^ we have only to find the 
ength of the arc by Art. 9 ; thus 

sin 1" = arc 1" = 0-000004848137 

log. sin 1" = 4.6855749 

and X being a small angle, or arc, expressed in seconds, 

sin X = tan a: = a: sin 1" (98) 

If X is expressed in minutes, 

sin X = tan a: = a: sin 1' (99) 

If X expresses the length of the arc, the radius being unity, 

sin X = tan a: = a: (100) 

The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are suflSciently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1°. 

65. If X and y are any two small angles, it follows from the pre- 
cedkig article that 

sin a: : siny = a: sin 1": y sin 1" == a? : y 
that is, the sines {or tangents) of small angles are proportional to the 
angles themselves* The application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required in 
the problem in which it is employed.* 

♦ For a full discussion of the limits under which this theorem may be employed, 
fice a paper, by the author of this work, in the Astronomical Journal, (Cambridge. 
.Vf%88 ^ Vol i. p. 84. 
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CHAPTER IV. 

GENERAL FORMUUE. 

56 . Wb have already obtained four fundamental equations, (3(j), 
(37), (38), and (39), involving two angles, x and y. From these we 
shall now deduce a number of formulae, either required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

#57. The sum and difference of the equations (36) and (37) are 

sin {x -h y) + sin (a; — y) = 2 sin x cos y (l^l) 

sin (a: + y) — sin (a: — y) = 2 cos x sin y (1^2) 

and the sum and difference of (38) and (39) are 

cos (a; + y) + cos (a? — y) = 2 cos x cos y (103) 

cos {x + t/)-- cos (a; — y) = — 2 sin a: sin y (104) 

68. If we put 

x + y=^x^ 

whence 2 a; = a;' + y', a? = J (a?' + y') 

2y-a:'-y', y = J(2^-.y') 

equation (101) will become 

sin a;' + sin y' = 2 sin J (a;' + y') cos J (a;' — y') 

and (102), (103), and (104) admit of a similar transformation. IJut 
since x' and y' admit of all varieties of value, we may omit the 
accents and apply the formulae to any two angles x and y ; we have 
thu9 

sin a: + sin y = 2 sin J (a; + y) cos J (a; — y) (105) 

sin a: — sin y = 2 cos J (a: + y) sin J (a; — y) (106) 

cos a; -f cos y = 2 cos J (a; + y) cos J (a: — y) ' (107) 

cos a? - cos y = — 2 sin i{x + t/) sin J (a; — y) (108) 

Each of these equations may be enunciated as a theorem ; thus 
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(105j expresses that <«the Bum of the sines of any two angles is 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difiFerence." 

These formulae are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 
a product. 

69. Dividing (105) by (106), we have by (14) and (15) 

r-^ = tan i(x + tf) cot J (a? — y) 

or by (2) 

sin a; + sin y tan \{x -Vy) 
sin X — siny tan J (a: — y) 

and from (107) and (108) we find in the same manner 



(109) 



COS X + COS y 
We find also 

sin a: + sin y 



COS 27 "^ COS f/ 

^ tan J (a: + y) tan J (a: - y) (IIOJ 



, -tanWic + y) (111) 

cosa; + cosy ^ \ &j \ ; 



sin X — sm 



cos a? + cosy 



^ = tani(«-y) (112) 



sin a; + siny , , ^ .^^^ 

^ = - cot Ua? -y) ( 113) 

cosa: — cosy a \ ^/ / 

COS a; — cosy ^\ ifj \ 

60. Divide the equations (36), (37), (38) and (39) by ccs x cos y ; 
then by (14) we have 

8iH(a: + y) ^ , ^ ,-. ^v 

^^ ^^ = tana: + tan y (li5i 

cos X cos y ^ 

sin(a: — y) 

^ ^ = tan x — tan y (116) 

cos a; cos y ^ ^ ^ 

?^^(^±^)-l-tan:rtany (117) 

COS a; cosy ^ ^ ' 

co8(^--y) ^^^^^^^ ^^ ,118- 

C08 a; COS y " ^ ' 
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61. Divide (36), (37), (38) and (39) by sin a: siny; and by sin x 
cos y\ then 

8in^±y)^ (119) 

Bin a? Bin y ^ ^ ' 

Bin a; sm y ^ ^ ^ 

?i^^fc-^ = l±cotxtony (121) 

sm a; cos y ^ ^ 

cos(a;±v) /-«« 

-T-^^ ^ = cota:=Ftany (122> 

sin a; cos y -r- if ^ / 

62. Divide (115) by (117), and (116) by (118) ; then by (14^ 

/ . V tan X + tan y ,^ ^^^ 

*'^"(" + y) = l-tan.tany ^^^S) 

t r — ^ =s tana; — tany H 24^ 

an (^a; y — ^ ^ tan a? tany ^ ^ 

by which, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

X / . \ cotycota?=Fl /iok\ 

cot (x±zfA = — f . . 7^ (125) 

^ ^' cotyicotx ^ 

63. Dividing (115) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 

sin {x + y) ^ tana: + tany coty + cotx noR\ 

8in(a; — y) ™ tana;— tany ~"coty— cota; ^ 

cos(a:+y) _ 1 — tan a; tan y cotgcoty— 1 nq*7\ 

cos(a;— y) ^1 + tana;tany ""cota:coty+l ^ 

61. Formolsd for secants are obtained from those for cosines by means of (2) , 
tlius we find 

sec(2±y) =5 



cos X cos y =p sm z sin y 

and multiplying numerator and denominator by sec x sec y, 

/ . V sec X secy r*«*w 

sec (x i: y) » -^ — (128) 

^ '^''' Iqztanxtany ^ ' 
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AJflc linoe 




OCOX _L BOCI/ ^ J_ ^ ^C08y=tC08X 




BccxXBOoy eosx-^cosy^ coexoosy 




we find by (107) and (108) 




, 2 cos J (x + y) cos } {* — y) 

sec X + sec y = ^ ^ ^ ^^ 2_i zl 

cos X cos y 


(129) 


2 8in J(x + y)8in J(x— y) 
sec X — sec y = ' ^ ^ ^^ ^-^ ^ 

" Ana ir <*/\a «# 


(180. 



COS X COS y 
In the same manner from (105) and (106) 

, 2sin J (x + y) cos J (x— .y) .,-,^ 

cosec X + cosec y = ^-^ — . ^ . — ^-^^ ^ (181) 

' ' sin X sin y ^ ' 

2 cos J (^ + y) 8^^ i (* — y) 

cosec X — cosec y = o^n o^ .ir. ,/ ^ (^ ^^ » 

^ sm X sin y ^ 

These formnlse, although generally omitted in treatises on trigonometry, will be 
found useful in a subsequent part of this work. 

65. The product of (36) and (37), and of (38) and (39), are 

sin [x + y) sin (a; — y) = sin* x cos'y — cos' x sin'y 
cos {x + y) cos (a: — y) = cos' x cos' y — sin' x sin'y 

By (13) we have cos' a; = 1 — sin' x and cos' y = 1 — sin* y, 
which substituted in the preceding equations, give 

sin {x + y) sin (2; — y) = sin' x — sin'y = cos'y — cos' x (133) 
cos (x + y) cos (rr — y) = cos' a; — sin'y = cos'y — sin* x (134) 

66. In (36), (38) and (123), let y = a;, we find 

sin 2 a: = 2 sin x cos x (l^^J 

cos 2 a: == cos' x — sin' a: (136) 

tan2z = =-^^^- (ISr 

1 — tan^ X ^ 

by which the functions of the double angle may be found from those 
of the simple angle. 

67. To find the functions of the half angle from those of the 
whole angle, we have, from (13) and (136), 

cos' X + sin' a; = 1 
cos' X — sin' X = cob2x 
the sum and difierence of which are 

2 cos' a; = 1 + cos 2 a; 
2 sin' a; = 1 — cos 2 a; 
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As these express the relations of an angle 2 x and its half Xy their 
meaning will not be changed by writing x and } x instead of 2 a: 
and X ; whence 

2cos«Ja: = l+cosa? (188) 

2sin*Ja:»l-co8a? (139) 
the quotient of which is 

a •■ 1 ~" COS X /t A/W 

tan» i a: = --^ (140) 

* 1 + COB a: ^ 

68. The following may be proposed as exercises. 

, 2tan}x 2 

"^ * = 1 + tan« } a; "= cot}a;+tan}« ^**^^ 

2tanix 2 ,^.„ 

*^^ ^ = l-tan*}x = cot}x~Un}« (^^^^ 

tan" i X + 2 cot X tan } X — 1 ss (143) 

tan* ix—2 cosec xtan^x+l bO (144) 

1 — tan*}x • ,.._. 

^^"^ * = l + tan*^x (^*^) 

. 1 . 1 — cos X ,, .^. 

tim i X =» coseo x — cot x =s — ; (146) 

' sin X ^ ' 

XI IX 1 + cosx ,, ... 

cot } X ss cosec X -|- cot X «s — -. (*^7) 

, 1 + sin X — cos X ,- .Q. 

tan } X = ^ \ . ; (148) 

1 4- sin X 4- eos X 

69 Several useful formulae result from the preceding^ by intro- 
ducing 45° or 30^ If a: = 45° in (36), (37), (88), and (39), we 
have, by (33), 

cosv±siny 

sin (45° ± y) = cos (45° r^y) - \^ ^ (^*^^^ 

whence 

cos y ± sin y 

tan (45° d= y) = cot (46° =f y) r-^ (160) 

\ ^ffj V -r-if/ cosyqpsiny ^ ^ 

in which either the upper signs must be taken throughout, or the 
lower signs throughout. 

If we divide the numerator and denominator of (160) by cos y or 
sin y, 

Idrtany cotydrl 

tan (45° db- y) = . , - /^ (161) 

V ^'ifJ Izptany cotyipl ^ 
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From tliis, by (67), 

tany— 1 

10. Agdm let X — 90» ± y in (188), (189) (140), uid (146), 

f*i(46<>±iy)-coe(45<»q=}y)- J(?^^^) (168) 

Un(45.*iy)-J(^f^J) (154) 

From th« Uat we And 

ton(46» + Jy) + tM(46»-Jy) = j^=2«H,y (15(i) 

taii(45»+}jO-Uii(46o-Jy) = ^lJ = 2taiiy (157) 

the quotient of which is 

tan (460+ }y) + tan (46o - } y) - '"^ ^ (^''^^ 

71. In (101), (102), (103) and (104), let a: = 30^ ; then hj (27) 
and (28) 

sin (30° + y) + sin (80° - y) = cos y (159) 

Bin (30° + y) - sin (30° - y) « sin y ^/ 3 (160) 

cos (80° + y) + cos (80° — y) = cos y %/ 3 (161) 

cos (80° + y) — cos (30° - y) = - sin y (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to extend these substitutions, as they involve no difficulty, and 
can be made as occasion demands. 

Formula fob Multipli Ajvqlbs. 

72. From (101) and (102) we have 

sin (y + x) = 2 sin y oos x — sin (y — x) 
sin (y + x) = 2 cos y sin x -(- sin (y — z) 
in which let y = (m — 1) x ; then 

sin ffix a=s 2 sin (m — 1) x cos x — sin (m — 2) « 0^8) 

sin mx s= 2 cos (m — 1) x fin x + sin (m — 2) x '164) 

which are the general formulsB for computing the sine of any multiple mx, from the 
lower multiples (m — 1} x and (m — 2) z, and the simple angle x. 
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If we make m successivelj 1, 2, 3, 4, &c., these formulas giye 
sin z =5 sin X =s sin x 

sin 2 z =s= 2 sin z cos z s= 2 cos z sin z 

sin 8 z =s 2 sin 2 z cos z — sin z =2 cos 2 z sin z -)- Bin z 
8in4z=s2sin3zoosz — sin2zs=s2co8 3z8inz-|-8in2z 
&o. &c. 

"I? from (103) and (104) 

cos (y + x) SB 2 cos y cos z — cos (y — z) 
eoa (y -{• x) sss — 2 sin y sin z + cos (y — z) 
«f\lck, if we put y = (m — 1) z, become 

cos mz ss 2 cos (m — 1) z cos z — cos (m — 2) z (1^) 

cos fnz =s — 2 sin (m — 1) z sin z 4- cos (m — 2) z {^^) 

If m is taken successively equal to 1, 2, 3, 4^ &c. 

cos X ss cos X ss cos Z 

cos 2 z =s 2 cos z cosi z — 1 =s — 2sinz sinz-|-l 

cos 3 z =s 2 cos 2 z cos z — cos z =s — 2 sin 2 z sin z -f- cos z 
cos 4 z = 2 cos 3 z cos z — cos 2 z ss — 2 sin 8 z sin z -f- cos 2 z 
&c. &c. 

74. In (123) let y = (m — • 1) z ; then 

tan (m — 1) z -4- tan x /latx 

tan w»z = ^ — - — ^ ST ^ — (167) 

1 — tan (f» — 1) z tan z 

n hence 

- - tan 2 z + tan z 

tan z 1= tan z tan 8 z =s ; : — j^ — 

1 — tan 2 z tan z 

2 tan z ^ . tan 3 z + tan z 

tan 2 z =s :: — r— tan 4 z =s = r — 5 — r • 

1 — tan* z 1 — tan 8 z tan z 

&c. 

75. If in the expression for sin 8 z, Art. 72, we substitutt, the value of sin 2 x, 
we find 

sin 3 z =s 4 sin z cos* z — sin z 
by which we find the sine of the multiple directly from the functions of the simple 
angle. If this be substituted in the expression for sin 4 z, the latter will also be 
expressed in terms of the simple angle. By these successive substitutions we easily 
nbiain the follow'Jig tables: 

sin z = sin z 
sin 2 z = 2 sin z cos z 
sin 3 z = 4 sin z cos* z — sin z 
sin 4 z =s 8 sin z cos* z — 4 sin z 00s « 
&o. 

76. cos Z as cos Z 

cos 2 Z ss 2 COS* z — 1 

cos 3 z = 4 COS* X — 8 COS z 
COS 4 z =s 8 cos* z — 8 cos* z + 1 
&o. 

D 
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77. If in these equationB we substitute for cos* z ss I — sin* x they beoome 

sin z ^ sin z 
sin 2 z ass 2 sin z v^ (1 — sin* z) 
sinSzssrSsinz — 4 sin* z 
8in4z= (4 8inz — 8 sin* z) ^^ (I — sin* z^ 
&c. 

78. cos z ass v^ (1 — sin* z) 
cos 2 z =s 1 — 2 sin* z 

COS 8 z ss (1 — 4 sin* z) ^ (1 — sin* z) 
cos 4 z S3 1 — 8 sin* z + 8 sin* z 
&c. 

From the preceding tables it appears that the cosine of the multiple angle may 
always be expressed rationally in terms of the cosine of the simple angle ; but that 
the sine of only the odd multiples and the cosine of only the even multiples can be 
expressed rationally in terms of the sine of the simple angle. 

79. By successive substitutions we find from the formula) of Art. 74. 

tan z sss tan z 

2 tan z 
tan 2 z 



tan 8 z : 



tan 4 z : 



1— Un*z 

8 tan z — tan* z 
1 — 3 tan* z 

4 tan z — 4 tan* z 



1^6 tan* z + tan*z 
&o. 

80. The preceding results are but particular applications of general formulae to 
be given hereafter, (Chapter XY.) They are introduced here for the convenience 
of reference in elementary applications. The ponviers of the sine or cosine of thn 
simple angle may also be expressed in the multiples of the angle : but they are most 
readily obtained from the general formulae of Chapter XY. 
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81. Let z, y, and t be any three angles ; we have, by (86) and (88), 

8"^ (« + y + *) = sin (z + y) cos z + cos (z -|- y) sin s 
s=s sin z cos y cos 2 -f- cos z sin y cos t 
-f cos z cos y sins — sinzsinysins i}^) 

cos (« + y + *) = cos (aJ + y) cos t — sin (z + v) si^ « 
=s cos z cos y cos £ — sin z sin y cos t 
— sin z cos y sin ar — cos z sin y sin * (1 69) 

and in the same way we may develop the sines and cosines of z + y — '» at — y + *i 
&c. ; but we may find these directly from (168) and (169) by changing the sign of ti 
y, &o., and observing (56). 
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The quotient of (168) divided by (169) gives, after dividing the numerator and 
denominator by cos x cos y cos e, 

tftn (t -I- y -f 7) -^ tan g + tan y + tan g — tan g tan y tan g ,^y^. 

1 — tan z tan y — tan z tan 2 — tan y tan z * ' 

82. Let X, y and z be any three angles, and from the equations 

sin (x — «) = sin x cos g — cos z sin z 
sin (y — g) =s sin y cos z — cos y sin g 

let COS g be eliminated ; we find 

sin y sin (z — g) — sin z sin (y — z) ss sin g (sin z cos y — cos z sin y) 

= sin g sin (z — y) 
If sin g is eliminated, we find 

cos y sin (z — z) — cos z sin (y — z) ^ cos z sin (z — y) 
These equations may be more elegantly expressed, as follows : 

sin z sin (y — g) + sin y sin (g — z) + sin g sin (z — y) ^ (171) 
cos z sin (y — g) + cos y sin (g — z) + cos g sin (z — y) = (172) 

A number of similar relations may be deduced from these by substituting 90^ dtz z, 
&c., for z, &c. 

83. Let 

« = J (z + y + g) 
we have by (104) 

2 sin t; sin (v — z) =s= cos z — cos (2 t; — z) = cos z — cos (y + z) 
2 sin (i> — y) sin (v — g) =s cos (y — g) — cos (2 » — y — g) 
ssB cos (y — g) — cos z 
the product of which is 
4 sin V sin (» — z) sin (v — y) sin (» — z) =s cos z [cos (y — g) -}- cos (y + g)] 

— cos* z — cos (y + 2) cos (y — g^ 
Rcvlucing the second member by (103) and (134) ; 

4 pin V sin (v — z) sin (» — y) sin (v — z) =a 2 cos z cos y cos g — cos' z 

— cos* y — cos* g + 1 (173) 

In the same manner we find 
4 cos V cos (v — z) cos (» — y) cos (p — g) = 2 cos z cos y cos z + cos* z 

+ cos* y + cos* g — 1 (174) 

84. The following may be proposed as exercises. 

fin z-4- siny+ sin g — sin (z+y + z) =i 4 sin J (z + y) sin J (z+z) sin J (y+g) (175v 
cos z • I- cosy + cosg + cos {z+y+z) = 4cos J (z + y) cos }(z+ g) cos J (y + g) (176) 

sin (z -4- y -4- g) 
tan z 4- tan y + tan g — tan z tan y tan g s= ^^„ ' ^^^ ,, ^^^ ^ (177) 

* ^ I ^ cos z cos y cos g ^ ' 

cos (z 4- y -4- g) 

cot z 4- cot y + cot g — cot z cot y cot g s=b ;— ^ — . ! — ^ n78) 

' ' ' * sin z sin y sm g 



(170) 
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4 [si Q (H-y+*) t2 Bin X sin y sin «]• ^ 4 [sin (af+y) cos « + cos (x— y) sin «J* 
«[1— cos(2 2; + 2y)] (1 + cos22) + [1 + cos (2a;— 2 y)] (1 — cos2af) 
+ 2 (sin 2 2 'f sin 2 y) sin 2 2 

ss. 2 (14-sin2 zsin2y-4-sin2zBin22-|-8in2ysi922 — cos2xcos2ycos22)^ 

85. Let the sum of three angles z, y and z be n-, or a multiple of jt, that is, an even 
multiple of ~ a condition which is expressed bj the equation 

i + y+« = 2n.|. (180) 

tnen, tan (z -|- y -f- 2) ^ O* ^^^ the first member of (170) being thus reduced to 
zero, the numerator of the second number must be zero, or 

tan X 4- tan y -{- tan 2 ^ tan z tan y tan 2 (181 ) 

an equation, it must be remembered, that is true only under the condition (180). 
Since z, y and 2 may be selected in an infinite yariety of ways so as to satisfy '(180), 
it follows from (181) that there is an infinite number of solutions of the problem, 
*' to find three numbers whose sum is equal to their product." 

Let the sum of three angles z, y and 2 be -7^- or an odd multiple of -;r> ; that is, let 

x+y + »=(2n+l)|. (182) 

(hen, tan (z -f- y + 2) = OC, and the denominator of (170) must be zero, or 
tan z tan y -|- tan z tan 2 4^ tan y tan 2 =: 1 

which, diyided by tan z tan y tan 2, gives 

cot z -|- cot y -|- cot 2 =s cot z cot y cot 2 (1^^) 

a relation that holds only under the condition (182). 

86. Let 

z + y+2 = n«- = 2»-J (184) 

We have by (93) and (91) 

cos {X'\-y — 2) ^ cos (n »• — 22) =s ( — 1)» cos 2 2 
cos (z — y + 2) = cos (n ar — 2 y) = ( — 1)» cos 2 y 
cos {}f '\- 2 — z) = cos (n ^ — 2 z) = ( — 1)» cos 2 x 
cos (y + ^ + *) = cos nv sss ( — 1)*» 

ihe swms of the first two and of the second two are by (103) 

2 cos z cos (y — 2) == ( — 1)* (cos 2 2+ cos 2 y) 
2 cos X cos {y -\- z) = ( — 1)" (cos 2 z + 1) 
and the sum and difference of these equations are 

4 cos z cos y cos 2 s= ( — 1)" (cos 2 2+ cos 2y '\- cos 2 z + 1) 
4 cos z sin y sin 2 = ( — 1)* (cos 2 2 + cos 2 y — cos 2 z — 1) 
nL db 4 cos z cos y cos 2 ^ cos 2 z + cos 2 y + cos 2 2 + 1 (185) 

± 4 cos z sin y sin 2 = — cos 2 z + cos 2 y + cos 2 2 — 1 (186) 
*'.i*e upper sign being taken when n in (184) is even, the lower when n is odd. 
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In the same maimer we obtain 

zp^sinxBinysinzss 8m2x-|-Bin2y-|-Bin2s (187) 

zp 4 sin z cos y cos 1 sin 2 x -|- sin 2 y -|- sin 2 i (188) 

the signs being taken as above. 
Again, let 

x + y + 2=(2»+l)^ (189} 

we shall find by the same process 

db 4 sin X sin y sin z ^ cos 2 x -|- cos 2 y -}- cos 2 « — 1 (1^) 

db 4 sin X cos y cos z =s — cos 2 x -}- cos 2 y -|- cos 2 z -|- 1 (191) 

db 4 cosx cosy C0B9 ^ sin 2 x -}- sin 2 y -1^ sin 2 z (^92) 

db4cosxsinysinzss: — sin2x-|-sin2y-}-6in2z G^^) 

•t- or — according as n in (189) is even or odd. 

Inverse Trigonometric Functions. 

87. If 

y = sin a; 

1/ IS an explicit function of a:, and, since x and y are mutually de- 
pendent, X is an implicit function of y ; but to express x in the 
form of an explicit function of y, we write* 

X = sin ""* y 

which is read, "a: equal to the angle (or arc) whose sine is y," and 
X is called the inverse function of y, or of sine x. 

In like manner tan ~^ y is " the angle or arc whose tangent is 
J,," &c. 

88. Many of the formulae already given maj be conyeniently expressed with the 
aid of this notation. Thus, by (16), 

X ^ sec""' v^ (1 + tan* x) 

01 if we put y ^ tan x 

tan-* y = sec -* v^ (1 + y«) 



* This notation was suggested by the use of the negative exponents in algebra. 
If we have y = nx, we also have x s= n — * y, where y is a function of x, and x is 
the corresponding inverse function of y. The latter equation might be read " x is 
a quantity which multiplied by n gives y." It may be necessary to caution the be* 

ginner against the error of supposing that sin""* y is equivalent to — : . 

For a general view of the nature of inverse functions, see Peirce*s Difi Gala 
Arts. 18, et seq. 

6 d2 
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And hi the SAme way the fonnul» of Art 28 give 

1 y 

8in-^ y = coseo-' y s cos"* ^'(l — y«) = tan -* . .^^_ ^. 

«08-« y r= 8ec-' — s Bin-* v' (1 — y«) = tan"' ^ ^^ ^ ^^ 
y y 

Ponnnle (123) and (124) may be written 

. _. tan z db tan y 

X it V BB tan ' , ^ 

' 1 zp tan X tan y 

or patting t ^ tan z, ^ s= tan y, 

tan -' « db tan -* f = tan "» j -y (194) 

Also the formulsB of Arts. 67 and 68 give 

2 tan-» y ==: sin- r-^. = tan- =-^ = cos— (" J-=^^ 
1+y* l—y» \l + yV 

89. We may also employ the notation sin' ' (cos x) or <Hh» aro whose sine is 
equal to the cosine of x" i. e. "the complement of x" ; and sin (cos—' y) or "th% 
sine of the arc whose cosine is y" &c. We shall have accordingly 

Bin (sin ~^ y) ^ y tan (tan~* y) ss y &o. 

sin ~* (sin x) =. x tan ""* (tan x) ^ x 4o. 

Bat it must be obsenred that since the same sine or tangent corresponds tc ad 
infinite number of angles, (Art. 68,) these last equations should be wntten 

sin— (sin z) as ti t -|- ( — 1)* *> ♦»» — (tan x) i» » v ^ s 

which are eqniyalent to (96) and (97). 
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CHAPTER V. 

TRIGONOMETRIC TABLES. 

90. Before proceeding to the numerical computation 'v^f triangles 
au<l to other applications of the preceding formulae, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Table of Natural SineSj Sfc.^ contains simply the numerical values 
of the sines, tangents, &c. for each given value of the angle ; the 

* The most conyenient seTen-figure tables yet published in this country are Stan^ 
Infs, already mentioned, p. 12. Attached to these are also five-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in extensive and varied calculations, generally provide them- 
selves not only with tables of seven figures, but also with those of six, of five, and 
even of four figures — the selection and use of a particular table in any case being 
determined by the degree of precision sought for in the results. ' We might, indeed, 
employ seven-figure, or even ten-figure tables in nil cases, and reject the final figures 
of our results, when a lower degree of approximation is thought sufficient ; but it is 
clearly a loss of time and labor to employ other figures besides those which are ne- 
cessary in arriving at the proposed degree of precision. 

The best six-figure tables are to be found in Bremiker*s Nova Tabula BeroUnensu, 
(Berlin. 1852,) which are distinguished for simplicity of arrangement, as well as ac< 
curacy. 

Bowditch's five-figure tables, in his Epitome of Navigation, are yaluable on account 
of their undoubted accuracy. 

Four-figure tables are to be found In various collections, as for instance, in Schu- 
macher's Hulfstafdn, (edited by Warmtorf.) 

Of the German seven-figure tables we may cite those of Vega, of which Bremiker's 
edition is the best : of the English, Taylor's, Hutton's, Babbage's, Shortrede's ; and 
•if the French, Callet's, Bagay's, Borda*s. Taylor's, Shortrede*s, and Bagay's give 
the log. functions to every second of the quadrant ; Borda's give the functions corre- 
Bponding to the centesimal division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Vlacq, Thesaurus Logarithmorum Compleius, edited by Vega, 
'Leipzig, 1794.) 
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second, called the TdbU of Logarithmic SineSy ^c.y contains the lo- 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 

Table op Natural Sines, &c- 

91. The arrangement of this table will be understood from a sim- 
ple inspection. It contains the sines, &c. of angles between zero 
and 90°, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms of numbers. This interpolation 
is based upon the supposition that the differences of the sines, &c., 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a suflScient ap- 
proximation, provided the differences of the angles of the table are 
suflSciently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10",. and 
the sines, &c., should be given to at least seven decimal places. 

92. As every angle between 46® and 90® is the complement of 
another between 45° and 0°, every sine of an angle less than 45° 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, &c. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. HI. 

For the functions of an angle between 90° and 180°, we may taks 
tiie same functions of its supplement, observing to prefix the proper 
algebraic sign, Art. 39. Thus, from Button's Tables we fin. I 

sin 140° 16' = sin 39° 44' = 0.6392153 
cos 140° 16' = - cos 39° 44' = - 0-7690278 
tan 140° 16' = - tan 39° 44' = - 0-8311992 
cot 140° 16' = - cot 39° 44' = - 1-2030810 
sec 140° 16' = - sec 39° 44 '= - 1-3003431 
cosec 140° 16 =• cosec 39° 44 =- 3 5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 38) deduct 90° from the given angle and take 
from the table the complemental functions of the remainder, prefix- 
ing the signs as before; thus 

sin 140° 16' == cf 3 50° 16' = &c. 
cos 140° 16' = - sin 50° 16' = &c. 

which 18 the better practical method, as the subtraction of 90° may 
be performed mentally. 

94. For angles between 180° and 270°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong 
to the 3d quadrant. Art. 41 ; thus 

sin 220° 26' « - sin 40° 26' 
cos 220° 26' = - cos 40° 26' 
tan 220° 26' = + tan 40° 26' &c. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant, Art. 43 ; thus 

sin 331° 27'= - cos 61° 27' 
cos 331° 27' = + sin 61° 27' 
tan 331° 27' = - cot 61° 27' &c! 

Or we may take the same functions of the difierence between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions 
with their signs, Art. 45 ; and if the angle exceeds 720°, 1080°, &c., 
wo deduct 720°, 1080°, &c. ; thus 

cos 840° 45' = cos 120° 45° = - sin 30° 45' 
tan 1372° 13' = tan 292° 13' = - cot 22° 13' 

Table of Logarithmic Sines, &c. 

97. In this table we find the logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices; but these are avoided in the usual manner by increasing the 
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index by 10, so that we find the Iri'lex 9 instead of — 1, 8 instead 
of — 2, &c. The tangents un«l(jr 46° being also less than unity, 
the indices of their logs, are als'i increased by 10. 

In some tables, to preserve iif»iformity, tho, indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
wo must deduct 10 from that sum. 

98. Since 

f 

sec A 



cos A 

we have log sec -4. == — log cos A 

or since the tabular log. cos. is increased by 10, 

log sec J. = 10 — log cos A 

that is, the log, secant is the arithmetical complement of the tabular 
log. cosine. For a like reason log. cosec. is the ar. co. of the log. 
Bin. ; and log. cot. is the ar. co. of the log. tan.' 
Also since 

, sin J. 

tan A == J 

cos -4 

log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' = - 0-7690278 

and log cos 140° 16' = - 9-8859420 

* Strictly speaking, negative numbers have no logarithms, but in' practice, tlie 
multiplication, division, &c. of numbers is performed without reference to their sigus, 
1. e. as if they were all positive, and the sign of the result is then deduced from the 
signs of the factors according to the rules of algebra. We employ logarithms sim- 
ply to eflect the first of these operations, i. e. the multiplication, division, &o. of 
the numbers considered as positive ; and to facilitate the second operarion, or the 
determination of the sign, we prefix to the logs, the signs which are prefixed to the 
numbers to which they belong. 
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As the logs, of all the trig, functions are positive (being rendered 
BO by the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 

Elementary Method op Constructinq the TRiaoNOMETBic 

Table. 

100. By dividing ic = 3-1415926 by the number of seconds in 
180°, we found (Art. 9) the length of the arc 1", and (Art. 54), the 
wne of 1", which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin V = 0.0002908882 
and by (7) 

cos 1' = >/ (1 - sin2 V)^V [(1 + sin V) (1 - sin V)\ 

= >/ (1.0002908882 x .9997091118) 
or performing the arithmetical operations 

cos V = 0.9999999577 
Then by (101) and (103) 

sin (a? + y) = 2 sin a? cos y — sin (x — y) 
cos (a; + y) = 2 cos a; cos y — cos {x — y) 

in which we can suppose y to be constantly equal to V and x to be- 
come successively 1', 2', 3', &c. Thus, first substituting y = 1', 

sin (a; + 10 = 2 sin x cos 1' — sin {x — 1') 
cos (a? + 10 == 2 cos X cos 1' — cos (a? — Y) 

then if a; = 1', 2', 3', &c., we find for the sines 

sin 2' = 2 cos V sin 1' - sin 0' = 0-0005817764 
sin 3' = 2 cos 1' sin 2' - sin 1' = 0.0008726646 
sin 4' = 2 cos 1' sin 3' - sin 2' = 0.0011635526 
sin 5' = 2 cos 1' sin 4' - sin 3' = 0-0014544407 
&c. &c. 

ar4 for the cosines 

cos 2' = 2 cos 1' cos 1' - cos 0' = 0.9999998808 
cos 3' = 2 cos 1' cos 2' - cos 1' = 0-9999996193 
cos 4' = 2 cos 1' cos 3' — cos 2' = 0-9999993232 
COB 5' « 2 cos V cos 4' - cos 3' = 0-9999989425 

&G. &C. 
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The whole difficulty in this operation consists in the multiplicatioD 
of each successive sine or cosine by 2 cos V = 1«9999999154 ; but 
(bis multiplication is mucL shortened by observing that 

2 cos V == 1.9999999154 = 2 - -0000000846 

M that if we put 

m = .0000000846 
we have 2 cos 1' = 2 — 7n and therefore 

sin 2' = 2 sin 1' •— sin 0' — w sin 1' 
sin 3' = 2 sin 2' — . sin 1' — m sin 2' 
sin 4' == 2 sin 3' - sin 2' - w sin 8' 

&c. 
cos 2' = 2 cos V — cos 0' — w cos 1' 
cos 3' = 2 cos 2' — cos V — m cos 2' 
cos 4' = 2 cos 3' ■— cos 2' — w cos 8' 
&c. 

which are computed with great facility. 

101. It is not necessary, however, to continue this process beyond 
30° ; for by (159) and (162) we have 

sin (30° + y) = cos y — sin (30° — t/) 
cos (30° + y) = cos (30° — y) — sin y 

so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
;/ successively 1', 2', 3', &c. 

sin 30° 1' = cos V - sin 29° 59' 
sin 30° 2' = cos 2' - sin 29° 58' 
sin 30° 3' = cos 3' -- sin 29° 57' 

&c. 
cos 30° 1' = cos 29° 59' - sin 1' 
cos 30° 2' = cos 29° 58' - sin 2 
cos 30° 3' = cos 29° 57' - sin 3' 

&c. 

This last process requires to be continued only to 45° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 



CONSTRUCTION OF TRIGONOMETRIC TABLES. 49 

102. The tangents and cotangents may be found from the sinos 
and cosines bj the formulae 

sin a? ^ cos x 

tan X = cot X = . 

cos X sin a; 

and the secants and cosecants by the formulae 

1 1 

sec X = cosec x = -: — 

cos X sm x 

103. In so extended a computation as the construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) we can find from the cosine of an angle the sine 
and cosine of its half; hence from the cos. 45° = \/ J we can find 
sin. and cos. of 22° 30', and from these the sin. and cos. of 11° 15 
by the same formulae; and from cos. 30° == J >/ 3 we can find sin. 
and cos. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are yarious other angles whose functions can be expressed under finite 
forms more or less simple, and may therefore be employed for the purpose of verii- 
cation. 

Let x =s 18° ; then 3 x 4- 2 x s 90° and cos 3 x a sin 2 x, whence, by Art 76, 

4 cos' X — 3 cos X = cos 3 x s=s 2 sin x cos x 
4 cos* X — 3 =s 2 sin X 

4 (1 — sin* x) — 3 = 2 sin x 
sin* X 4- } BUI X Bs }■ 

which equation of the 2d degree being resolyed, gives sin x ^ 

sin 18° = cos 72° = \/±ZlL 
4 

wlience cos IS-* = sin 72<> = >/i>^ + ^>/^) 

4 

From these by (138) and (139), we find the sine and cosine of 9° and 36°; than 
by (37) and (39) those of 36° — 30° = 6°, whence those of 3° ; after which it 
will be easy to form a table of the exact values of the sines and cosines for every 
3° of the quadrant.* These expressions, however, are not of much use, directly, 
in the construction of tables, as we have much better methods; but they lead to a 
formula of verification which is of some importance. We find 

4 



* A table of this kind is given by Gagnoli in his Trigonometric. 
7 E 
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And by (102) 

sin (72<» + y) — Bin (72« — y) « 2 cos 72« Bin y « "^^^^ ^ ^ 

sin (860 ^. y) ^ dn (86o ^y) a 2 OOB 86<» Bin y a >^^^Jll ainy 

the di£ference of these equations giyes 

sin (36« + y) — «in (86« — y) » sin (72o + y) — sin (72«^y)+ siny 

which is £tder* 8 formula of verification. By giving y any yalne at pleasure, the cor- 
rectness of five sines of the tables is examined. By substituting 90® — y for y in 
this formula it is easily reduced to the following 

sin (90<» — y) + sin (18<> + y) + sin (18*>— y) a sin (64o+ y)+ sin (64o — y; 

which is known as Legendre's formula, though not essentially different from Euler*s. 
105. The method that has here been given for computing the trigonometric table, 
though simple in principle is nevertheless sufficiently operose. The method by in- 
finite series, to be given hereafter, will bo found to be much more rapid and simple 
In praotiee. 
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CHAPTER VL 

SOLUTION OF PLANE RIGHT TRIANGLES. 

106. In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which must be a side. 
The solution is effected directly by means of our rig. w. 
definitions of sine, &c., which are expressed by 
the equations (1). As three of the six functions 
are only the reciprocals of the other three, we 
shall base the solutions upon the following three ; 
(Fig. 15): 

- A ^ A ^ ^ A ^ 

sm -A = — cos -A = — tan -A s» T 

€ c 

Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle trigonometrically^ there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In every instance. the choice of the proper equation will be deter- 
mined by the precept, — employ that trigonometric function of the 
angle which is equal to the ratio of the two sides considered. 

107. Case. I. GHven the hypotembse and one angle, or c and A. 
To find a. We consider a, c and A; and since the ratio of a and 

e is given by the sine, we have 

a 
sin -4. = — whence a =» c? sin -4 (1^5) 

To find b. Considering J, c and -4, we have the ratio of b and e 
expressed by the cosine, or 

cos -4. = — whence b =» c eos A (196) 

c 

To find B. We have -B = 90° — A. 
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Tlio lequired quantities a and ( being equal to the product of tw 
factors, the computation is conreniently performed by the addition 
of the logarithms of these factors. 

Examples. 

1. Given e = 6X2-3412, A — 35° 16' 25"; to find the other pans. 

By (195) By (196) 

c = 672-3412 log 2-3275897 log 2-8275897 

A = 35° 16' 25" log sin 9-7616382 log cos 9-9119049 

a - 388-2647 log* 2-5891279 6 = 648-9018 log* 2-7394946 

Ans. a = 388-2647 
b = 548-9018 
5 = 54° 43' 35" 

2. Given e ~ 42667-2, B — 87° 49' 10"; find the other parts. 

Ana. a = 1619-626 
5 = 42636-37 
A= 2° 10' 50" 
108. Oase II. CUven the hypotenuse and one side, or c and h. 
To solve this case trigonometrically, ve must first find an angle. 
To find A. We have 

cos ^ = -^ (197) 

To find a. We have, by the preceding case, 

sin ^ = — a = c sin ^ (198) 

e 

Bat a may be found by geometry from the equation 
a* +i* = c* whence a* = c* — 6* 
a = v/ (c* - J*) = v' [(c + h) {e - 6)] (199) 

Examples. 

1. Given c = 672-3412, h = 548-9018; find A and a. 

By (197) By (198) 

h = 648-9018 log 2-7394946 
e = 672-3412 log 2-8275897 log 2-8276897 

A = 35° 16' 26" log cos 9-9119049 log sin 9-7615382 

a = 388-2647 log 2-6891279 



** Ten is rejected from each of these indices because the logarithms of the sin« 
and cosine in the table are ten too great. Art. 97 
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By (199) 

4f- 672.8412 

6- 648.9018 
# + J = 1221.2430 log 3.0868021 
c - 6 =» 123.4394 log 2-0914538 

2)6.1782559 

a = 388.2647 log 2.5891279 

Ans. A ^S5^1& 25'' 
B « 54°43'85" 
a « 388.2647 
•2 Given c = -092357, I = -058018 ; find a. 

Ans. a « .071859 

109. Case III. Ghiven an angle and its adjacent side^ or A and (. 
To find a. •We have 

tan -A =■ -T- whence a » 5 tan -4.. (200^ 

To find <?. We have 

cos J. = — whence, by (2), c =■ — -r =■ 6 sec -4. (201) 

or directly from the secant 

sec -4. = -jr whence tf = 6 sec -4. 

Examples. 

1. Given A = 88^ 59', b — 2-284875 : find the other parts. 

Ans. a « 1259365 
c = 125.9663 

2. Given B « 60% a « 10; find e. (See Art. 29). 

Ans. e » 20. 

110. Case IV. Given an angle and its opposite side, or A and a. 
To find e. We have 





A ^ 

sm -4. =« — 
e 


tf =s -; — 2 "= « <5^sec -4. 
sin ^ 


(202) 


To find b. 


We have 








tan^-| 


*-tan^-«*°'^ 


(208> 



k2 
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Examples. 

1. Given A = 25® 18' 48", a = .086623 ; find i. 

Am. h « .1810278 

2. Given B « 89® 17' 6", J - -01 ; find c. 

Am. » -0157934 
111. Case V. GHven the two aidesj or a and b. 
To find A and B. We have 

tan -1 = cot 5 « J (204) 

To find c. We have 

sin J. «■ — tf sa -: — J =■ a cosec -4. (205) 

<? Bin J. ^ ' 

We may also find c directly by geometry, from 

c?* = a' + i* whence « = •(«' + i*) 

but this is not readily computed by logarithms. 

Examples. 

1. Given a = 30, J = 40 ; find c. Ans. <? — 50 

2. Given a = 8.678912, b = 2.463878; find A and <?. ' 

Ans. -4=74®9'4".l 
c? = 9.021875 

AODITIOKAL FOBHULiB TOR RiOHT TbIANGLBS. 

112. By inspeoting the tables it will be seen that when the angles are very small, 
the cosines differ very little from each other ; consequently a small angle cannot be 
fonnd with very great accuracy from its cosine. For a similar reason an angle that 
is nearly 90^ cannot be accurately computed from its sine. It is therefore desirable, 
when a required angle is small, to find it by its sine, and when near 90° by its co- 
sine, or in either case by its tangent or cotangent ; and for this purpose special for- 
mulas are sometimes necessary. We shall deduce seyeral such formulsB, from which 
one adapted to a particular case may be selected. 

113. From (197) we find, by (189) 

b e-^b 
1 — cos -4 ^ 2 sin* ^ ^ ^ 1 — — z=s 

■* CO 



BmM = JC-27-') (20«) 



which may be used instead of (197), when A is small, that is when 5 is nearly equal 
to e. It f^YOB also . 

c — 6=:2csin«}^ (207'; 

by which e — b may be accurately found when A is smaU. 
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Alio from (197), by (140) 

111 From the equation 



e 



we deduce bj (168) and (154) 

Bin (460 It } ^) = J i^^r) ^^^^ 

oo.(46o±M) = J(^) (210) 

tan(46o=tM)=J(^) (^H) 

and from tan ^ sa — . we find by (151), 

tan (45« ± ^) — |.^ (212/ 

115. Bj (186) we haTe 

COS 2 ^ sa COB* ^ — Bin* A as — 

which, since 2 X » ^ + 90« — ^ a 90o — (J3 — ^), giTOB 
By (185) 



Bin(i?-^)^ ('+y-^) (218) 



cot (^ — ^) » sin 2 ^ » 2 Bin ^ COB ^ at ^ (2141 

and from (218) and (214) 

tan(i»-^)=.(i±^*^) (215) 

by which B — ^ is found with great accuracy when b and a are nearly equal 
ExAMPLB. GiTen e a 4602-886, 6 =& 4602-21059 to find A. 

By (206). 
c — 6 = 0-62641 log 9-7961648 

2 e » 9205-672 log 8-9640565 

2) 5-8821098 
} ^ s 28' 20''-18 log Bin } j1 s 7-9160547 
A s 56' 40"-86 

The ordinary process giyes log cos A ^ 9-9999410, whence^ as 66' 40". These 
results are obtained by Stanley's Tables, in which the log. sines, &c., are giyen for 
every 10" for the first 15°. A greater discrepancy between the two results would be 
found by tables in which the functions were given only for each minute. 

A slight error remains in the value of J -4 = 28' 20"-18, on account of the large 
differences of the log. sines in this part of the table, or rather on account of the 
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rapid change of these diiFerences. We ayoid the use of these large differences, and 
gain somewhat in aoonraoj, by employing the approximate Talne of sin. } A given 
hy (98), whence 

si»M«}ilidnr, ^A^^^^X^ 

' ' * Bin 1" 

Thns we have fonnd aboTe log sin } ^ bb 7*9160547 

Art 64, log sin 1" b 4-6855749 

i ^ =r 1700"'12 » 28' 20"-12 log } A =r 8-2304798 

But to obtain } A with the ntmost precision, recourse must be had to the follow- 
ing process, which is constantly employed in obserratories, and wherever sma]l angles 
are to be computed with extreme accuracy. Special tables are prepared containing 
for every minute from 0° to 2® the logarithms of 

sin X - - tan x . 
= h and ^ * 

X X 

which do not vary rapidly, and may therefore be taken with accuracy from the 
tables. Then we have 

sin X , sin X 

SinX = X. 8BBX.A X BB — r— 

tanx , tanx 

tan X ss X . SB X . A; x ss --— 

X k 

A table of this kind will be found on page 156 of Stanley's Tables, where the 
aotation used is 

7 =s log sin X, n as log x 

_• 
and therefore in the column marked ^ — n we find the log . Thus in the above 

example we have found log sin } ^ as g &= 7-9160547 

and from the table ?— n cs 4*6855700 

iA== 1700''-14 rs 28' 20"-14 log } ^ » n « 8-2804847 

which is the true value of } ^ within 0"-01. 
Stanley's Table contains also the values of 



, taux 

log -^ a= ? — « 


(q =B log tan X, 


n ^ log x) 


^^«sinx"-^+" 


(q =sx log cosee x, 


fiBBlOgX) 


^^«tanr=^+" 


(q =sx log cot X, 


n B log X) 



Jie use of which may easily be inferred from the example Just givea. 
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CHAPTER VII. 

FORMULJP. FOR THE SOLUTION OF PLANE OBLIQUE TRIANGLES 

116. As every oblique triangle may be resolved into two right 
triangles by a perpendicular from one of the angles upon the 
opposite side, we are enabled to deduce all the formulae for their so* 
lution from those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the sines 
of their opposite angles. 

Denote the angles of the triangle AB Oj ^' ^*- 

Fig. 16, by Aj B and (7, and the sides oppo- 
site these angles respectively by a, b and <?. 
From draw OP perp. to -4.jB and put '^' 
OF = p. Then in the right triangles A OP^ B OPj we have, 
by (195) 

/? = 6 sin -4, p ^ a%m B 




whence 



( sin ^ = a sin B 



which, converted into a proportion, gives 

a : ( = sin J. : sin £ 
and in the same way we may prove that 

a : <? = sin -4. : sin (7 
6 : <? = sin ^ : sin (7 
and ihese three proportions may be written as onoi thus : 
a : 6 : <? «= sin -4. : sin ^ : sin (7 
a h c 



(216) 



or thus. 



sin A sin B sin 



(217; 
(218) 



When the perpendicular falls without the 
triangle. Fig. 17, the angle OBP is the sup- 
plement of J?, but by Art. 89, it has the same 
8in<s so that the triangle OBP gives a 

I? = a gin OB P ^ a An B 
8 



Fig. 17, 
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the same as was found from Fig. 16. The proposition is therefore 
general in its application.* 

118. The sum of any two sides of a plane triangle is to their dif 
ference as the tangent of half the 9um of the opposite angles is to 
the tangent of half their difference. 

For, by the preceding article, 

a : b = sin A: sia B 
whence, by composition and division, 

a + 6 : a — 6 == sin -4. + sin ^ : sin -4. — sin 5 
But from (109) if a: = -4., y «= ^ we obtain the proportion 
sin -4. + sin 5 : sin -4 — sin jB = tan ^ {A + B): tan J (-4. — J5) 
which, compared with the above, gives 

a + 6 : a - 6 « tan J (A + -B) : tan J (-A - -B) (219) 
This may also be written 

and we may infer the same relation between 6, <?, B^ C and a, <?, 

A, a 

11 J'. The square of any side of a triangle is equal to the sum of 
the squares of the other two sides diminished by twice the rectangle 
of these sides multiplied by the cosine of their included angle. 

In the triangle AB Cj Figs. 16 and 17^* 
we have either 

^ BP^c--AP otBF=AP — c 




but in both cases 

BJP^ = AF^ +c^-2cxAF 
Adding OF^ to both members, we find 
a2 = J2 + c^^2cxAF 

But the triangle A OF gives by (196) 
AF == 6 cos A 



* The consideration of Fig. 17 was not strictly necessary according to the prin- 
ciple stated in Art. 49. It may, however, be useful for the student to verify that 
principle when convenient. 
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which substituted in the preceding equation gives 
a« = 6« + (j> — 2 6(? cos J. 

as was to be proved. We have in the same way 
J» x=s a« + (J* — 2 «(? cos 5 
c?» « a» + 6* — 2 aJ cos 0^ 



59 

(22U 

(222) 
(223) 



120. The same resnlt is obtained from the following equations (which are erident 
from Fig. 16, where es=z AP+ PB) 

a S8 6 cos C -|- e cos ^ 

5 as e cos ^ + a cos t7 \ (224) 

e ss a cos ^ -|- 6 cos ^ 
From the first of these 

e cos ^ sa a — h cos C 
whence <^ cos» B sas o»— 2 a5 cos (7+ 6* cos* C 

and from (218), <5*sin*5= i'sin^C 

the sum of which two equations is, by (18), 

<* = <;^ — 2a6cos(7+i» 



121. From (221) we find 



cos A 



y + g« - a» 
2 be 



(225) 



by which an angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithmS| the following 
transformations are necessary : 

Subtract both members from unity ; then 



1 — cos -4. 



2 6c-y-c» + a» a^-{l-ef 



2bc 



2W 



But, by (189), making 2: = -4., we have 

1 — cos -4. = 2 sin* \ A 

Also, the numerator of the second member being the difference of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and 6 — c ; thus, 

a«-(6-^^« = [a-.(6-(.)]x[a+(6-(?)] = (a-6 + (?)(a + 6-(?) 
Substituting these values in the above equation and dividing by 2 



sin' 



4 6<? 



(226) 
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This may be simplified by representing the half sun of the three 

sides by «, or by putting 

a + h + e^2$ 
whence 

a + S-(.==a + j + c — 2(? = 2» — 2<?«2(» — c) 
which substituted in (226) give 

.■.■M- '-l<— '' (22') 

In the same manner we should find from (222) and (223) 

ri.-tJ- <-')j— '), ^.-jo-lt^^i' (228) 

122. Add both members of (225) to unity; then 

. 2 J<? + 6» + c»-a» (5 + c)»-a« 
l + cos^ 2b; 2bc 

But by (138) 

1 + cos J. •■ 2 cos* i^ J. 

Also, (6 + c)* - a* = (6 + tf + a) (J + c - a) 

ihoreiore 

cos * ^ - 4 j^ 



Substituting • in the numerator as in the preceding article 

r — 



coB*iA~'-ilL^ (229) 



and therefore also 

cos'|.B = '^'~^\ coB'iO" '^'^"^ ;230) 

123. Dividing (227) by (229), we have, by (14) 

""■M-m^i^ (281) 

and in the same manner 

t^n'^B^ ^'-f^'Z 'X tan«i(7- ^''?^('7^^ (282) 
* « (« — 6^ * » (« — c) ^ ' 
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124. The preceding formnleo are sufficient for the resolution of all i /'aal cas<« 
of plane triangles ; but there are others that are occasionally useful. l<rom (218) 
wo find, by (105), (106) and (186), 

a+ b sia iA + sin i? sin ^ (^ + ^) coa^ i^ — ^) 
e ^ sin C ^ sin J C cos ^ C 

a-^h sin A — sin^ cos \ {A -{• B) sin } {A-^B) 



90O — J (7 



e sin C 


sin i (7 cos i (7 


iiut since^ + ^ + (7 = 180^ 




^ + ^ = 180<» — C, 


} (^ + ^) = 90° 


sin J (^ + ^) a cos i (7, 


cosJ(^ + i^)« 


bv means of which we find 




a + 6 cos J (^ — ^) 
c ^ sin 1 (7 


cos } (^ — J?) 

*" cos ^(A+B) 


e ^ cos 1 (7 


sin J(^ — ^) 
= 8inH^ + ^) 



(233) 

(2«4) 

The quotient of (233) diyided by (234) gives (220). 

125. Adding unity to botb members of (233), or subtracting it, we have, o/ 
(103) and (104) 

a^ h+ e cos ^ (^ + ^) 4- cos j (A — B) _ 2 cos ^ ^ cos j B 
e 008 i (A -\- B) "" sin } (7 

a^ b^e ^ cos i(A'^B) -^ cos j (A + B) _ 2 sin ^ ^ sin ^ ^ 
e "^ cos J (^ + -^) "" sin } (7 

Similar?y from (234) we find 

c 4. g ^ 6 _ Bin } (A + B) + sin H^ •— B) 2 sin ^ ^ cos j A 
e "" SnT(T+"5) ^ cosi(7 

c^ a-l- 6 ^ sin ^ (^ + 5) —• sin ^ (A -^ B) _ 2 cos ^ ^ sin | ^ 
c "^ sin J {A + B) -" cos i (7 



^uVstituting « =3- ^ (a + 5 -|- c), these equations become 

-L COB } ^ cos } Jg 
e sin } (7 

t^ c sin \ A sin ^ ^ 

""1 sin J C 

t ^- 5 sin } ^ cos ^ ^ 
S cos } O 

• — g cos l^ A sin } ^ 
« cos J C 

F 



(2S6) 
(230) 
(237) 
(281!) 
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From these equations we can dedace immediatelj (227) &o. ; for example «z- 
changing e for 6 in (286), we haTe 

M — b ^ anjA anjC 
6 " Bin}^ 

which, multiplied by (286) glTes (227). 
126. Four times the product of (227) and (229) hi by (186) 

Bin-^ =j±. .#(#-«) (#-6) (t-«) 



ivhence 



■in 4 - -^ •[*(»-.)(.- 4) (. - .)] (289) 



Gxcbanging A for 3 and O sneowsiTely, this (^t«s also 

8in5»-|-^[*(.-a)(»-*)(*-«)] (240) 



•in(7-^^[«(*-.)(*-i)(#-e)] (2411 

Qi these equations put* 

jr=^[»(.-«)(*-i)(.-e)] (242) 



then 



8inila=l=^ mnB=^^ sin (7=^ (243) 



The quotient of tlie first of these divided by the second is 

sin^ ae a 

BmB be "^ b 

whieh brings us back to the theorem of Art. 117. 

127. The sum of A, B and C being ISO**, and the sum of } ^, } ^ and ^ bemg 
90®, we have, by Arts. 86 and 86, the following relations among the angles of a ^-^-.^ 
tn angle. 

tan ^ + tan J3 + tan (7 a tan ^ tan ^ tan t7 

cot } ^ + cot } ^ + cot } C7 a cot } ^ cot } ^ cot i O 

sin ^4" sin ^ -4- sin C as 4 cos } ^ cos ^ ^ cos } C 

sin ^ -4- f^^ B — sin (7 SB 4 sin } ^ sin J J? cos } (7 

Q0% A -\- co^ B '\- COS C — 1 ss 4 sin ^ ^ sin } ^ sin J (7 

COS A-\- zo% B — cos (7 -|- 1 ss 4 cos ^ ^ cos ^ J? sin ^ C 

m the last of which we may interchange A^ B and O. These relations may be sub- 
stituted in the equations of Art. 126. 

* K is the area of the triangle. See Art. 148. 
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128 The following equations are added as exercises. 

tan} ^ t — a ^ "" t 

sin (A — B) (g + ft) (a — b) 
sin (-4 + J?) "■ <^ 



tan } ^ tan } ^ cot } 



a-(i:^ 



eot } ^ + cot } ^ + cot } (7 b. ^ 

8m}iLsU}^6in},(7B.^ 

eos}^oos}^oo8}(7s --— 

ton}iLtan}^tan}(7«i^ 
r—t(# — a)(#^ft)(#-c) 
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CHAPTER Vin. 




SOLUTION OF PLANE OBLIQUE TRL1NGLE8. 

^U^^^ ^ 129. Case I. Given two angles and one 

side^ or Ay B and a. Fig. 18. 
To find the third angle. We have 

(7= 180^ -(A + 5) 

To find h and c. We apply the theorem of Art. 117, and state 
the proportions thus : the sine of the angle opposite the given side is 
to the sine of the angle opposite the required side, as the given side 
is to the required side. Thus we have 

BinAismB^aih 



whence 

and 

whence 



asm i^ . -. ^ 

c » — : — T" = a Sin ^ coseo A 

— sin 4 

sin^: sin 0=^a:e 
a sin (7 



«■« 



sin J. 



a sin (7 cosec A 



(244) 



(245) 



Examples. 

1. Given A « 60° 88' 52", B = 60° T 25'' and a « 412-6708, 
to find Oj b and c. 

A + B=^ 110° 46' 17" 

(7= 69° 13' 43" 

By (244). 
A « 50° 38' 52" log cosec 0-1116730 
B = 60° 7' 25" log sin 9-9380702 
= 69° 13' 43" 
a = 412.670? log 2.6156037 



By (245). 
log cosec 0.1116730 

log sin 9.9708129 
log 2.6156037 



log b 2.6653469 
6 « 462-7505 



log c 2 (5980896 
(?= 198.9875 
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2. Given A = 100° 16' 35", B = 25° 16' 13", and 6 = 29.167 
find a and e. 

An$. a = 67-22857 
e = 55.69178 

180. Casb L GiTen A, B and a. Second tolution. We find (7 = ISO" — (A + S); 
then, by (283) and (234) 

*+'-"• ^JW<7) = " • sdjjT^ (240) 

*-' = "• .ini(^+P)~ •'""M ^ ' 

which give the sum and difference of the required sides ; adding half the difference 
to half the sum, we find the greater side, and sabtracting half the difference from 
half the sum, we find the less side. 

131. Casb I. Given ^, ^and a. Third Solution, When A and B are nearly equal, 
and great accuracy is desired, we may compute the difference between a and h ; fo? 
we have, from (244), 

a sin ^ sin ^ — sin ^ 



a — 6 = a — 



sin ^ ' sin ^ 



log cosec 0-2842442 


0-23424 


log 2 0-3010300 


0-80103 


log cos 9-9098720 


9-90987 


log sin 6-5423038 


6-54230 


log 4-4190788 


4-41908 


log 1-4066288 


1-40662 



a _ i =a 2 g coa H-^ + -^y g"^ H^ — ^) (248) 

8in-4 

Example. Given A = 35o 40' 12"-8, B » 85® 87' 48"-6, and a = 26246-948. 

A := 35» 40' 12"-8 

B z=z 350 37' 48"-6 

i{A + B)=^ 36° 39' 0"-6 

J (^ — J?) = 0<» 1' ll"-9 

a = 26246-948 

a — 6 = 25-499 

6 = 26221-449 

One of the advantages of this process is, that a — b may be found with sufficient 
accuracy with five-figure tables, as in the second column of logarithms above. If a 
had been given to ten figures instead of eight, we should still have been able with 
the seven-figure logs, to find a — 5 to seven figures, and therefore b to ten figures, 
which could not be done by the ordinary methods without ten-figure tables. 

132. Case II. Given two aides and an angle opposite one of 
tkem, or a, b and A. 

To find B. To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with the 
present data, we have 

a : 6 =s sin -4 : sin 5 whence sin B = (249) 

r2 
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To find C. We have (7= 180^ — {A H- B) 
To find c. Having found (7, we now have the data of Case L ' 
therefore, by (246) 

c ass a sin (? cosec A 

138. It is shown in geometry that when two 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B is 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

B^BB^O^UQ^'-AB^O 

These two values of B are given in the trigonometric solution by 
.he consideration that sin B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement, Art. 39. 

In general, when an angle is determined 
only by its sine, it admits of two values, supple- 
ments of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than 5, and 
there is but one triangle whether A is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 

a = 5 sin J. 

(T would be equal to the perpendicular from O upon the side <?, and we 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

185. If the given parts were such that 

a < J sin J. 

a would be less than the perpendicular from Q and the problem 
would be impossible. It would also be impossible if a < 6 while 
A > 90°. 

136. When there are two solutions, represent the two values of B 
by B' and B*\ then the two values of C will be 

C « 180° - (^ + 5' ) = 180° - 5' - ^ « 5" - ^ (251) 
C' = 180° -{A + B") = 180° -B"-A^B' -A (252) 




udtketwo 



mAJCVSSS. OF O^LI^CK BLI5SUBL 
of evil be 



(25S) 



1. GiToi M :- 31S3ST9, h » 49 OOllT ud ^ - S2» IS*; tad A; 
■nd e. 



a = 31-23879 «r. co. log 8-505S058 






b = 49-00117 log 1-6902064 






A== 32° 18* log sin 9.727S2n 






2?= se'se'se'-s log am 99233399 






^ = 123° 3' 3'.7 






C"= 90° 45' 3''.7 log Rin 9-9999627 






0*- 24»38'56''-3 




log tnn 9-6201962 


log eosee A 02721728 




0-2721723 


log a 14946942 




14946942 


log «/ 1-7668292 




log 0*1-8870627 


«/ =. 58-45601 




«*- 24-88103 


^n«. 5 = 56»56'66"-8 " 




f 


B 


-128"* 8' 8"-7 


(7 -90° 46' 8"-7 


• or - 







- 240 88'66"'3 


e - 58-46601 






c 


- 24*88168 



2. Giren a — -061234, h = -042356, J. — 55"> ; find 5, and <», 

^n«. 5-42"'3r82".7 
C-82°22'27"-8 
c- -06199202 

8. Given a =» -042856, J =■ -061284, J. « 55"» ; find P, Cand o. 
An#. B=82°14'85"-7 ^ 
C = 42°46'24"-8 ►or - 

ff= -oseiossi J 

4. Given a - 40, J - 50, A - 68° 7' 48''.4 ; find 5. 

Ant. B - 90«» 
6. Given o ■= 40, 5 ■- 60, A «- 60° ; solve the triangle. 

Ant, ImpofMible. 
6. Given i — 40, <t — 60, £ • 100° ; solve the triangle. 

Ant. ImpoBBible, 



r £-97"»45'24"«8 
C-27'U'86"«7 
- -02866998 
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Tig. SL 




and 



187. Cask II. Oiven a, h and A. Second SoWtion. W« 
may solTe, separately, the two right triangles APC,B PO, 
Fig. 21, which is a convenient method when there are 
two solotions. We first find B by (249) ; then we hare 
APBibiMaA, BPssaooaB 

e=BAP+BP 



The eodne of the obtuse value of S is negative, (Art. 89), so that^SP is then nega 
tive, and we have the two values of e from the formula 

ez=:APdt:BP 
There will be but one solution, il BP>AP, for e cannot be negative. 

138. Case III. Oiven two sides andtJie included angle, or a,h and 0. 
To find A and B. We have first 

A + B^ 180° - 
i(A + .B) = 90»-JO' 
from which we next find the half difference of A and .S by to* 
theorem of Art. 118, which gives 

a + J : a — J = tan J (^ + .B) : tan J ( A — .B) 



a — h 



a —b 



tani(^-.B) = J^tanJ(.A+.B) = ^-j-^cotJC (254j 

The half difference added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difference 
subtracted from the half sum gives the less angle. 

To find e. We have the data of Case I., and therefore 

« » a sin (7 cosec J. = J sin C cosec B (255) 

Examples. 
1. Given a = -062387, h = -023475, and = 110°32'; find A, B 
and e. 

= 180° -C= 690 28' 

ar. CO. log 1-0661990 

log 8-5900836 

log tan 9.8409174 



a + »«= 

UA + B) = 

\{A~B) = 

A^ 

B^ 

C = 

5 = 



A + B-. 
-085862 
-038912 
34° 44' 

17° 26' 33" 
52° 10' 33" 
17° 17' 27" 

110° 82' 

•023476 



e - .0789635 



log tan 9-4972000 

log cosec 0.5269189 

log sin 9.9714931 

log 8-3706056 

log 8-8690176 

^n». ^ = 62°10'83" 
.B = 17° 17' 27" 
c - -0739636 
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S. Given a = 81-0005, b = 15.1101, C = 10» 15'; find A and B. 

^n«. A-ieO'lT'lS^.T 
5= 9">27'46''.8 

8. Given a - 2468878, h - 9.021875 and C - 74" 9'4".2 ; find 
A «aAB. 

An«. -4=.15O60'65".8 
B «= 90"> 0' 0" 

4. Given 6 = 15.1101, c = 81.0005, A = 10° 15'; find B and 0. 

Ane.B^ 9°27'46".3 
(7-160°17'13".7 

139. HaTiDg found A and B m abore, the most conTenient mode of finding c is b; 
(283) or (234), which give 

-(— )^l^3 <»') 

for we hsTe, from the process of finding A and B^ the log. of a -f- &» or of a — 6, 
and the Talnes of } (iL -(- B) and i (iL ^ ^), so that we hare only two new logs, to 
find, which are taken out at the same opening of the tables with the tangents of 
t(^ + ^)and}(iL— ^). 

140. Case III. Given a, 6 and (7. Second Solution. When a 
and h are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a survey), we proceed 
us follows. Let X be an auxiliary angle, such that 

tana;=:y (258) 

rin assumption always admissible, since a tangent may have any 
value from to oo • 



We deduce 



tan a; — 1 _^ a — i 
tan a? + 1 "" a + 6 



or by (152) tan (a; - 45°) = ^ 

i>\nc\x substituted in (254) gives 

tan J {A - 5) « tan (» - 46°) tan J (^ + B) (259) 
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We find X from (258) and employ its value in (259). Aft this 
nethod does not require the preparation of a + J and a — J, it is 
|uite as short in practice as (254). 

Example. 
Given log a « 8-7950941, log b = 8-3706056, and (7- 110° 82'. 
(Same as Ex. 1. Art. 138.) 

log a = 8-7950941 

log b = 8 3706056 

X = 69° 22' 46"-8 log tan 0-4244885 

a: - 45° = 24° 22' 46"-8 log tan 96562825 

i (^ + J5) = 34° 44' log tan 9-8409174 

i (^ - 5) = 17° 26' 32"-9 log tan 9-4971999 

141. Cask IIL Giyen a, b, and C, Third Solution. To express A or B direoU? 
in tenns of the data, we haye, from (218) and (224) 

c sin ^ s= a sin C 
c cos A ss b — a 008 O 
the quotient of which is 

^^^ asin(7 

b — a cos C ^ -^ 

and in the same manner 

tani> = -*^-^ (281) 

a — 6 cos C ^ -' 

142. Cask IIL Oiven a, b and 0. Fourth Solution, To find e directly from the 
data, we haye, by (228) 

c^sad^-t-6* — 2aioost 

which, howeyer, is not adapted for logarithmic computation. It may be adaptea as 
follows. Substitute by (189) 

cos (7 s 1 — 2 sin* i (7 

then ^ Bs a* + 5*— 2 a5 + 4 a6 con* } (7 

B.(a_5)*+4a5sin*iC 



/ JL\ //i I 4aftsin* }(7\ 

Let X be an auiiliary angle, such that 

^ , 4 «* sin* J (7 



(262) 



tan« = ij^^^ (268) 
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then the radical in the aboT« equation beoomes \/(l + tan* x) a see x ; therefore, 

« sa (a — &) seo 2 (264) 

148. Wo maj also adapt (228) for logarithmio computation b/ means of (188) 
which giyoB 



COB (7 s= — 1 + 2 COB* J (7 



whence 



. <^ + ft* 4- 2 ai — 4 0* COB* J (7 



(265) 



Let 



^266) 



2 COS * (7 .-r- 

then the radical becomes ^ (1 — sin* x) as cos z ; therefore, 

e=^(a+b) cos X (267) 

144. It is to be observed, that the supposition (268) is always possible, since a 
tangent may have any yalue between and oo , and therefore an angle x may al- 
ways be found having any given number as its tangent. As the greatest value of a 
sine is unity, it is not so obvious that the supposition (266) is always possible ; but 
whatever the values of a and b 



therefore 



whence 



(a + 6)»^ 4 ab 
a + 6 = 



therefore the second member of (266) is never greater than unity. 



Example. 
Given a « -062387, b » -028475, C =» 110<> 82'; (same as Ex. 1, Art 188) 
By (266) and (267). 



a a -062887 
b B -028475 



a + 5 s < -085862 
j C so 550 16' 



log 8-7950941 

log 8-8706056 

2)7-1656997 

log v/a6 = 8-5828499 

ar. CO. log 10661990 

1. cos 9-7556902 

log 2 0-8010300 

I. sin X 9-7057691 

e a •07896844 



log 8-9338010 



1. COS X 0-9352161 
log 8-8690171 
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145. Cask IV. (Hven t?ie three sidet, or a, b and e. 
To find A, B and O. We have from (227) and (228), 

crbj(229)and(230) 

»r by (281) and (232) 



tan 



»''=j(^^^&'') 



C268J 



(269) 



^ (270) 



In these formulae 8 ^ ^ {a + b + c). Either of these three 
methods may, in general, be employed, but (268) is to be preferred 
when the half angle is less than 45^, and (269) when the half angle 
is more than 45°.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logs, to be taken from 
the tables. It is accurate for all values of the angle. 



* See Art. 112. 
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Examples. 

1. Giren a =» 10, b ^ 12, o ^ 1^; find the angles. 

By (268). 

a=>10 ar col 9-0000000 ar col 90000000 

( = 12 ar col 8-9208188 ar co 1 8-9208188 

<;»14 ar CO 18-8538720 ar col 8-8538720 
2«=86 

» = 18 
$ — a= 8 log 0-9030900 log 0-9030900 

,_j= 6 log 0-7781513 log0.77815lH 

t-er^ 4 log 0-6020600 log 0-6020600 

2)9-1549021 2)9-3590220 2)9-6020601 

log sines I A 9-5774510 J 5 9-6795110 }C 9-8010300 

J ^ = 22° 12' 27"-6 J 5 =- 28° 33' 39".0 J C = 39° 13' 53"-5 
^ = 44°24'55"-2 5-57° 7'18"-0 a=78°27'47"-0 
Verifieation. A + B+0= 180° 

2. Given a =■ -8706, h =■ -0916, e = -7902; find the angles. 

4n«. 4 = 149° 49' 0".4 
£=. 3° 1'56".2 
C= 27° 9' 3".4 

3. Given a — -5123864, h «= -3538971, e = -3090507 ; find 0. 

Am, C = 36°18'10"-2 

146. The oomputotion by (270), when all the angles are required, will be mneli 
Itoilitatel by the introduction of an auxiliary qnanti^ 



^ ^ J / (f^a)(f-&)(*-cK 

from wMoh we €nd by (270) 

tan 1 ^ '^ -.^, tan J B = — !^, tan J (7 : 



r 



(271) 



(27» 



* This quantity r is the radius of the inscribed circle. See (289) 
TO a 
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EzAXFL^ Giyen a s= 60&8, b s 4082, e s 7068. We find 

«» 8601*5 ar. CO. log 6-0654268 

« — a a 2548-5 log 8-4062846 

• — 4 « 4619-5 log 8-6660904 

• — e s= 1688-5 log 8-1866838 

2)6-3124846 
logr =s 3.1662428 

M a 290 20^ 54"*47 log tan } ^ =: log -^ s 9-7499677 

< — a 

i 5 = 17« 85' 8r'-70 log tan } 5 = log j^^ == 9-5011619 

J(7«43« 3'33"-83 log tan J C « log -!^ a 9-9706686 



• — c 



¥eri/ie4iUon.9(y* (f 0"-00 



Fig. 22. ^ 147. The case where the three sides are given is Bome« 

times soWed as follows. From O, Fig. 22, draw CJ* 
perp. to c. Then 



the difference of which is 

or {AC+ BC) (AO-^ BO) =. {AP+ BP) (AP--- £P) 

and if AP — BP ss d, this equation giyes 

Then, since AP + BP =s e, suidAP-' BP =z d, we have 

AP=sHe+d), J5P=:}(c — c?) (274J 

and in the right triangles A CP, BCP 

COS ^ = -^, COS 5 = :^ (275) 

so that (278), (274) and (276) solye the problem. When d> e, BP is negatiye. 
COS B is negatiye, and ^ is an obtuse angle, (Art. 39). 

Abea or A Plans Tbianqlb. 

118. Representing the area by K, and the perpendicular OP, Fig. 22, hy p, we 
haye, by geometry, 

K^^iep (276) 

In the triangle A OP, we have^ =3 5 sin ^, whence 

K s=z i be Bin A z= be sin J .4 cos } -4 (277) 

by which the area is computed from two sides and the included angle. 
Substituting in (277) the values of sin ^ A and cos } ^ by (268) and (269), 

ir = v^ [* (* — a) {8 — 5) (* — c)] (278) 

by whieh the area is computed from the three sides. 
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MISCELLANEOUS PROBLEMS RELATING TO PLANE TRIANGLES 

149. In a given plane triangle, to find the perpendicular from one xtf the angles k/hh 
the opponte ride. 
Let^ be the perpendicular from C upon c. We haye 

p^bt^A (279) 

or by (239) and (278), 

i> = 7%/['('-«)('-*)('-^)]-^ (280) 

the expression for^ in terms of the three sides, where < sa } (i -{- 5 4- ^^^ -^^8 
the area of the triangle. 

If we substitute in (279) sin ^ sa — sin C, it becomes 

;> » ^ sin (7 (281) 

or, if we substitute the yalue of 5 = c -. — ^ 

sinC 

sin A sin B sin A sin B ^o«, 

^ sin G Bm(A-{'B) ^ ' 

When the triangle is right-angled at (7, (282) becomes 

p ^ c^anA cos ^ sai -^ sin 2 2l 

tHe expression for the perpendicular upon the hypotenuse. 

160. If p\f\f", denote the perpendiculars upon the sides a, 5, f respectively, 
we haye from (280) 

^ T ^// T ^// — 2K K ^ ' 
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161 Ihjhid the ratUus of the etreU drcumterihed about a plane triangle. 



nf.flL 




The center O of the circle, Fig. 23, lies in the perpen 
dicular erected from the middle point of one of the sidet, 
mAB, Let the radius ss R, We haye, by geometry, 

AOD^iAOB^ O 

and in the triangle AOD, 



tmAOD sntmC '. 



AD 
' AO 



e 



whenof 



R, 



2Bin C 

Substituting the yalue of sin C from (241), 

abc 



R, 



abe 



4^[*(*-a)(*^4)(*-c)]-4ii: 
From (229) and (280), we easily find 

cos } ul cos } ^ cos } C? 88S -j-- 

rhich combined with (285) {^ves 
R^ 



(284) 



(286) 



4 cos J ul cos i B Qoa i O 



(286) 




162. To find the radiua of the drcle mseribed m a plane triangle. 

ng- 24. The required center 0, Fig. 24, is in the in- 

tersection of the three lines bisecting the angles, 
and each of the perpendiculars ODf OF, OF, is 
equal to the required radius ss r. The yalue of 
OF ilk terms of ^^» c, OAB =s i A, *> d 
0^^=:}fiisby(282) 

sinJilsinJS sin } ^ sin ^ ^ 
''"•• Bin}(.l + 5) '='* ^STfC 

This is reduced by means of (286) to 

r ss (< — c) tan i a 

Substituting the yalae of tan J (7, 

a)(i-5)(.^c) 



(287) 



(288) 



-JC^ 



K 

e 



This is reduced by means of (281) and (232) to 

f ss < tan } .1 tan } ^ tan } (7 



(289) 



(290| 
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153. Besides the inscribed circle, strictly so called, there are three other circles 
that touch the three sides, (or sides produced), and are exterior to the triangle, as 
in Fig. 26 These haye been named escribed circles. Their centers are fi'Uiid 




geometrically, by bisecting the exterior angles BOO', CBB, &c. Designate the 
centers of the circles lying within the angles -4, B, and respectiyely, by (y, 0"* 
and 0"', and their radii by r', r", r"'. We find the perpendiculars from 0\ &0-, 
upon B C, &o by (282) to be 



f"=& 



r"'! 



cos } ^ cos } (7 
' sin i{B-\- C) 

cos } A cos } C 
sin i{A+C) 

cos ^ A cos ^ B 



= h 



Bin J (^ + ^) ■" "• 
By means of (285) we reduce those values to 

f' = < tan } ^, r" ^etKn^B, 
Substituting the yalnes of tan ^ Ay &c. 

^^ \^ 9{8 — h){8 — e) 



COS } ^ COS } t7 
cos J A 

cos } ^ COS } C7 
cos } B 

cos } ^ cos } ^ 
cos } O 



r"'' « « tan } (7 



/ 9 — a 

^^ // .(.~a)(.-6) \ K 

N\ s — c / 9 — e 



(291) 



(2921 



. (298) 



02 
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Also, by means of (236) applied sucoessiyely to a, b and e^ w« maj reduce (291) 
*4\ the foUowmg: 

r' ss (< — a) tan } ^ cot } ^ cot } C 

f^ = (« — 6) cot } ^ tan } -ff cot } C . (294) 

f"' as (< — c) cot } ul cot } ^ tan } C 

154. Helatiofu between the radii of the dreumeeribed, inacrtbed^ and three escribed eircUt 
of the preceding artieUf and the three perpendieulara from the angles upon the opposite 
nides. 



The four equations of (289) and (298) giye 

«(»-.«)(« — 6) (« — c)i:* 

Dividing this successiyely by r*, r^, &c. 



r 



^e^ 



rt^'f^ 



('-*)• 



r" 
r"' 






(295) 



^296) 



Again, we haye, (Art. 127), 

tan } ^ tan J ^ + tan } ^ tan } (7+ tan } ^ tan } C7 s= 1 
and substituting in this the yalue of the tangents from (292) 

r' r" + r' f^" + t" r"' = i» = — — 



r' ^r"' ^ r"' r 



(297) 



From (292) we find 

tan}^ 



from which it follows that in Fig. 25, the distances A D and Bjyy are equal (J9, J> 
being the points of contact of the circles O', (y with ul ^ produced), and therefore 
BDssAiy, Other curious geometrical properties may be traced with the aid of 
our equations. 
From (284), 

^_ g _. ^ g 

4 sin } ^ cos J ^ 4 sin } ^ cos } j8 4 sin } C cos } (7 

which combined with (287) and (291) give, by Art 127, 
-^ SB 4 sin } ^ sin 1 ^ sin } C s=s cos ^ + co^ -^ + cos (7 — 1 



jT- s= 4 sin } ^ cos } J? COS } (7 E= — oos ^ + ^^s J? 4~ c^s (7 -f- 1 



R 



^ SB 4 COS } ^ sin J ^ cos } (7 : 

r"' 

- =s 4 cos } ^ COB } ^ sin } (7 : 



COS A — COS ^ + COS C7 -{- 1 
cos A-\- Qo% B — COS (7 4- 1 



(298) 



PBOBLEMS RELATING TO PLANE TRIANGLES. 79 

tAkOJifpng the signs of the first of these equations, the sun of the four is 



R 



4, B=sl{f'+r''+r''*^ r) (299) 




Finally, if //, p", y denote the three perpendiculars from the angles upon the 
sides a, b, e respectiyely we have by (283), (289) and (297) the following relation : 

p+^,+^-i + i + ^=7 (299.) 

155. To find the dutanee between the centers of the drcumecribed and macribed eirclea * 

Let F, Fig. 26, be the center of the circumscribed, ^iff- 26. 

and 0, that of the inscribed circle. Put PO s= D, 
By Arts 151 and 152, 

Pul5 = 90»— C, OAB=:ziA 

whence 

P ^ = 9(y» — C — } ^ = } ( ^ — C' ) 

and by (221) 

P 0* = PA* + 0A*-^2PA, OA cos PA 

or J, f^ 2Jgrcos}(^-0 

^ ^ sin* J ^ sin } A 

By(298) ,4—^i^L^jLl^Ll 

^ ' sin* ^ A sin J -4 

41. # T« M 2i2rco8}(^+^) 

therefore !>• =s 5* \\ 

sva.^ A 

or !>• = iZ* — 2 iJr (300) 

156. Let P (y s= /y. Fig. 26, 0' being the center of the escribed circle lying 
within the angle A. If r' =s radius of this circle, we haye, as in the preceding 
viicle 

•^ sm* i A sin } -4 

r^ _ 4 JRt^ cos i B coaj O 
sin* i A "■ sin J -4 

i>^ = 22* + 2 5/ [ 

Zy* = 22* + 2 /?r" I (801 

i)'"* = 5* + 2 /Jr"' J 



♦ Hymers' Trig. Appendix, Art. 68. 
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Uie expressions for the distances of the centers of the three escribed circles from 
that of the circnmscribed circle. 
The sum of (300) and (301) gives by (299) 

J}' +D'* +!)"*+ D'"* = 12 iP (302) 

157. Given two sides of a plane triangle and the difference of their opposite angles^ (or 
a, bf and A — B), to solve the triangle. 

We have } (^ -f- '^) directly from (220), which also soIycs the case where two 
angles and the sum or difference of two sides are giyen. 

158. Given the angles and the sum of the sides, (or A, B, C, ar.d a 4" ^ "t" ^ = ^ ')• 
By (236) 

sin *C 
' cos } A cos } B 

ind a and h are found by similar formulea. 

159. Given one angle, the opposite side, and thr gum of the sqwtres of the other tum 
ndes, (or C, c, and a* + 6* =s e*). 

In the identical equations 

(a + *)• = «^ + 2 ab, (a — *)• = «^ — 2 aJ 

substitute the value of 2 ab given by (223), namely, 



2ab. 



cos C 



we find (a+6)«=^ + ^_i*, (a — 6)« == i^ — ^— ^ 

* "^ ' ^ cos C" ^ ' cos C 

which determine a-\- b, and a — b, and therefore a and b. 
To compute these equations by logarithms, let 

^„^ = (l+iL(ir^) (303) 

^ cos C cos C7 ^ ' 

then (a + b)*=^^ + g\ (a — 6)« = «^ — <7* 

that IB a-{- bis the hypotenuse of a right triangle whose sides are e and g ; and 
a — 6 is one side of a right triangle whose other side is g, and whose hypotenuse is e. 
Let the angle opposite g be denoted by x in the first triangle and by xf in the seconds 
then by the formulsB of right triangles 



tan 0! = -^ a+ b sss esecx 



sina:'==— a — b s=s e cos a/ 



. (804; 



80 that the problem is solved by logarithms by finding log g from (303) and em 
ploying its value in (304). 

The above may serve as an example of a geometrical method of introducing the 
auxiliary quantities, which is occasionally useful. The analytical process in th» 
present instance is similar to that of Art. 143 ; thus 

.+ ^ = ej(l+f) a-. = «J(l_f) 
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thorefore if tan x s= i^ we have J U + ~-^ s= see x 

and if sin x' s= ~ we have / ( 1 — ^ j := cob a/ 

whence the same formulie as before. 

160. Given an angle, its opposite side, and the difference of the squares of the other rvd 
sides, (or 0, c, and a* — b* ss /•). 

We have by multiplying (283) by (234) 

sin (^ — ^) ^ o« — y f* 
sin C ■" c^ ■" c^ 

sin (^ — ^) « ^ sin C 

whence A — B, and since -4 + -B = 180® — C, the angles are determined There 
will be two solutions given by 8in,(^ — B) except where the obtuse value of ^ — R 
is greater than A •\' B, 

161. Given the three perpendiculars from the three angles upon the opposite sides. 
Denote the perps. upon a, b and e respectively by a', b' and (f, and let 

'^ — a'» b" <f 

\t k ^2 area of the triangle 

oaf =zbb' ^ed ^k 
and therefore 

a=sa"X;, b=ih"k, e ^ e'k 

Substituting these values of a, b and e in (225), (227,) &c. 

cos A = ^2 b-d' ' sm- } ^ = 1^, 1, &o. 

in which 2 «" = a" + i" + c". 

162. (Ttven ^Ae ra<fn of the circumscribed and inscribed circles, and the perpendicucar 
from one of the angles upon the opposite side, to solve the triangle. 

Let e be the side to which the perpendicular (p) is drawn. We have found for B, r 
and p the expressions 

p _ _£ g « 

2 sin (7 "■ 2 sin (-4 + B) — 4 sin }(-^ + ^) co» ii^ + ^) 

sin } ^ sin } S 
''■"*• sin J (-4+^) 

sin ^ sin ^ 
^ = *-8in(^ + ^ 
11 
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Eliminating e we haye 



p 



(«) 



-^«4cosH^ + ^)BU^MBiniS ^ (11) 

from whieh two equations A and S are to be found. Developing cos i (^ + ^); 
Cn) becomes 

•=- s 4 sin } ^ cos } ^ sin } ^ cos } ^ — 4 sin* \ A sin* \ B 

s= sin ^ sin ^ — 4 sin* } ^ sin* } S 
which subtracted from (fn) giyes 



^^''«4sin*M»m*JB 
Dividing the square of (m) by (o), we find 

whence 

cos i A COS ^ ^ ^ ^ 

The difference and sum of these two equations give 

r 



(•) 



008^^ + ^ 



\/l2S(p-2r)-\ 



eo8 i(A — S)sx 



^12R(P-2t)-] 



which determine l^{A-\- B) and }^ {A — B) and therefore A and B, The lidei 
are then found by the formula 

c =s 2 22 sin C7 



Fig. 27. 




163. /n a given plane triangle ARC^ Fig. 27, fo )?nrf « 
J90tn^ h ^leh that the three Unee drdwn from this point to the 
angUe A, B and C shall make picen angles tnth each other. 

Let the given angles be /? P C =x at and AFO =s li 

and the required angle? PACssx P BC s=sy 

^ The sum of the angles of the quadrilateral ACBPin 



whence 



x + y^. « + ^+C« 360O 



(306) 



PROBLEMS KELATINQ TO PLANE TRIANGLES. 
In th« triangles APC, BPC,ir^ hftTe 

6 sin a; a sin y sin a; a nm/i 



PC 
from wMoh 



emfi 



tiny b * Bind 



Bing+ BJny _ tan}(g + y) m+1 
sin z — sin y tan J (x — y) m — 1 

tan}(.-jr) «. ^^ ton} (« + y) 
To compnte this equation by logarithms, let 

a sin ^8 



tany i 



6sin« 



then by (152), tan } (« — y) a=s tan (> — 46») tan } (« + y) 
so that the angles z and y are found by (806) and (807). 

164. The following problems are proposed as exercises. 

In a plane triangle ABC ^* 

1. Giyen e, the perp. upon c as j9 and a -f- 5 =s m. 

4l^ 



(m + (*** — ^) 



a — 6 SS6OO0S 



** (m + c) (w — «) 



2. Given «, the perp. upon e sssp, and a — 5 a= n. 



tan*z : 



(c 4- n) (c — n) 



a-{- 6 =a csees 



^^^^ (.+„)^,-,) 



8 Giyen (7, e, and a5 sb 9*. 



2 a 
tan s a -^ coBi O 



sina^: 



c 

2? 



sin}(7 



a -|- & stf 6 see ar 



a — 6 SBB e 008 s' 



4. Giyen (7, the perp. firom ^p, and a -{- 6 a m. 



tan« SB — tan } t7 
P 



6 ^ m tan }ar 
ft. Giren C, the perp. from O s=p, and a — 6 ss n. 



tan« : 



cot i C 



c Bs ft cot } s 



88 



(mt; 



(. Giyen e^ (7, and a -}- ^ == *"• 

ooi } (^ — -S) — - cin i (7 a • 





COS i V 
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7. (Htoi e^ A, and a-^-b ^ m, 

tan J ^ =a *!^^7ll cot M 
in -|- c 

8. Giyen a+ b ssz m,ihe perp. upon e =sp, and th« difference of the segmeuia 
or with an aoxiliary angle 



rin* z ^ , — , -."^ x\ « ^ m 008 « 



tan H^+ ^) »^ »n z tan a; tan} (^ — ^) = ^ sin* s 

9. Oiyen the perimeter =s 2 «, (7, and the perp. from (7 ss />• 

p 

tan* «8a;~-00ti(7 eaasf 008* X 

10. Giren e, a+ b s:s m and the radios of the inscribed circle ^ r. 

ein X = — / ( — ^-- j a — &ssecos« 

tanJCer-^ 

11. Giyen e, a — 5 as n, and the radios of the inscribed circle ass r. 

(e + n)(e — n) , . ^, ._«. 

tan z S3S ^ ^ ^^ ^ a + 6 ss cot (z — 46®) 

12. Giyen the radii r', r^f i^*\ of the three escribed circles. (Arts. 158, ; 54). 



tan*Mss 



r'r"+r'r'"+r"r'" 



1S6. 6Vv«n ^A0 MiiM qf a quadrilateral irueribed in a circlet to find its anglea wnd aretk 
ng.88. In Fig. 28, let AB =a, BO=:b, CD=se, DArsd, 

Iiet2«a a+&+(;+(f andJr=sareaof^^(72>; then 
from the triangles ABC, ADC, obserying that B = 180»— /> 
we find 

_^[(,_a)(,_4)(, — «)(.-<!)] (808) 
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CHAPTER X. 

SOLUTION OF CERTAIN TRIGONOMETRIC EQUATIONS AND OP NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEGREES. 

166. The solution of a problem in which the unknown quantity 
IS an angle, often depends upon that of one or more equations, in* 
volving different functions of the angle, which cannot be reduced by 
merely algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find zfrom the equation 

sin (flfr + 2) = m sin « (309) 

in which a and m are given. We have, by (119)9 

sin ( flft + 2) =» sin abihz (cot z + cotat) 
which becomes identical with (309) by taking 
sin a (cot « + cot rt-) = wi 
whence the required solution 

cot z = -: cot A (310) 

sm A 

If the proposed equation were 

sin (^ — 2) = m sin « (311) 



we should find 



cot = -^ + cot* (312) 



Sin* 



Unless z is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions , for all the angles z, z + 180^, z + 360^, z + 540^, &c., in 
general all the angles z + n tc have the same cotangent. [See 
(68), (79).] In most cases, however, we consider only the first two 
of these solutions, taking the values of z always less than 360°. 

H 
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SiinilAr remarks apply in all cases where an angle is determined 
by a single trigonometric function ; but if the problem is such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360°, since there 
cannot be two different angles less than 360° that have the same 
sine and cosine. 

168. The solution of the preceding article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (309) the /^w '.owing 

sin (<x + g) + sin z __ m + 1 
sin (at + 2) — sin 2 w — 1 

But by (109), if a; = fit + 2, y = 2, we have 

sin (ot + 2) + sin z _ tan {z + ^ a) 
sin (fit + 2) — sin z ta?i J « 

which substituted above, gives 

tan (2 + i at) = =- tan i cb 

which determines z + ^a, whence z is found by deducting J x. 

The computation of this equation is facilitated in most cases by 
introducing an auxiliary angle, such that 

tan ^ zss m 

an assumption always admissible, since while the angle varies from 
to 90° the tangent varies from to 00, so that an angle ^ maj 
always be found having any given number as its tangent. 
We have then by (152), 

m + 1 tancp+l ^. ^_.. 

-T = ^ — 1 — 1" = cot ((p — 45®) 

w — 1 tan ^ — 1 ^^ ' 

and the preceding solution becomes 

tan ^ = 7w, tan (2 + J «; = cot (^ — 45°) tan J a (813) 

The logarithmic solution of (311) is found in the same manner 
to be 

tan $ = w, tan (2 — J <») = cot (^ + 45°) tan J a (314) 
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169. To find zfrom the equation 

tan (fl6 + 2) = m tan z (815/ 

We deduce 

tan (<x + g) + tan z m +1 
tan (* + 2) — tan « ~" m — 1 

BO that by (126) and (152) the solution is 

tan ^ = m, sin (^ + 22) = cot (^ — 45°) sin % (81C) 

170. To find z from the equation 

tan (fit + 2) tan 2 = m (317) 

We deduce 

1 + tan (^ + z) tan 2 ^ 1 + w 
1 — tan (<5» + 2) tan 2 ~ 1 - • wi 

BO that by (127) and (151) the solution is 

tan ^ = 7», cos (<» + 2 z) = tan (45° — cp) cos <» (318) 

171. To find » from the equation 

sin (<ed=s) sins asm (819) 

By (108) we find 

eos ct — 00s (« :!: 2 2} ss db 2 sin (ct db 2} Bin jr as db 2 m 
whence cos (<« db 2 2) ss cos « qp 2 m (819*/ 

which determines <tdz2Zf and hence 2 2. 

From (819*) we have fonr values of a db 2 2 between 0® and 720** ; therefore, foui 
values of 2 2 between the same limits, and four values of 2 between 0** and 860**. 

In general, we shall have four solutions under 860° in all cases where the doubU 
angle is determined by a tingle function. 

The logarithmic solution of (819) varies with the signs of m and 2. Thus, if the 
equation is 

■in (« -|- 2) sin 2 ^ m 

M being essentiaUy positive, we have by (188) 

cos* \a — cos* (2 -{- } ct) = sin ((« -|- ') 8U1 2 ^ m 

cos* (2+ } ct) =3 cos*}ct — m 

and by (188) again this is solved by 

cos* =ss wi, cos* (2 -|- } <t) as sin (0 -|- } <^) Bin (^ — J * ) 

and the other cases are solved by similar methods. 
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172. The preceding examples will suffice to indicate the method to be followed 
with all the equations of the following table. The solutions of the equations involy- 
Ing cosines may be obtained from those iuTolving sines, by exchanging z for 90® =t: 2, 
ur A for 90° =fc at. 

Loganthmic solutions of the first four will be obtained by imitating the process of 
Art 171. 



Equations. 



Solutions. 



1. sin (ct :i= z) sin 2 ^ m 

2. cos {tt dc z) cos 2 r= m 
8. sin {tt ± z) cos 2 = m 

4. cos (et =i= z) sin 2 = m 

5. sin (ae it: z) a=s m sin 2 

6. cos (a =i=z) s= m cos 2 

7. sin (at it: 2) = m cos 2 

8. cos (« it: 2) =s m sin 2 

9. tan {a -±1 z) tan 2 ssz m 
10. tan (et it: 2) = m tan 2 



cos (flt ill 2 z) ss cos A qp 2 fli 

cos (at it: 2 z) =s 2 m — cos « 

sin (« it: 2 2) = 2 m — sin tt 

sin (flt it: 2 2) = sin ee =i= 2 m 
tan = •», tan (z ili } et) = cot (^ zp 45°) tan ^ a 
tan0 = «i, tan (J * ± 2) = tan (45° — 0) cot J « 
tan ss= m, 

tan (45° — } « i^ z) = tan (15° — 0) tan (45° + } *) 
tan := m, 

tan (45° — J a :;i z) = tan (45° zp 0) tan (} «e — 45°; 
tan =: m, cos (« :i= 2 z) = tan (45° zp 0) * <08 at 
tan = in, sin (2 2 it: «) a= cot {<b =p 45°) sin « 



In the numerical solutions the signs of the angles and their functions must be 
carefully obs« tyed. The signs of the functions should be prefixed to their logar- 
ithms, according to Art. 99. 

The auxiliary angle <p may be taken numerically less than 90° in all cases, bui 
positiye or negatiye according to the sign of its tangent. It can easily be shown 
that we shall thus obtain the same yalues of 2 as by taking in the 2d quadrant 
vhen its tangent is negatiye, or in the 8d quadrant when its tangent is positiye 



Example. 



Pind 2 from (817) when « =s 65° and m 1 



1-5196154. By (818) 

log tan <p = log m* + 0-1817887 



log tan (45° 





45° — 

log tan (45° — 0) 

log cos fit 

■ 0) cos A = log cos (« + 2 2) 



56° 39' 9" 

— 11° 89' M" 

— 9-8148426 
+ 9-6259483 

— 8-9402909 



flt + 22 95° or 266° or 455° or 626° 

« 65° 

2 2 30° 

2 15° 



or 200° or 890° or 660« 
or 100° or 195<^ or 280« 



* It must be remembered that in this employment of the signs -f" ^^^ — » these 
signs belong to the natural numbers ; and when the logs, are addea or mbtraeted, the 
sign of the result is to be determined according to the rules of mult^lication ai\(] 
divisicn in algebra. 
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178. To find M from the equation 

Bin {<t + z) :ss m sin (/i -|- z). 
Put sfzsfi-i'Z, a!s=sA — /8, then tlus equation becomes 
sin («' + O = «n sin z' 
ivhich is of the form (809) and may be solved by (809*) or (811) ; then z&if^H 
In the same manner equations of this form, iuTolving cosines or tangents, may be 
reduced to those of the preceding table. 

174. To find k and zfrom the equations 

k sin z ^ m 

' (820) 



We have, by division, 



kcosz =^ n 



m 

tan « = — 

n 



} 



which gives two values of 2, one less, the other greater than 180" i 
whence, also, two values of k from either of the equations 



m n 

k = 



sin z cos z 

The solution becomes entirely determinate {z not exceeding 360^) 
as follows : 

1st. When the sign of k is given. For if k is positive, sin z has 
the sign of 7n, and cos z the sign of n, and z must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and n, and z must be taken 
accordingly. 

2d. When z is restricted hy either the condition z < 180°, or 
z > 180°. For under either of these conditions the tangent gives 
but one solution. If 2 < 180°, k has the sign of m ; and if a > 180° 
fc has the opposite sign to that of m. 

3d. When z is restricted to acute values^ positive or negative. For 
under this condition a positive tangent will give z between 0° and 
+ 90° ; and a negative tangent, between 0° and — 90° ; and k will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, we 
may always satisfy the conditions expressed by (320), 1st, by a posi- 
tive n\imber k and an angle z between 0° and 360° ; 2d, by a num- 
ber k (unrestricted as to sign) and an angle z < 180° ; 3d, by a 
number k (unrestricted as to sign) and an angle z > 180° ; and 4th, 
by a number A, and an angle z in the 1st or 4th quadrant. 
12 h2 
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Example. 

To find h and z from (320), {k being a positive number), wIip^ 
,„ « - 0.3076258, » = + 04278735. 





-(}) 


w 
(«)- 


-(c) 



A sin z 


- 0-3076258 


A cos 2 


+ 04278735 


log & sin z 


- 94880228 


log A cos z 


+ 9.6313147 


log tan ;? 


- 9-8567081 


2 


324° 17' 6"-6 


log sin z 


- 9-7662280 


log* 


+ 9-7217948 


^ 


+ 0-5269808 



Upon this problem and the deductions we have made from it, resta 
the method of introducing the auxiliary angles required in solving 
many of the formulae of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the following article. 

175. To solve the equation 

m cos z + n sin z =^ q (321^ 

m, n and q being given. 

The first member will be reduced to the form k sin (^ + z) by asi 
suming k and ^ such that 



whence 



i sin ^ = m, k cos ^ = n (322) 

k sin aoQ z + k cos ^ sin 2 = g 

sin (<{) + z) = -| (323) 

Therefore, if k and (p be found from (322) by the preceding ar- 
ticle, (k being limited to positive values), we can then find by (323) 
the value ^ + z and therefore of z. There will be two solutions 
from the two values of ^ + 2 given by (323). 
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VI 



If we restrict $ to values less than 180°, (as we may do accord- 
ing to the last article), we may find it by the equation 



m 
tan^ s= — 



and then sin (^ + 2) » — sin ^ = — cos ^ 

^ ' m n 

uaSi in this form it will be unnecessary to find A.* 

Example. 

To find z from (821) when w = — 1-0498332, n = 
And J = — 04316893. 



(324) 



+ 0-7466898, 



By (322) and (323). 

log m = log A sin (p —0.0211203 

loc; n = log * cos ^ + 9-8731402 

log tan ^ -0.1479801 

(p 305° 25' 20" 

log sin <p —9.9111059 

log* +0-1100144 

logy -9.6351713 

log sin (^ + 2) — 9.5251569 

, f 199° 34' 40" 

^"*" I or340°25'20'' 

f -105° 50' 40" 

I or 35° 0' 0' 



By (324). 

logw -0-0211203 

logn +9.8731402 

log tan (p —0-1479801 

(p 125° 25' 20" 

log sin <p +9-9111059 

log 3 -9.6851713 

arcologw -r 9.9788797 

log sin (<p + 2) + 9.5251569 

. f 19° 34' 40' 

*"*"'^ I or 160° 25' 20" 

/ - 105° 50'40" 

^ t or 35° 0' 0' 



To avoid the negati'^'* value of 2, in the first of these solutions, 
we may take for the first value of 

(P + 2, 360° + 199° 34' 40" = 559° 34' 40" 

whence z = 559° 34' 40" - 305° 25' 20" = 254° 9' 20". The se 
cond solution gives a like result. 

If we suppose ^ in (324) to be limited to acute values positive or 
negative, we take^ = — 54° 34' 40", which gives <p + 2= 199° 34' 40," 
or 340° 25' 20", whence the same values of z as before. 

We may repeat the latter part of the work with cos ^ for verifi. 
cation. 



* The solution is, by (323), impossible when -|- is greater than unity; and by 



adding the squares of (322), A* : 
f > ri' + n\ 



m* + n* ; therefore the solution is impossible when 
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176. 2b tohe thi eqtmUion 

a sin (« + 2) + 6 sin (^ + s) + c Bin (> + 2) + &o. » f (825) 

Dereloping by (86) and putting 

a mn A •{- b em -{- e ein y -{- &o, SB m 
a ooB A + b cos '\' c eos y + &o. &bb n 

fhis becomes 

mco8s-|-nBinsss; 

wMch is solved in the preceding article. The same process applies if any or all of 
the terms contain cosines. 

177. To find k and 1 from the equationt 



} 



isin (« + ,)=», 

* sin (/?+«)«„ t (^26) 

The sum and difference of these equations are, by (105) and (106), 

2 * sin [} (a + /?) + «] cos } (a — /?) =a TO + n 

2 A cos [} (a + /?) + ar] sin } (a — ^) =s TO — n 



whence 



2*Bin[J(- + /^)+.]-54+^ 
2 A cos [}(« + /?) + «]« 



sin } (« — /?) 



(327) 



from which 2 k and } (a + /^) + ' ^'^ determined by Art. 174. The logs, of the 
second members of these equations should be computed separately, for the purpose 
of readily discovering the signs of the sine and cosine in the first members. The 
solution is determinate (according to Art. 174) when the sign of k is given. 
From (327) we find, by division, 

tan [J («+/?) + «]= ^±^ tan } (« - /?) (328) 

which requires a less number of logs, than the separate computation of (827), but 
we are obliged to refer to (827) to determine (by an inspection of the second mem- 
bers) the signs of the sine and cosine. 
If we assume 



tan # = — 



we may compute (828) by the formula 

ten [J (« + /?) + «] =» tan(46«+*, tan] (a — ^) 



(829T 



SOLUTION OP TRIGONOMETRIC EQUATIONS. M 

EXAHPLB. 

In (826) given a a 200% » 140o, m » — 0*42845 and n = ~ 0*20123, to 
tnd M and k^ k being positive. 

By (827). 

m + n —0-62468 

m — n —-0*22222 
}(a + ^) 170» 
}(«-iS) 80* 

log (m + n) — 9*796667d 

log cos i {1 — 0) + 9*9375306 

(•) log2ABin[}(a + ig) + «] —9*8581270 

log(fn — n) — 9-8467881 

log8in}(«--iS) +9-6989700 

(b) log 2 A: COS [}(<»+ /8) + i^] — 9-6478131 
fa) — (4) logtan[}(a + ^) + 2] +0-2108140 

j(a + ^+2) 2380 2r38"*6 

9 680 21'38"*6 

(c) log sin [J (a + ^) + 2] —9-9301171 
(a) — (c) log 2* +9-9280099 

2 k 0-8472467 
k 0*4236234 

178. A more general solution of (826) is the following.* Let > be any angle as 
snmed at pleasure, and in (171) let 

x = a + 2, y = y8 + «, / = >+« 
(distinguishing the s of (171) by an accent) ; then we shall find 
sin (a — /8) sin (> + 2) = sin (a — y) gin ()8+ «) — sin (0 — >) sin (a + 2) 
In this let y (whose value is arbitrary) be exchanged for y + 90** ; then 
sin (a— 0) cos (>. + z) =s — cos (a — y) sin (/8 + «) + cos (0 — y) sin (a + z) 
Multiplying these equations by k and substituting m and n from (326) 
* sin (a — 0) Bin {y + z) a= w sin (7. — 0) — n sin (> — a) 
A; sin (a — /8) cos (y+z)=sm cos (^ — 0) — n cos (> — «) 

which (> being assumed at pleasure), determine k and y -|- s. 

If we take y ssO, we find 

— m sin y3 + n sin a 

tan 2 = ^^— I- 

m cos ^ — n cos a 

If y as Of 

A sin (a + 2) = wt 1 

, , , X mcos(a— /?)— fi I (881) 

* cos (a + 2) =s A-7 ^-jr — I ^ ' 

^ ' ' sin (a — 0) J 

If >> ess i?, we have a similar result. 

If ^ ss } (a + /9) we obtain the solution of the preceding article. 
If * is required, without first finding 2, we have, by adding the squares of (880) 
* sin (a — iff) = ^ [m*+ n* — 2 wn cos (a — ^0)] (382) 

♦ Qauss. Theoria MoUu Corporum Codesthim, Art. 78. 



(330) 
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i 70. To find k and 9 from the equationt 

*008(a + z) = « I 

A COS (/?+«) =^i» j ^ ' 

These are reduced to the form (826) by substitating 90<^ + t and 90® -f /7 for a and /?. 
We findy however, by a process similar to that of Art 177, 



2*sinH(- + /?) + «] = 5nrFF^) 

2*co8[}(- + ^) + f]: ^^±^ 



cos } (« — Z') 



tan^ ^ — 



cot [}(« + />) + #]-: tan (46« + ^) tan }(«-« 



(834) 



(885) 



ExAMPLi. In (888) glyen a » 280o 16', = 200<> ICK, m s — 0-62342, and 
n -s 0*69726, find z and A;, k being positiTC. 

iifw. 2 » 2070 6' 34"-4 I; » 1 0278648 

180. The more general solution of (333) may be fonnd directly from (172), but 
it will be simpler to obtain it from (880) by substituting W* + a for a, and OO^* + fi 
for /?, whence 



(y-/?) + ncos(y-a) 1 
(y-i8)-«sin(y--) J ^ ' 



k sin (a — /S) sin (y + a) = — wi cos (y — 
A; sin (a — ff) cos (y -f- 2) =» m sin 
> being arbitrary as before. 
If y =s 0, we find 

— f» cos /? + n cos a 

tan z ^s 

»- m sin /7 + f> Bin a 

7 . / • X — mcos(«— ^) + ii 

*sin(a + .) bUi(,-^) f (887) 

1; cos {a-\'Z)^ m 

(f y ^ } (a -|. /?), we obtain the solution (884). 

If k is required directly, the sum of the squares of (886) g^Tes 

k sin (a — /3) ss ^ [w*+ n* — 2 mn cos (« — i^)] 
aft m Art 178. 

iSl. The solutions of the preceding articles may be applied to a single equaticn 
ot the form 

n sin (a -|. 2) as m sin (/? -|- *) 
which is a more general form of (809). For if we i 

A; sin (a -|. f ) ^ m 
wd have ib sin (i? -f f ) » » 

whence k and z are found by Arts. 177, 178. 
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182 In like mimner, if the proposed equation is 

11 cos (a + 2) = m cos {0 + 2) 
ire assnnio 

whence • A cos (/5 + z) = n 

and k and s are found hj Arts. 179, 180. As the sign of k (in this and the preoed* 
Lng article) may be arbitrarily assumed, there will be two solutions. 

Numerical Equations of the Second and Thibd Degrees. 

183. To 9olve the equation 

aj« + jt,a;JLg = (838) 

mhen q is esemtially positivef and p either potitive or negative. 
We have from (144), exchanging x for ^, 

tan* J — 2 cosec *tan}^+l=asO (8SV) 

and (388) may be reduced to this form by substituting 

X s=s z ^q 

in which we may take the radical only with the positiye sign, since we may assume 
X and z to hare the same sign. We thus reduce (338) to 

which compared with (339) gives 

— 2 cosec =53 -^, 9 =s tan \ ^ 

y/9. 

er sin* = — i^, « =s y^Jtan } (310) 

which gives two values of less than 360** and consequently two values of x. If 
be the least of these two values of less than 360® (= 2 »*), all the values of which 
have the same sine are 

fl, r — «, 2 5r + a, Sa*— a, &c. 
and all the values of tan \ are 

tan \ Bf cot i e, tan } 0, cot i 9, &o. 
Hence the two roots of (338) are fou:\d by the formulas 

sm d ss ^, X, =x v^yta.'v id, «, « v'T^^t } ? (841 ) 

«n which e may be always taken < 90° with the sigi; of its sine, and ^ y is to be re-- 
garded as a positive quantity. 

As long as 2 y/ g is not greater than p, this solution is possible, but when 2 y/ y ^p, 
sin e is not possible, and both roots are imaginary ; which agrees with what is shown 
in algebra. 
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184. To solve the equation 

T^+pz — q ssO (842) 

If Am — q.is esientially negative, p being either positive or negcUxu. 
Ws have, by (143) 

tan* } + 2 cot ^ tan } — 1 = 
and (342) is reduced to this form by substituting 

X = z^q 

P 
whence s^ A — ^ « — 1 = 

The required solution is therefore 

2 cot ^ = -—-t 2 s= tan } ^ 

2^a — 

or tan ^ = ^ ' , « = -^ j' tan J ^ (348) 

If 9 is the least value of 4>, all the values of ^ which have the same tangent are 
e, v+Oy 2 «• + «, 8 JT + e, &c. 

and all the values of tan } ^ are 

tan J 0, — cot } e, tan J e, — cot } e, &o. 
Therefore the two roots of (842) are found by the formulae 

tan B =s ^ ^ , Zt = y/"^ tan J 0, a^ = — ^ ^ cot } fl (314) 

in which, as before, the radical is to be taken as positive, and B < 90® with the ^gn 
of its tangent. 
In this case both roots are real, since tan & is always possible. 

185. To tolve a numerical equation of the third degree. It is shown in algebra that 
any equation of the third degree may be reduced to one in which the 2d term is 
wanting; we need consider therefore only the form 

tx^+az+b = (346) 

To resolve this, put 

we find (3 y « + a) (y + 2) + y« + «• + 6 = 

Now z may be decomposed into two parts, g and g, in an infinite variety of ways^ 
and we may therefore suppose that y and z are such as to satisfy the condition 

Sgz+ a=z 

which reduces the first term of the preceding equation to 0, and gives the two ooB 
ditions 

y« = — "I, y" + 2»=:— 4 
Put y* ss i^, 2* = <; ; then we have 
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■0 that, by the theory of equations, t^ and ^ arc the two roots of an equation of the 

a* 
Mcond degree in which the absolute term is — -^ and the coefficient of the second 

t«nu is b ; that is, they are the roots of the equation 

If then we find the two roots t^ and ^ of (m) by the preceding methods we shall 
have 

x^y + g=z^t, + ^t^ (ft) 

It will be necessary to consider the sign of a in the equation (tn). 
1st. When a isponUve, {m) comes under the form (842) and the solution by (844) 
gives 

and by (n) 

a? « Jj (^tan } e — ^cot }e) 

and if we assume 

tan}0a^tan}9 
this becomes, by (142) 

z ss — 2 / -g- cot 

Collecting these results we have, for the solution of (845), when a tapoHiive, 

tan«=r— Jg^, tan}* = ^tan}e 

in which the radicals / ^ ^^^J ~ are to be considered positive, and a is to bt 

taken < 90^ with the sign of the tangent. But two of the three values of -^ tan ) I 
being imaginary, the given equation has but one real root.* 

* If r represent the real value of -^ tan } 9, and a„ a^ the two imaginary root* of 
unity, the real value of s if 

-j4('-i) 

and the imaginary values are 
or since a^a^^l 

U I 



(8M) 
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2']. Whex a is negative and — 4 a* < 27 b\ Equation (m) beoomw 

and is of the fcim (888) ; its roots are therefore fonnd by (841) which gives 



sml 



2 / ^ / 4a» 

ana by (n) x ass / ^ (•^ tan } a + ^ cot j^ 6 j 

or if we pn^ as before, tan } ^ rs -^ tan } d, the solution of (845), when a is neffaiioe, ii 



2 / a* 

10 = — -J — ^ tan } « ^ tan } 9 



•j-f 



2 / — 5- co«eo # 



(847) 



which gives one real root, (the other two being imaginary, as above), when sin 9 is 
possible, i. e. when — 4 a' < 27 b\* 

Substituting the values of a^ and a^ 

a X|£ a. ^ 

and also r ss& tan } ^ — ss cot } ^ 

wo find «,==:/ ^ (cot + oosec <^y/ — 8) 

«, == / g- (cot — oosec 4,^ — 8) 
f r finally, z, being the real root, the imaginary roots are 
«i = — "2 ^ sec ^ v' — 1 

«. = — ^ + -^^ sec V'— 1 

♦ The two imaginary roots will be found, by a process similar to that employed 
m the preceding note, to be 

Xi x. v/ 8 ^ - 

«i==— -5 -^ OOS0V' — 1 

«. = — -f- + -^-|-- cos^ v' — 1 
In whl}h X, is the reiki root found by (847). 



EQUATIONS OF THE SECOND AND THIRD DEGREES. 99 

8d. When a is nega1w$ and — 4 a* > 27 &*. In this case sin 9, in (347), is impossibU 
and the preceding solution fails. This is the vrreducibU east of Cardan's rule, the 
roots appearing under imaginary forms, although it is known that they are all three 
real. It is, howeyer, readily solved trigonometrically. 

In Art. 77, putting # for x, wc have 

sin'^ — fsin^-fisinS^saO (m') 

and (345) may be reduced to this form by substituting 

X sskZ 

whence a»+^ar+^=0 f»'3 



io that we must have 



a 3 • « / « 

F = -4 ^' *=V""^ 



8 

hi which the radical is to be taken positive, so that x and z shall have the same sign. 
Homparing (m') and (n!) we have also 



J8in80=- or Bin3^ = -J— j; « J--jy 

which is a possible sine in the present case. We may therefore take 

2 sss sin ^ 
and che solution is 

b I 27 / a 

sin3 =ay / — -jr a: = 2sin0 J— -g- (348j 

which gives three real roots by the different values of 8 <p, which have the same sine 
If is the least of these values, all the values of 3 are expressed by 

2n9r+e and (2n+l)ir — 9 

n being any integer or ; and all the values of ^ are expressed by 

2« , , « 2n+ 1 

Now all integers are included in the forms 3 m, 3 m -(- 1 and 8 m — 1* 
If ft = 3 m, the above values of ^ are 

(p ss 2mjr+ie, 0=:2m9r+}sr — }9 
Whence 

sin = sin } 9, sin ^ =s sin i (t — $) 

If n = 3 m -|- I> we find in the same way 

sin = sin } (r — 0), sin ^ as } 9 

the same as before. 
If n ss- 3 m — 1, we find both values to be 

sin ^ =s — sin } (t -f 
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to that tiiere tre bat three different yalnes of sin ^. Snbstitatmg these in (848}« 
the three roots of (846), when a u negative and — 4 a" > 27 &*, are found by 



•in0: 



(849) 



2 J o^ 
«.«2j-|-8mie 

j^«2j-|- ■mi(sr-0)« 2j-|rin(60»-.je) 

j^=-2j— j-8inf(sr+e)«-2j--| 8in(60«+Jfl) 

in which < 90^ with the sign of its sine, and the radicals are taken with the posi- 
tiye sign. 

EZAXPLBS. 

1. SoWe (845) when a a — 6-101816, 5 » — 6*766678. We find 

which being greater than any log. sine, we take its arithmetical complement and 
proceed by (849). Then 



log sin as — 9-9974849 
0» — 88<'46'44" 



ffl — 27°66'84"-7 
log sin — 9-6706671 



log2j-| 



0-4661811 



logs. —01267882 
X, 8 — 1-836790 



60O— Jfl 87<>66'84"-7 
9-9997166 

0-4661811 

logs. 0-4648966 
z. 8 2-860889 



— (60«+ie)— 8204'25"a 
— 9-7261024 

0-4661811 

log X, — 0-18028^6 
x,s— 1-614649 



2. SoWe (846) when a =s — 7, and 5 ss 7. 

Ane. X. =3 1-866896, x^ » 1-692021, x. s — 8-048917. 
8. SoWe (846) when a a 1-6, and & s — 46. 

Ane. The real root =s 8-4168975. 

It may be observed that the algebraic sum of the three roots is always sero. la 
consequence of the absence of the term in x* from the giyen equation. This is easily 
shown from (849) where there are three real roots, and from the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple yerifica- 
tion of the values found by (849). 



* The sign — here belongs to the number of which this is the logarithm. 
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CHAPTER XL 

DIFFERENCES AND DIFFERENTULS OF THE TRIGONOMETRIC 
FUNCTIONS. 

. 186. In the applications of trigonometry, it is often required to 
compute a function of one angle from that of an angle which differs 
from the first by a small quantity. In such cases it is generally 
most convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or cosine of an angle^ corre- 
sponding to a given increment of the angle. 

Let the angle x be increased by Arr, (this notation signifying dif- 
ference^ or increment of a:), and let the corresponding difference or 
increment of the sine be expressed by A sin x and of the cosine by 
A cos 2; ; we have, by this notation, 

A sin a; » sin (a: + Aa:) — sin a? 
A cos a; = cos (a: + Aa;) — cos x 
and by (106) and (108) 

A sin a: = 2 cos (a: + J A a:) sin J A a? (350) 

Acosa:= — 2sin(a: + J Aa;) sin jAa? (351) 

which are the required formulae. 

We here consider the difference always as an increment^ i. e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (351) the second member will be negative so long as 
t < 180°, and therefore the increment of the cosine is negative ; 
that is, from 0° to 180° the cosine decreases as the angle increases. 
Tn like manner A sin x is negative when x > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent. We have 

A tan X = tan (a; + A a;) — tan x 

A cot a; = cot (a; + A a;) — cot x 

and by (116) and (119) 

sin A X 

Atana?=» 7 — , , v = sec (a? + Aa:) sec a? sin A J? (352) 

cos (a: + A a:) cos a? ^ ' 

~*" Sin A X 
Acota; = -r-7 — , ^ . . — = — cosec(a:+ i.^ 'r)coseca:sin Aa; (353) 
sin(a; + Aa;)sinj; ^ ' ^ 

' i2 
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189. 7% find the meremerU of the ueant and eoseeanU We have 

A 860 2 ss 860 (X + A X) — 860 Z 
A 00860 X ^ 00860 (z -)- A x) — 00860 X 

or by (180) and (182) 

2 8m (z + J A x) 8in } A z 
A 860 z S3 / I k C8W) 

COB (X + A X) 008 X ^ ' 

sin (x -|- A x) 8in z ^ 

190. 7b find the ineremente of the square* of the triffonatnetrie funetume ^wrtspotidmg 
to a given increment of the angle. 

Wo ha?e 

A sin" z = sin* (x + A z) — sin" x 

as 008* Z — cos" (z + A z) 

whonoo by (188) 

A sin" z ss — A cos' z ^ sin (2 z -)- A z) sin A z (860) 

From (116), (116), and (119) wo deduce 

tan"z-^tan"y=:^^'^("+f)"\('^y) 
cos" z cos" y 

*, *. — sin (z + y) sin (z—y) 

cot" z — cot" y s= ^. I ' % ^ 

sin" z sm* y 

whence 

^ - sin (2 z + A z) sin A z ^^.^^ 

A tan" z as V-? — ^N — •" — (867) 

cos" (z + A z) cos" z ^ -^ 

— Bin (2 x4- ax) sin A z ^^^^^ 

A cot" Z SB — ;-r-) — , / . (868) 

sin" (z + A z) sin" z ^ 

From (16) we hare 

see" (z + A z) ss tan" (z + a z) + 1 
sec" z =s tan" z + 1 

Ihe difference of which giyes 

A sec' z ss A tan' z (869) 

and in the same manner, from (17), 

A cosec" z =s A cot' z (860) 

and the Talnes of A tan' z, A col^ z, may be substituted in (869) and (860). 

191. When the increment of an angle, or arc, is infinitely smaUj 
it is called the differential of the angle, or «rc; and the correspond 
ing increments of the trigonometric functions are the differentials of 
these functions. 

The differential of a; is denoted by dx ; of sin xhj d sin a;, frc. 
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192. To find the differentials of the trigonometric functions from 
the differential of the angle. 

Let the angle x and its increment Ax be expressed in the unit 'of 
Art. 11; or, which is equivalent, let x and Ax be the arcs which 
measure the angle and its increment in the circle whose radius » 1, 
It is evident that the less the arc, the more nearly does it coincide 
with its sine or tangent ; therefore, when ax is infinitely small, or 
becomes dx^ 

sm dx^dx Bin^dx ^ ^dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx » 1, whence 

sin dx - 

7 — T- = cos ax == 1 

tan ax 

sin dx » tan dx 

but the arc cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

dx = sin dx =» tan dx 

Again, when Ax is infinitely small, or becomes dx^ we must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or — ; thus we must 
substitute x for x + dx, or for x + Jdx. 

Upon these principles we find the differentials directly from the 

finite differences (350), (351), (352), (353), (354) and (355) as follows : 

(2 sin X SB cos X dx (361) 

c? cos X « — sin X dx (362) 

rftan X = sec* x rfx = (1 + tan* x) dx (363) 

rf cot X = — cosec* X rfx = — (1 + cot* x) dx (364) • 

rf sec X = tan x sec x dx (365) 

d cosec x = — cot x cosec x dx (366) 

193. In the same manner the equations (356), (857), (358), (359) and (360) g^ye 

d sin* X = — d oos* x =s Bm2xdx (867) 

dtui*x^ d sec^x ^^^^^dx (368) 

(369) 
ifootfxaB d cosec* z =» — T"*"^ -dx (8VU) 

sin's '~' Bin* x ^ ^ 
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194. Although the equations (361), (362), (363), (364), (365) and 
(366), are rigorously true only when dx is infinitely small, they may 
be used when (£r is a finite difference, instead of the equations, (350), 
(351), (352), (353), (354) and (355), provided dx is sufficiently small 
to be considered equal to its sine without sensible error, and is also 
very small in comparison with x. This is very frequently the case in 
practice, and the differential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arcj i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to arc by Art. 9. 

195. To find the differential of an angle from the differentials of 
iiB functions, 

Fiom (361) we have 

^^^dsin^ 

cos a; ^ ' 

but it is convenient in this case to employ the notation of inverse 
functions, Art. 87. Thus, if y = sin a;, a; = sin "^y, and the preced- 
oig equation becomes 

'?8m-'y= ^(l!,y») (3T8) 

In the same manner from (362), &c., we find 



^.-j--i„_ —^y 


(374) 


''°<"' y \/{i-f) 


^^---'y-^tf 


(375) 


^oot-y-i/; 


(376) 


J _---.„_ ^y 


(377) 


^'^'^ ^-y>/{f-i) 


-dy 
DOBeo 'y'^...,,..■^^ 


(878) 
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CHAPTER Xn. 

DIFFERENCES AND DIFFERENTLiLS OF PLANE TRIANGLES. 

196. In trigonometrical investigations it is 
often necessary to determine the efifect of a 
small change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, i( A, AB and 
A (7, of the plane triangle ABQj are the data, '^ 
and AC ia subject to an error of 0\ the required parts will be 
subject to errors which are respectively, the differences between 
A OB and AO'B^ ABO^ndABO\BO and B 0\ In the same 
figure, the data may be supposed to he A, AB and AB (7, and the 
angle ABO may be regarded as subject to the error B 0' which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be J., A Bj and A OB^ A OB being variable , 
or, J., A Bf and B O^B being variable. In all these instances, A 
and A B are constanty while the remaining four parts are variable^ and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangle^ any two parts being constant^ and the rest 
variable^ to determine the relations between the increments of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
isation of the increments, as the derived triangle. 

197. Case I. A andc constant. The six parts of thegiven triangle, 
ABOy Fig. 29, being J., 5, (7, a, 6, c, those of the derived triangle 
formed by varying all but A and c, are J., 5 + AjB, (7 + A (7, 
a + Aa, b + a6, and c. In these two triangles we have 

^ + 5 + (7 = 180° 
-4 + 5 + a£+(7+a(7= 180° 
whence a5+A(7=0, aB=--aO (379) 

14 



106 PLANE TRIGONOMETRY. 

Also in the two trxangles we have 

a =s <? sin -4. cosec {m) 

a + Aa == e sin A cosec {0 + aO) (n) 

the half difference of which by (355) is 

, ^ _ gsin J.cos((7+ ^ A(7) sin^AO ^ v 

* sin (7 sin (0 + aO) ^^ 



^Aa jAa _ acos((7+^A(7 ) 

sinjAB ■" sinjA(7 "" sin((7+AC) 

The half sum of (m) and (n) by (131) is 

, ; (?sinJ.sin((7+ Ja(7)cos Ja(7 

^ sm(7sm((7+ A(/) 

which' combined with (p) gives 

jAa _^ __ ^ Aa _ a + jAa 
tan J a5 ^ tan J A(7 tan ((7 + J AC) 

From (260) we have 

c sin A 



tan (7 ' 



6 — <?cosJ. 

whence 

5 — ccos -4. = <? sin J. cot O 

6 + a6 — <? cos JL = {? sin J cot ((7 + aO) 

the difference of which by (353) is 

- ^ <?sinJ. 8inA(7 
^^^ Bin Bin (0+ AC) 

therefore 

a6 a6 a 



(880) 



(881) 



sin AS sin aO sin (C + A(7) 



(882) 
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This equation gives by (136) 

i Ab ^ a 

sinjA(7cosjA(7 6m{0+ aQ) 



and dividing (380) by this 



Aa _ C08 (O+jaO) 
Ab cos J aO 



(383) 



It is to be observed that the increments (or half increments) of 
the angles must be deduced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small arc being nearly equal to its sine or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art. 9, or Art. 54. 
' 198. Case II. A and a constant. We have as in the preceding 
case A 5 = — A (7; and in the two triangles 

J sin ^ = a sin B 
{b + Ab) sin ^ = a sin {B + aB) 
the difference and sum of which give 

J aJ sin J. = a cos {B + i aB) sin J aB (jp) 

(6 + J Ab) sin ^ = a sin (J5 + \aB) cos J aB 
whence by division 



lAh ^ ^ a6 ^ i -f-jAfe 

tan J aB tan JA(7 "" tan ( J5 + J aB) 

In the same way 

I Ag \CiC _ c + \Ao 

tan J A(7 ™ tan J a5 tan ((7 + J A(7) 



(384) 



(885) 



From the equations 

(? sin J. = a sin 

{o + Ac) sin J. = a sin {0 + aO) 

we find jAcsin^ = acos((7+ J A(7) sin J A(7 (j) 
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which combined with the equation (p) giresy since sin |aC^~ 8in|A£, 

(386) 





Ai _ 


CM 
COB 


(5+IaB) 
(<7-i-|A(7) 


From (p) we 


also have 






}A& 


" rial AC 


ieo8(£ + }AB) 
" sini 



(387) 

which, when A i is to be found from aBj is more convenient than 
(884). In the same way from (q) 

jAg jAg ^ ccos((7+|A(7) .ggg 

sin J A(7 *■ sin^A^ sin (7 ^ 

199. Casb m. b and e constant. We have 
^ sin j& s= 5 sin (7 
e sin (5 + a5) « 6 sin ((7 + A(7) 

the sum and difference of which give 

£rsin(5+ jA5)co8jA5 = 6sin((7 + jA(7)cosjA(7 {p) 
ecos (-B + J a5) sin J a5 = 6 cos ((7 + J A(7) sin J A(7 (g) 

tlie quotient of these gives 

tan I aB _ tan {B + \ aB) ,ooqv 

tanjA(7""tan((7+ JA(7) ^ ^ 

By (224) we have 

a » i cos (7 + <? cos jB 
a + Aa « 6 cos {0+ A(7) + c cob{B+aB) 

the sum and difference of which give 

'I + jAa = 6 cos ((7+ jA(7)cos}A(7+ ccos(-B + }a5) cos J a5 
- i Aa = Jsin ((7+ J A(7) sin J A(7+ c sin {B + JaB) sin} a5 
These expressions are reduced by (p) and {q) to 
a + }Aa=cco8(£ + i A5)cos}ABcot}A(7(tan}AB +tan}A(7) (r) 
-}Aa«csin(-B + }A5)cos}AjB(tan}A-B + tan}A(7) («) 

and by division 

^ Aa g+l A(g ^oQQv 

tan} A (7 cot(5f}A5) ^ ^ 
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In tho same way we have 

jAa a + j^ Ag 



tan JAjB cot ((7+ J A(7) 

Since the sum of the three angles is constant, 
aA + £lB + a(7« 
} (aJ» + A(7) = - J aA 
therefore by (115) 

* * cosJaBcosJav 

8in| aA 



cos| a£cos^A(7 
which substituted in («) gives 

|Ag ^ g8in(ig + ^Aig) 
sin ^ aA cos i A(7 

and in the same manner 

|Ag ^ ftain((7+|A(7) 
smjAX" cos J a5 

Substituting {t) in (r) we find 

sin^ A(7 gco8(^ + |Ag) 

sin J A-4. "" a + i A a 

, , sinjAjB Jcos((7+jA(7) 

whence also . ' . «■ V-rr ^ 

sin^AA a + iAa 

By differencing the equation 

a«-.y + c« — 26<?cosA 
we find instead of (892) and (898) 



(891) 



W 
(892) 

(898) 

(894) 
(895) 



i Ag ftgsin(A +iAA) Q 



K 
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200. Case IY. A and B constant. We have 



b 


AnB 

= T—ra 

sm-A 


Al 


sin 5 , , ^ . 
= -^^-T {a + Aa) 


£J> 


sini? 

« ^r--r Aa 

sin^ 



whence 

In this case the third angle is also constant and there are hat 
three variables related by the equation 

_.^ = J^ „ _^ (397) 

sin-4. sm^ sin(7 ^ ' 

This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (384), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (395), (396), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cases, 
to solve these equations by aicccessive approximations. 

For a first approximation we consider the increments in the second 
member to be = 0, employing B ior B + \ AjB, &c., and taking 
cos J aJB = 1, &c. This will evidently produce but a slight error 
so long as the increments are small as compared with the entire 
parts of the triangle. We then obtain a second approximation^ by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result ; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is in fact one of the chief advantages of com- 
puting by difierential formulae, rather than by the direct formulae 
applied to each of the two triangles successively. 
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Example. 
In a plane triangle whose parts are 



a ^ 6053 b •• 



^35°ir 8M (7=86^ T'T'-T 
= 4082 (? = 7068 



let A and a be constant while b is diminuhed by 50*5; to find the 
change in the angle B. 

We have in this case a6 =■ — 50.5 ; and by (387) 



sin i tuB '- 



i Ab sinB 
bco9{B+iAB) 





1st Appeox. 


2d Appsox. 


i^b 


- 25-25 




b 


4082 




B 


36° 11' 


85° ir 


h^B 





-15' 


5+JA5 


35° 11' 


84° 56' 


logl Ai 


-14023 


) 


ar. CO. log. b 


6-3891 


V - 7-5520 


log sin B 


9-7606 


i 


ar.co.l.cos(5 + i a5) 


0-0876 


0-0863 


log. sin ^A^ 


- 7-6396 


- 7-6383 


JaB 


-15'0" 


-14'56"-8 



It is evident that changing the angle B + ^ aB by only three seconds 
would not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally aB = — 29' 53"-6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 



Differential Variations of Plane Triangles. 

.202. The equations (380), (381), (382), (883), (384), (385), (386), 
(887), (388), (389), (390), (391), (392), (393), (394), (395^, (396) and 
(397) become differential by making the increments infinitely small, 
that is, l»y omitting the increments when connected with finite quanti- 
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ties by the signs + or — , and substituting the increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) The character 
d must also be substituted for A. These changes being made, we 
easily deduce the following differential relations. 

Case L A and e eonstanL 



(398) 



da 
dB^ 


da 


aeot 


db 
IB'- 


db 

dO ~ 


a 
8m& 




da 
db'" 


cobO 


a eonttata. 






dB = 


-da 


db 


db 


6 cot 5 


dB 


dO " 


de 
dO"' 


de 
dB^ 


e cot 




db 

de ~ 


coiB 
cosC 



(899) 



Case III. h and c constant. 

dA + dB + dO^O 

dB tanS 



dO tan (7 



da 

Id 



= — ataujB, 



da , ^ 

_ = -atan(7 



> (400) 



J— r =8 (? sin jB = 5 sin (7 
dA 



dO 

dA'' 





' cos-B,. 

a 



dB h ^ 

-=-7 «= cos (7 

dA a 



J 
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Case IV. 2%« anglesj Aj i?, (7, constant, 
da dh dc 



Bin A sin B sin 



(401) 



203. These differential relations are often employed when the in- 
crements are very small, instead of the equations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 

Thus if dB is given in seconds we must divide it by R" = 206264"*8, 

or substitute dB sin 1" for dB. 

dA 
But in such fractions as -=-75, this substitution is evidently unno- 
aJS 

cessary provided the two increments are always expressed in the 

%ame unity as minutes, seconds, &c. 



Example. 

In a plane triangle whose parts are 

^ = 58°4r48".9 5 = 85^11'3M (7 = 86^ 7' 7".7 
a = 6053 6 « 4082 e « 7068 

suppose b and e to be constant and the angle A to receive the incre- 
ment dA — 20"«6 ; find da and dO. 
From (400) we have 

da = dA sin 1" c sin B 

,>v — dA ccoqB 

log dA 1.3139 log (- dA) - 1-3189 

log sin r 4.6856 log <? 3.8493 

log(? 3.8493 log cos 5 9-9124 

log sin B 9.7606 ar. co. log a 6-2180 

log da 9.6094 Jog dO - 1-2936 

da 0.407 dO - 19".7 

16 k2 
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204. The error of employing the differentials in any ease may be determined ap- 
proximately by developing tlie equation of finite differences and comparing it with 
the corresponding differential equation. We shall select a simple example. 

Wf haye from (887) and its corresponding differential equation in (899) 

' sin -B * 

thf first of which when deyeloped giyes 

}AA = *coti?sin}AB-^A?!?Lg+lj^sinjAi?sinlA2? 

or Bubstitutmg sin^ABssiABsinl", sin^A^as^ABsinl'', and also B for 
fi -{- J^ aB in the second term, which will affect so small a term but slightly, 

Aft « * cot -B A^ Bin 1" — ^ (aB sin 1 ")» 

Comparing this with the differential equation aboTe, the error of employing the 
latter is approximately 

-A(Ai?sinr)« 

which for A J? ss l^' is — '000016 b. 

It appears from this example that the error is expressed by a term inyolying the 
tquare of the increment ; and if we deyelop all the equations of finite differences we 
shall find that they differ from the corresponding differential equations by terms in- 
yolving the squares and higher powers of the increment Hence, employing the dif- 
ferentiaU instead of the finite differences amounts to neglecting the terms involving the squares 
and higher potoers of the increments, 

205. The differential relations aboTC obtained could have been deduced more di- 
rectly from the formulso of plane triangles by differentiation, employing the values 
of the differentials giyen in Art. 192. Thus in Cask I, A and « being constant, if 
we differentiate the equation 

a ss c sin ^ cosec O 
we have da i= csinA d cosec O 

=: — 6 sin ^ cot cosec O dO 
ssz— a oot OdO 
%B in (398) 

The stud<)nt may exercise himself by deducing the other relations of (898), (89V) 
and (400) in a similar manner. 



laiGOKOBIETUIO SERIES. gU 



CHAPTER XHL 

TBIGONOMETRIC SERIES. DEVELOPMENTS OF THE FUNCTIONS OF AN 
ARC IN TERMS OF THE ARC, AND RECIPROCALLY.* 

206, The investigation of trigonometric series is most readily 
carried on with the aid of a few elementary principles of the Differ- 
ential Calculus. Alt that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. We shall employ the following expression of this theorem : 

in which ft/ denotes what f{y + K) becomes when A = and 

-^^, X 1 &c., are the successive differential coeflScients, or de« 
dy ' dy^' ' 

rivatives of fy. 

207. To develop sin a? and cos a: in terms of x. 

We shall first develop sin (y + re) and cos (y + «) by (402). By 
(861) and (362), if 

/y = siny 



„ have ^^ - ^^^^y 

we have ^^ - ^^ 

<P./y <?cosy 
dy^ ^ dy 



cosy 



— smy 



cP./y d sin y 

dVy <2cosy_ 



* The leading resnlts of tMs Chapter being of very general utiliij and constant 
application are printed in the larger type, but as they are not referred te in the sub- 
sequent large print of this work, and moreoyer require a limited acquaintance with 
the Differential Calculus, the student can omit them at the first perusal, and pass 
directly to Part II X 
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80 that the values of the coefficients of the series (402) recui in the 
order + sin y, + cosy, — sin y, — cosy, and therefore /(y + x)^ 

gin(y + a:)»siny + cosy-j — siny-j-g cosyj^g^ + fcc. (403) 

If we commence with 

/y « cosy 

the coefficients will recur in the order +cosy, — siny, —cosy, 
+ siny, and (402) will give 

X x^ x^ 

COS (y + a:) ■= cosy — siny -j- — cosy-j^ + sin y ^-^^ +&c. (404) 

K now we put y a- in (403) and (404), sin y » 0, cos y ■■ 1, the 
alternate terms of the series vanish, and we have 

sina:«Y-j:2^+ 1.2-3-4-5 " 1-2-3-4-5-6-7 + *''• (*^^' 

cos a; = 1 - -pg" + rM4 "" 1-2-34-5-6 + *^- (*^^) 

It may be observed that (406) can be deduced from (405) by dif- 
ferentiation. 

208. The series (406) and (406) are directly available for the con- 
struction of the trigonometric table. For this purpose x in the series 
must be expressed in arc, since (361) and (362), upon which the pre 
ceding demonstration rests, require x to be in arc, Art. 9. 

Example. 
Find cos. 10®. Reducing 10® to arc, by Art, 9, we have 
(T « 10 X .01745829 =» 4745829 
and computing separately the positive and negative terms of (406), 

1-1. - -^ - - .01523086 

^ .00003866 - =-^^ »^ - -00000004 



1.2.34 -—""-- i^^^Q 



1.00003866 - .01523090 

- .01523090 



cos 10®- .98480776 

agreeing with the tables, which give .9848078. The student may^ 
for practice, verify any other sine or cosine of his table- 
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209. lb develop iajix in ternu of 7C. 

Bepresenting the coeffidento in the series (405) snd (406) bj letters, we hftTe 



tanx =3 



Id which 



1 fl»X*+ fl4«* <*9^ + &0. 

1 1 

1-2 ^^ i-2a 



(407) 



&0. 



If we perform the division of the nmnerator by the denominator, we pereeire that 
the result will be a series containing only odd powers of x, and commencing with the 
term x. But as the law for the snccessiYe formation of the coefficients is not easil/ 
shown in this way, we shall resort to the following process. Assnme the series to be 

tan X =3 e. X -|- e^x* -|- e, X* -|- &c (m) 

and differentiate it; we find, by (863), after diriding by dx, 

l + tan«x=se. + 8esaf+66.x«+&o. 
or, unce from the dirision of (407) we know thai c, =s 1, 

tan«xra8eba^+6c.«*+7c,x« + 9ebx« + Ac («) 

The square of (m) is 

tan* X ss e« 6« a^ -|- ea e^ I x* + «» Cf 

+ «.«! 



which compared with («) giyea 






X-+&0. 

+ &e. 

+ &0. 



jc,e. 



> = x(**^+^*«) 



«t = y (Ci c. + «•«•+ c, c*) 



&C. &0. 

where the law of deriyation is obrious. We haye preseryed the factor ««, althongh 
It is equal to unity, in order to render this law more apparent. 

Since the first and last terms of these expressions are equal, as also the 
equally distant from them, we may write them as follows : 



eu 



1 


(C.C.) 






1 

= 6- 


(2<i«.) 






1 


(2c.e.+ 


c,c,) 




1 


{2«.«.+ 


2«.^) 




1 


(2<%e.+ 


2«,«.+ e. 


O 


&«. 


&c 
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ill wbieh fom any eoeffiaent 1^.4. t vAm n it tvem, is expressed by ^ tenns til ol 

whose eoeffidents sre sa 2 ; sad wkm n tr odd, by — ^^ — tenns sll of whose coeffi- 

eients sre 2 except the Ust, which is 1.* 

If we now sabstitate the Tslue of e, s= 1, snd deduce the niimericsl yalues of the 
eocfficients successiyelyy we shsll find 

, X- 2x* , 17 x' , 622» , 1882a:« , . ,..„ 

*^'--' + T + TT+a^:6T+l^^R^+«i^^^ (408) 

210. Jh deodop cot x m Urm» ^f x. 
If we inTert (407) we haye 

cot X =s ^ . T * 5-- (409) 

snd the first term of the actual diyision is — , the second term — (s^ — a,) x, and 

the saoceeding terms eiidently inyolye only the odd powers of x. Therefore let 

cot X ss rf, X — d^ X* — J, X* — &0. (o) 

The coefficients cannot be determined by the method of the preceding article in 
codseqaence of the negatiye exponent in the first term ; but they are directly de- 
dncible from those of the series for tan x. We haye by (142) 

tan X =3 cot X — 2 cot 2x {jp) 

Now the series (0) being true for any yalne of x will giye cot 2 x by substitating 2 a 
for X, whence 

2cot2x=i — 2*J,x — 2*d;x« — 2»rf,x« — &c 

X 

Subtracting this from (0) we haye by {p) 

tanx«(2»— l)J,x+(2* — l)d;x«+(2» — l)d',x«+&c 
Designating the coefficients of (408) by Ct, e^ e„ &o. we haye also 
tanxsa 0t«+ ^a^+ c^x'-f-^o 

and the comparison of these two yalues of tan x giyes 

• 2nri (2 — 1) (2+ 1) Tf 

^ _ g» =» ^ — ^ 

^ 2* — 1 (2»-.l) (2»+ 1) 8-6 

d — ^i — <^» rn- J5L 

' "" 2« — 1 (2»— 1) (2»+ 1) 7-9 
&0. &c. 



«.> 



2M^— 1 



* Euler, and after him Cagnoli and others, make these coefficients depend upon 
those of the series sin x and cos x, but the number of giyen quantities by which 
tach coefficient is expressed is double the number required in the method of the t«xt 
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Substitatmg the yalues from (408) 

And rednciiig the coefficients to their simplest forms, we find the series (o) to be 

cotx==~--g.-^-^-^-^,:^- 3.^^.^.^.^^ ^&c, (410) 

211. By a process similar to that ht Art. 20d, but which'we leaye to the student^ 
we find 

secx=:l + ^ + ^5:5 +^,^g^ + ^,^g— + &C. (4111 

And from (408) and (410) by means of the formula 

cosec 2 s=B } (cot } z + tan } z) 
we find 

cosecx = - + ^^ + 2i:3^+ g^Tgrg^f + ^^S^ (412> 

212. To develop 8in"^y in terms ofy* (See Art. 87)« 
Let X =» sin~*y (or sin a? =» y) ; then by (373) 

dy =V(l-y«)"-VA y; 
Developing the second member by the Binomial Theorem, 

^ = 1 + J/ + 2:5^ + ^^y» + &c. H 

As this contains only even powers of y, the series from which it 
would be obtained by differentiation must contain only odd powers 
of y ; therefore, let 

« = «iy + «3y^ + «fiy' + (HiP + &c. (n) 

There will be no term independent of y if we limit x to values be- 
tween and =i= 90°, for then when y =» we must also have x = 0.* 
Differentiating, we have 

^^ = «! + 3 Ojy* + 6 a^y^ + 7 o^y* + &c. 

which compared with (m) gives 

1 1-3 1-3-5 

* The series (418) obtained under this limitation expresses but one of the values 
of Bin"^y, but if we denote the series by », we shall haye by (96) the following eX' 
pression, including all the yalues, 

sin~' y =s fi jr 4. ( — !)••# 
tt bein|[ an integer, positiye or negative, or lero. 
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therefore (n) becomes 

It is unnecessary to develop cos^^y since we have 



cos 



X ^ • -1 



218. To develop tan'^y. Let x « tan-^y, then by (375) 
dx 

from which we infer, as in the preceding problem, that the required 
series contains only odd powers of y ; therefore let 

a? = «iy + «3y* + «6y' + <hy^ + &<5- (n) 

dx 
then -T-^a^ + % a^^ + 5 a^y^ + 7 a^y^ + &c. 

which, compared with (w»), gives 

ai = l 3a, » — 1 5a^a«l Toy — — lAc. 
so that the series is 

X « tan-i y = y - 1 y^ + 4 y* - 4 y^ + &c. (414) 

• 

214. To compute the ratio (= w) of the circumference of a circle 
to its diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as small a quantity as we 
please ; but (414) enables us to express its value in a series. We 

have tan— = 1, therefore if we make y « 1 in (414) we have 



But this series converges too slowly to be of any use. To obtain a 
rapidly converging series ymust be a small fraction. We might em- 
ploy tan -g- = — — (Art. 29), but in consequence of the radical, it is 
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Simpler to resolve -j- into two or more arcs whose tangents are known, 

and to compute the value of each of these arcs by the series. To 
effect this let 



tan-^Z + tan-'f (416) 



4 
then by (123) 

whence «'=rz^ (417) 

1 "T" ^ 

from which, assuming any value of t at pleasure, the corresponding 
value of ^ is found. 
If we take e = J, we find ^ = J ; therefore by (416) and (414) 

4^=tan-4 + tan--*J 
4 

-jl — r(T)'+T(|)'-*^ 

+ {7-i(7)*+T(T)'-*4 '""' 

A few terms of these series give 

JL « 46364T6 + .3217506 = .7863982 
4 

5r « 8.14159 

more accurately tt = 3-14159 26535 89793 

1 3 

If we take < «= -j, we find tf^-^j but the above supposition is 

evidently the best adapted for rendering both series sufficiently con- 
vergsnt.* 

215. To resolve sin x and cos x into factors. 

The series (405) shows that z is a factor of sin x, and giyes 

* See NoTB at the end of th^ chapter, p. 124. 
10 L 
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and the faotoTS of th« series within the parenthesis must eyidcntly be of the form 

i-J (.) 

A being a constant, bnt haying a different yalue in each factor. The required factors 
must be sach as to reduce the second member ot (p) to zero wheneyer the first 
member is zero. Now sin x is zero for the yalue z as 0, whence z is a factor as al- 
ready seen, and also for s sa :±znir,n being any integer; therefore the general 
?aluo of (q) is 

whence A sss n*it* 

which, Bubstitnted In {q)^ i^yes as the general factor 

Making n snccessiyely a 1, 2, 8, &c., the equation (p) becomes therefore 

.inx_,(l_j^)(l_^)(l-g^)... («», 

The factors of cos x in (406) must also be of the form (q) ; bat cos x is zero for 
X ^ ±: {2n+ I) ^, n being any integer or zero, and the general yalue of (q) is 

* j1.2« 

whence A « ' ""^ ^ — 

which, snbstitated in (g), pyes the general factor 

(2n +!)•«* 
Making n successiyely as 0, 1, 2, 8, &c., we haye 

-- (>-f5)(-?I)('-S$)- (««' 

216. LogarUhmic tinea and connet. By means of (419) and (420) the logorithmie 
sines and cosines of the tables are readily computed. 

Put X =s flt -^, then 

(--S)('-?)0-?)- 

and taking the logarithms 

logBmJl!L = log|l + logm+log(l-5) + log(l-5)+ .. 

logcoBJ^=log(l-^:) + log(l-^) + log(l--:) + . . 



COS m Y 
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Def eloping these logs, by the known formula 

log (1 — «) « — if («+ }«• + J fi«4- Ac.) 

(in which M =3 modulns of common logs.) and arranging according to the powen ef 
M, we haye 



log Bin .^^; 



' log y + log m 






— &c. 



. i»r - M / 1 , 1 , 1 , . \ 

logeoi-^=-m*.-(^-+^4 -gs + Ao.) 

"""•••f(i + T« + i + *^-) 



— &0. 
By summing the constant numerical series, and substituting the Talue of the mo 



eiiius Jf c 



•48429 44819 and also of -^^ these formulaa become 



log sin ^ = 



1019611 98770 + log m 



— «• X 0-17859 64471 

— TO* X 0-0146889690 

— TO« X 0-0023011796 

— «■ X 00004258460 

— TO««X 000008 49075 

log cos -^- sa 10 

— TO« X 0-5367898412 

— TO* X 0-2203845850 

— TO* X 0-14497 48181 

— TO* X 0-10859 04688 

— to" X 0-0868608766 



— TO« X 0-00001 76758 

— TO»* X 0-0000087870 

— TO« X 00000008284 

— to"x 0-0000001841 

— &0. 



— TO«X 0-0728825502 

— TO'* X 0-0620420818 

— TO« X 0-05428 68116 

— to" X 0-04825 49426 

— &0. 



(421) 



(422) 

In these expressions 10 is added to render the logarithms positiye, as Is usual in 
the tables.* 

* See the preface to Callet's Tables, for the coefficients of these series carried to 
20 decimal places, and for other forms giyen them by which they are rendered stiU 
more conyenieDt. 
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Ccmpato log nn 0^. We hftTe 






MX W»0^ 


1 

--ro 


log III 9m 


and therefore by (421) 

log Bin 0« » 10-10611 98770 - 


-1- 

-0-00178 69646 
.0-0000014689 
.0-0000000028 



B 10-10611 98770 — 100178 74867 
logBiii9«» 9*1948824418 

217. If in (419) we pat s a -^^ we haTe 

-T-'-f('-i)(-i)(--|.)- 

r (2-l)(2+l)(4-l)(4+l)(6~l)(6 + l)... 
2 2. 2. 4. 4. 0.6.... 



ir 2 2 4 4 6 6 

T-T-T-T-7 

which is WaUit^i expression of ar. 



whtDoe _-_.^._.^.^._... (428 



NoTB to page 121. Computation of sr. Many other series besides those of Art 
214, may be given for oomputing sr. One method of obtaining them is to resoWe 
tfin~'< and tan~^ t into two others, and thns make } ir to depend npon three or more 
axes. From (194) we easily deduce 

in which m being giyen, n may be assumed at pleasure. The numerators of the 
fractions in the last terms will reduce to unity when m* -(" ^ ^ diyisible by n ; if 
therefore we assume n and/» so as to satisfy the condition 

«;,«m«+l (c) 

we shall hayo 

tan~' — = tan-* ^ [• tan"* — ; — (« J 

tan-* — w tan-* tan-' u) 

m tn — n p — m ^' 
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For example, let m as 8 ; then m*-(. 1 ss 10 ss 1 x 10 as 2 X 5, so that we may 
take n sa l^p ss 10 1 or n ss2f p sssb, whence by (d) and («) 

tan-1-tan-^+UB-i 

= tan-4-tan-i 

ss tan-» i 4- tan-* ~ 
6 ^ 8 

Siib8tital3ng!n(418) 

«■ *_.lix_tl|j.— t^ 
^ „ tan- ^ 4- tan- ^ + tan- p3 

«2tan--i— tan-y 

-.2tan-i+ tan-i (/) 

=» tan- 1 + tan- 1 + tan- i (5^) 

The eqnadon (/) was employed by Clausen of Germany, in computing »• to 200 
decimal places, and (y) was employed by Dase, also of Germany, in computing r to 
the same number of figures. These computations were carried on independently of 
each other, and the results when communicated to Schtjmaoheb, (who gives them in 
the Astronomische Nachrichten, No. 689), were found to agree to the last figure 
They prove the value previously found by Mr. Rutherford to be erroneous beyond 
the 150th figure. 

By means of the formulsB (a), (d), (e), {d) and {e) we may again subdivide the 
arcs as often as we please. Thus, it is easy to deduce 

^ « 2 tan— i- + tan— ^ + 2 tan— ~ 
4 o 7 o 

=. 2 tan- 1+ ton-, i + ten-i + tan- ^ 
-4ton-i_ton-i + ten-i+tan-^ 
-4ton-i_tan-^+ton-^ 

„4tan-i-t«i-^ 

«rhich last is known as Machm's formula. In deducing it we have reduced the dff* 
ference of two arcs to a single arc by means of formula (a). 
Another method is, to find by trial, or otherwise, an arc a multiple of which is 

nearly equal to -j., and whose cotangent is a whole number; and then deduce the 

l2 
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difference between this multiple end -j. Thru it is known (firom the trigonometne 
tables) that eot 11® 16^ »■ 6 nearly ; therefore by the last formula of Art 79, putting 



tan«-.-g-. 



4 tanr^ -z- as tan"* ■ 



and by (194) 



therefore 



^ . 120 w ^ _. 120 , ^ , ^ . 1 

taa"^ —. _ ss taar"* — — tan""* 1 sa tan""* -^-^ 

119 4 ^^ 119 ««**»" 289 



I 4 tan-* i — tan-* -i- 
6 289 



as was found aboTe. 
If we resoWe tan-* -^^ by means of (e), (d) and (e), we have m b 289, 

m* + 1 ^ 67122 =s 2*18* sa fi|», whieh offers seTeral snppositions for n ani/»; if 
we take n « 18* a 169 and/^ » 2-18* » 888, we find by (e) 

~ as 4 tan-* -3 tan-* — 4- tan-* -— 

4""670^99 

which was employed by Bntherford. 
If we Uke » a- 1, i» a- 67122, we find by (d) i 

t 

i 

i 
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CHAPTER XIV. 

IZFONENTIAL FOBMTTLJE. TBINOBOA^ OB QUASKATIC FACIOBS. 

218. To demonttrate UuUr'a formulce 

cos a; - J (e "»'-» + e -•»'-») (424j 



«ai.x — 



1 



L_^(e-i'-i_e-.i'-i) (4251 



2-/ 
in v/hioh tit the Naperian hate of hgarithmt, or^ 

*"i + T + T2- + i¥3+*"- 

It is shown in the theory of logarithms that 

'•-i + (^ + J) + ($+($ + *°- w 

where for brevity we write 

(1) = 1 (2) - 1.2 (3) - 1.2.3, &o. 

We have by (405) and (406), employing the above notation, 

cosrr-l-^^ + ^-^ + &c. 
X a^ x^ x' a 

the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426) ; and it is evident that we shall make 
them positive by substituting 

a:»sBs — j8* or a;=»av' — 1 
which gives 

C08«-l + ^+^ + ^+&0. 



128 PLANE TBIGONOMSTBT. 



1 



Bin X 



7T\ + 7Q\+7c\+7n\ + ^ 



whence 
But 

therefore 

cos » - ^/ -1 Bin ru - e—^-* (427) 

If in this equation we Bubstitute — x for re, we have, by (66), 

cos a: + ^/ — 1 sin a? =» ^•''-i (428; 

The snm and difference of these eqnations are 

2 cosa? = e-i'-* + «-•»'-» (429) 

2-v/~l8ma;=«e-»'-»-e— »^-» (430) 

whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

v--ltan.^ %,_,^;_„., -$,;,.:r^ (431) 

220. If we put 

y ss e'^^^ =a cos a: + \/ — 1 sin a; (432) 

we have y~* «= e~* »^""* = cos a: — %/ — 1 Bin a? (438) 

and (429) and (430) become 

2 cos a: = y + y-> (434) 

2 i/ — 1 sin a; =y — y-» (435) 

If ma; be substituted for x in these formulae, we have 

yn.^^^y/^X = COS WO? + v' - 1 siu fTW? (436) 

y-» = «-«« 1^ -1 « COS wa; — -v/ — 1 sin mx (437) 

2 cos ma; =a y** + y-» (438) 

2 v' — 1 sm ma; » y** — y-« (439) 
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221. Moivre'B Formula. The value of y"* from (432), compared 
with (436) gives 

(cos a: + \/ — 1 sin a;)"* = cos mrc + \/ — 1 sin mx (440) 
which is Moivre's Formula. It shows that the involution of the ex- 
pression cos a; + %/ — 1 sin a: is effected by the multiplication ol 
the angle. 

Again, if we multiply (432) by 

cos ic' + %/ — 1 sin a?' = «*'»'-* 
we have 

(cos a: + \/ — lain a:) (cos a;' + %/ — 1 sin a:') = e(«+*Oi^-^ 

= cos (a: + a:') + v' — 1 sin [x + a?') 

which shows that factors of this form are multiplied by the addition, 
of the angles. 
We have also 

(cosa;+\/— lsina?)(cosa:— -v/— lsina:)=cos*a:+sin*a;=e®=a 1 (441) 

222. Oeneralform of Moiwit Formula, As long as m is an integer, both memben 

p 
of (440) can haye but one yalue ; but if m s= -^ the first member becomes 

(cos x+ v^ — 1 sin z) « 5=5 ^ (cos x + y/ — 1 sin x)' 

ivhich has q different yalues* in consequence of the radical of the degree q, while 
the second member 

P P 

00« — « + v/ — 1 sin — « (a) 

has but one value. 

In order that both members may have the same generality, as should be the ease 
with eyery analytical expression, it is necessary to suppose that we take for the are 
X not merely the arc less than the circumference which has the giyen sine and cosine, 
but also all the arcs which haye the same sine and cosine ; that is, e denoting the 
circumference, all the arcs 

X, X + c, X + 2 c, X + 3 c, &c. 
Now there is an infinite number of these arcs, but only q of them can giye different 
values to (a) ; for all the values of the arc in (a) will be 

JL. + ?^, Z,+ (?iiLPl, &o &a 

9^99^ 9 



* That is q values real and imaginary; thus it is shown in algebra that ^a* = -f- « 

«<!_<,; ^o-^ + a. a( -^+/-^ ) and ' a(^.^-^-J.), 

v^a*= + a, — a^'\^ ay/ — 1, — a^ — 1 ; &c. 
1" 
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But —a 4- -^^ = — a; 4- oc has the same sign and cosine as — »; 
t-x-X- ^^ *" ^^ = ( — x4- — ) 4- »c the same sine and cosine as — a; 4-—, &o., 

q ^ q \q ^ q^^ q q 

80 that after the first q terms of the above series, the same values of the sine and 
cosine return ad infinitum. Representing, therefore, the circumference by 2 ir, 
the equation is entirely general under the form 

(cosa; + v^ — 1 sin x)Tz=: cos ^ (2 nsr+ aj) + y^ — 1 iln — (2 n jr+«) (442) 

in which n is any number of the series 0, 1, 2, 8 q — 1. 

228. Triffonometrie expreuiona of the real and imaginary roots of umty. 
If X 8 in (442) it gives 

(l)Ts-ooB-^ 2n5r+^ — lBin^2nr (448) 

or (1)* = cos 2 wn «• + %/ — 1 sin 2 wnfr (444) 

m being fractional or integral. If /? ss 1, (448) gives 

yi==coB 1-^ — 1 sin ^446) 

which expresses the q roots of unity by making n successively 0, 1, 2, 8 . , . q — 1 
For example, let q s= 4, (446) gives for 

n = 0, ^1 = cos + ^ — 1 sin = 1 
->s^ n = 1, 4^1 = cos -— 4- >/ — Isin— =^ — 1 

rtsss2, v^l=co8sr4"%/"~l8injr^ — 1 
n = 8, ^1 = cos ^ + y^ — lain ^ «— y/ — 1 
•s lound m algebra. 
If « = -- in (442), it ^ves 

/ y iN« fl»(4n4-l)«- , . ^ . TO(4n4-l)T 

(V^— !)• = cos ^ ^ ^ + ^ — 1 sin — i^ — 2 

which shows that an imaginary term of any degree can be reduced to a binomial of 
the form ^+5^—1. 
Tf z = «• in (442) we find 

(— 1)* = cos f» (2n + 1) T + ^ — 1 sin wi (2n + 1) r (447) 

224. To reduce an imaginary quantity of the form (a-^- h y/ — 1)* to the form 

Let k and x be determined from the equations 

k COB z =7 a, A; sin a; =s 6 

oy Art. 174; then, by Moivre's Formula, 

(a + ft ^ — 1)- = A;« (cos aj + ^ — 1 sin a;)« 
=s A^ (cos mx-^- y/ — 1 sin mx) 

Mid putting A ^ k^ COB wix, 5 = A;* sin mar. 



(446) 
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226. To find the quadroHe (trinomial) faetarM of the expression tf^ — 2f"*oos^*4-1; 
m being integral. 
By (438) and (484) we haye 

y*" — 2y«coBfii«+l ^0 

y*— 2yoo8x+lB0 

rherefore if we put y:=fyfnx=s2nr-|-^, orxss ^Sl^, we haye 

fit 

iP» — 2a« 008 + 1 SB (448) 

1^ — 2f oosi^^lii+l = (449) 

fit 

As these two equations exist at the same time, they have eommon roots, and the 
second is therefore a diyisor or factor of the first ; bat this factor has m yalnes in 

eonseqnence of the m yalnes of cos JLL, (Art 222), found by making 

R =s 0, 1, 2, 8 . . . m — 1. Therefore the m quadratic factors of (448) are all ex- 
pressed by (449), and we have 

^ — 2««cos^+l 8 (j^ — 2f cos — + l) 

X (^-2feo» ^"^* +l) 

X • • • 

x(^-2«co, '('"-^)'+* + l) (450) 

226. To obtain the simple factors of (448), we haye only to find the two simple 
factors of each of the quadratic factors in (450), or to find the two factors of the 
general quadratic (449). Now, by the theory of equations, if f, and j^ are the two 
roots of (449), the first member is equal to 

(f-,0 («-*.) 

but we haye by (482) 

f =s y ss cos« + v^— 1 sins B COS UI -1-^—1 sin i-2. 

fli fit 

which giyes the two yalues of f by the double sign belon^^g to v^ — 1. Therefore 
the simple factors of (448) are all included in the form 

cos- -^^d-^— Isin — jp-^j (**»0 
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EZAKPLSS. 

1. Find the qtiadratio uid simple faeton of 

«• — 2:^+1 

Here m ■■ 2, 2 ooe ^ v 2, eoe ^ a 1, ^ a ; and by (460), 

!• — 2 1^ + 1 — (i^ — 2 f COB + 1 ) (i^ — 2 f 008 r + 1) 

-(i^-.2f + l)(i^ + 2f + l) 
by (461) 

— [f — (oosO + v/ — 1 Bin 0)] 

X [»—(0O80 — -^ — iBinO)] 

X [« — (eos «• + \/ — 1 BID. t)] 

X [« — («o« jr — v^ — . 1 Bin «•)] 

«(,-l)(*-l)(,+ l)(*+l) 

2. Find the faotors of 8* + 2 1^ + 1. Here m rs 2, 2 ooe ^ » — 2, ^ a r, aid 

8*+ 21^+1 a (1^+1) (1^+1) 

= (f-^-l)(.+ ^--l)(*-^/-l)(* + •-l) 
8. Find the factors of f* — 1^+ 1. 
I* — i^+ 1 =: (i^ — 2f COS 80<> + 1) (i^ + 2ar cos 80» + 1) 
= (i^-f^8 + l)(^+«%/8+l) 
«(,«j^8-}^-l)(*-}^3 + }^-l) 
X(«+}^8 + }^-l)(.+ }^8-}^-l) 
4. Find the faotors of ^ — 2«' + 1. 

i(.-2^+l=:(^-2f+l)(a^+f+l)(i^+,+ l) 

a(f-.l)«(f+} + }%/-8)«(*+}-}v/-«>* 
227. To find (ht quadratie faeton of f — 1 when m it odd. 
In (460) let ^ s 0, it beoomes 



r»"- !)• - (f- 1)» X ( *'-2««» ^ + l) 

x(*._2,oo.if+l) 

X • • . 

x(^ 2«oo, ''^'"-^>" +l) («2) 

Mow HI being odd, m — 1 is eyen, and the somber of trinomial faotors in (462) 
exclnsiye of {s — 1)*, is eyen ; but 

2 («, — !)» / 2jr\ 2r 

cos ^ ^ ^ .« COS I 2 r j a=s COS — - 

so that the first and last of these faotors are equal. In the same manner it is she wo 
that any two of these faotors equally distant from the first and last are equal , 
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therefore, uniting these equal factors and extracting the square root of both mem- 
bers, we ha^e, when m u odd, 

•«— 1«(» — 1)X (i^ — 2*008-^ +l) 

■ X • • • • 

X (i^-2fcos ^'""^^^*' + l) (468 

228. To find the quadraUo faetor9 o/s*" — 1, when m u even. 

When m is eyen, m — 1 is odd, the number of factors in (462), exclusive of (f — 1)\ 
b odd, and the middle factor will not combine with any other. This factor is the 

(•^j and contains 

OOg ss cos r ^ — 1 

m 

and is therefore equal to 

10 that uniting the remaining &oton, and extraeting the sqnara root, w« ha?*, 
»hmm ii evtn, 

«--! -(«-l)(t+l)X (iC-2,oo« ^ + l) 

x(*.-2„o.i^+l) 

X • • • • 

x(^-2acos(-!!^=?^+l) (464) 

229. To find the f adore o/s"* -f 1, when m ie odd. 
In (460) let ^ b r, it giyes 

(^+l)« = (i^-2fcos^+l) 

X («• — 2«cos — + l) 
X • • • 
x(i--2«co, (^'"-^)' + l) 

and it is easily shown, as in the preceding articlen, that the factors equally distant 
I the first and last are equal, and that the midd] t term iss' + ^^ + ^^C'+l)'* 

M 
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Henoe we thid, wkm m it odd. 



X • • • 

x(a'-2»00Bf!!^=^+l) :456) 



230. Tofimd the/actort o/i*^ -|- 1, when m it even. 
The eame process gives 



x(i--2,coslf+l) 



X 



( 1^ — 2*008 i^-Ji^+ l) (466) 



231. The simple factors of (458) and (464) are obtained from (451) by putting 
f as 0, and those of (466) and (466) by patting ^ s=s r. There will be found pairs 
of equal factors as in the preceding articles, but all the different simple factors will 
be found by taking only the positive sign of the radical ^ — 1. 

282. Any function of the form ^ — 2p t^ + q may also be resolved into quad- 
ratic factors. It is only necessary to reduce it to one of the preceding forms. By 
resolving the equation 

«^ — 2;? »« + J? =t (467) 

we shall find from its two values of 2^ 

and if we put the absolute term in one of these factors = db a"* (according to its 
sign) it becomes 

«« zfc a™ = a"» r i^ =fc 1) » a*" (a^ db 1) 

in which 9 s: az', and the factors of this last expression may be found by one of 
the preceding articles. 

If, however, the values of 2^ in (467) are imaginary, i. e. if p* < q, this method 
fails to discover the real quadratic factors, and we must proceed as follows. Put 
q ^ a*^, then the proposed function becomes 

'•(^-^.=+.)-"-('-*-'-+0 

p 
bi which f SB o^ ; and since in the present case/? < o^, —; is a proper fractioUj 

and we may put ^ == cos 0, which reduces the given function to the foim (460) 
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CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES- 

283. Thi true developments of Bin tfix and cos mx in series, when m is not re- 
stricted to integral valaes, were first obtained by Foifuot, and form the subject of a 
memoir read by him before the French Academy of Sciences, in 1823.* The M- 
Lowing problem is the basis of these investigations. 

234. To develop (k + y/l^ — 1)"*, m a eeries of aecendmg powere of k. Let 



and assume 



. + AX^. 



dz 
dk 



V (*•-!) 



ar = A + ^, * + -4.A* + ^,A» 
Differentiating (a) and putting 

we find 

•' = "•(*+ >^^^^0""x ( 1 + ;7(]feij ) 

the square of which gives 

Differentiating this and putting 

/' = — - 
dk 

we find, after dividing by /, 

OT«2 — */— (*•—!)/' = 

Again, differentiating (5) twice, we find, 

2' =^, + 2^,*+3^,A*. . . .+ »^ A:**— . . . . 

2" = 1.2^,+ 2.3^, *+3.4^,P. . . + (n — l)n^A;«-^ . . 

Substituting in {d) the values of 2, /, 2", given by (6) and (c), we have 



(«») 



(•' 



w 



}(.) 



D = wjM, 



4-1.2^, 



+ 2.3^, 



k+m^ A^ 

— 2^, 

— 1.2^, 
+ 8.4^, 



ifc» 



+ «»• ^„ 
— n ^n 
— (n — l)n^„ .... 
+ (n + l)(n+2)^„+. 

m which each of the coef&cients of the powers of k must be zero. To discover the 
nw which governs these coefficients, it wiU suffice to examine that of the general 
^rm, or the coefficient of k^, which is 

(m«-n«) ^„+ (n+ 1) (n+ 2) ^,+, =0 
whence 

^»+«--(n + l)(n+2)^- 

* See the published memoir, " Reeherehee sur V Analyse dee Seetiont Angulairee,* 
i^aris, 1825 
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BO that trcm the first coefficient, A„ we find by makiug n =£ 0, 2, 4, 6, fte^ 

1*2 

A ^ '"'-^ 4 ^ m«(m«-2«) 
^ = 84" "^ "= "~r-2-3-4 ^ 

TO« — 4* ^ » (m«--2») (m« — 4*) 

^* 5T~^*"^ rM4^5^6 ^ 

&c. 
and from the second coefficient, A^, we find by making n as 1, 8, 6, &o. 

m»^8« _ (m«~P)(m^-8') 
^- TS" "*•- 2^3T5 ^* 

^ — *»* — 5* _ (m« — 1*) (m* — 8*) (m* — 6*) , 

^' 6T~ '"■ 2-3-4-6-6-7 "*' 

&c. 

Therefore, if we put 
iT-l >>>* » I >n«K-y) m«(m*~2')(m*.~4*) 

2-3 ^ 2-3-4-6 

Ch« equation (5) becomes 

»=^A.K+A,K' 
and it only remains to find A. and A^, In (a), (6), (c) and (0), put k ^^ 0; we find 

Therefore we haye, finally. 



, = (A + ^A*— ir = (^— irir+(^— l)"^mir' (468) 



236. To develop {y/ 1 — A* 4- * \/ — 1)"* •*'» ^ »ert« 0/ (ucending powert of A. We 
naye 



(V^l — A« + A ^ — !)"• =(v/ — 1)"* (A + y/h* — !)"• 
therefore by (468), exchanging k for A, 



(V' 1 — A« + A^ — !)"• = (v^— 1 )~ [(^ — !)"• jBr+ (^ — 1)"—* mH''] 

in which H and ^' are what K and iT' become when A is put for A. Conrblning 
the imaginary factors in the second member, obserying that 
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(wliich most not be put equal to unity, since m maj be a fraction, and unity has 
imaginary roots,) and also that 

(^/-l)"X(v/-l)"" = .v/-l(v/-l)"-'X(v/-l)*-' = %/-l(l)~ 
we ba^e 

(^1-.A«+Av^— 1)«=(1)« iT+v/— 1(1) • mff' (459) 

in which 

236. 7b develop the eine and eonne of the muU^le angle m a eeriea of (ueending powen 
of the conne of the eimple angle. 
When m is an integer, this problem requires us simply to develop sin mx and 

cos mx in a series of powers of cos x ; but when m is a fraction ra -^y the angle mx 

has q values which have the same sine and cosine, (Art. 222), if we consider x to 
represent all the angles which have the same sine and cosine as the simple angle. 
We shall therefore employ Moivre's Formula in its general form (442), or 

(cos Jc + v^ — 1 sin x)"* = cos »i (2 n T + ^) + %/ — 1 sin wi (2 n «■ + x) 

Putting A; = cos a: we have by (468) and (446), 



(COSX + v'— 1 smx)"* = (ife + ^A:*— l)* 

= (v/ — 1)« K+ (v'— 1)"— m K' 

/ m(in'+l)ir\ ^, . . . /m (4n'+ l)«r\ ^ 
== cos (^ 2 ) ' ^ + \/ — 1 Bin (^ -^ — 2^ ) • ^ 

/(m — l)(4»'+l)«-\ ^,. ^ , . /('w — l)(4n'+l)»-\ „, 

Comparing the real and imaginary terms of these two values of (cos z +\/ — 1 siu x)*^, 
we have 

cosOT(2nT + x) = oos^^ -^ — ' — ^— j . K+ cos l ^ i-i- — ^ ^ 1. m iT' 

• /o I N • /'»(4n'+l)T\ _, . /(m — l)(4n'+l)jT\ ^ 
8inm(2n5r+x)=sm^^— i — ^ — i— j . jr+ sin ^^^ Li^ — J—J—J.mK' 

If fn is a fraction ass — , each member of these equations receives q values by 

taking successively for n, or n', the numbers of the series 0, 1, 2, 8, . . . q — 1 ; but 
we are now to show what values of n and n' correspond to each other in the * we 

members. L«t x s=s -^, then A; = 0, iTsslyiT'sssO, and we have 
18 v2 
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therefore these two angles can only differ hj some multiple of 2 «r, or we musk 
have 

2 2 b^n nr 

whence m (n — n') sss n'' 

P 
but m being a fraction ^, and n, fl numbers of the series 0, 1, 2, ... 9 — 1, we 

cannot haye m (n — n') equal to an integer vl\ unless it is zero ;* therefore 

n — n' = 0, n =s n' 

and the aboTe deyelopments are 

.b.m(2«,+,)=rin( "'(''' + ^)' ).ir+rin( ("-^H<"-H)'^ ).^jg, (461) 
in which 

g == 1 - 3:2- cos* X + \^^^^^^ ^ cos- X -^ &c 

K' = cos X gTg — cos* x+ ^ Q g^ . ^ cos* » — &c. 

It hence appears that, in general, it requires the combination of two series to ex- 
press the cosine and sine of a multiple angle in powers of the cosine of the simple 
angle, when m is fractional. 

237. When m is an integer, one of the terms of (460) and (461) will always become 
zero, and we shall have but a single series to express the function of the multiple 
angle. The first members become in all cases 

cos (2 mn sr -|- mx) ^ cos mx 
sin (2 mn »• -4- ^x) «= sin mx 
and the second members yary according to the form of m. In (460), if 
m sss 4 m\ cos mx sss K 

m = 4 «i' + 1, cos ffia: = mK' 
m = 4 m' -|- 2, cos mx = — K 
m = 4 f»' -4- 3, cos mx = — mK' 

and since when m is even, the series K terminates, and when m is odd, the series K' 
terminates, these four equations are all finite expressions, and will give the equations 
of Art. 76, by making m = 1, 2, 3, &c. 

In (461), if 

m ss 4 m', sib mx = — mK 

m = 4 wi' + 1, sin f»»x = iT 

m = 4 ffi' 4- 2, sin ffjx = mK' 

wi 3ZS 4 m' + 3, sin mx 8=s — K 

* Since — is supposed to be reduced to its lowest terms, p and q are prime to each 

other ,' tnerefore, if — ^ ^ is not zero, q must divide n — »'; which is impos^iible, 

since the greatest value of either n or «' is g — 1. 



(462) 
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In these fcrmnlsD, however, the series do not termiLate, but by JiSTrrentiating 
1 102) we find for 

«• — 2* ^ 

in ss 4 m', sin mz ss — m sin z (cos z ^^ cos* x 4- &«•) 



2-8 

m* !• 

•1 SB 4 ni'-l- 1> sin ma: a= sin X (1 =-;^ — cos* x -|- &o.) 



1-2 



2* 



(468, 



fii^4m'4-2y BiniiMJ^wsinx (cos x ^ — cos* x + &o.) 

m* — 1* 
9ii^4m'-|-8, sinfnxss — sinz(l =-5 — cos* x + &o.) 

ftll of which terminate and £^ye the equations of Art. 76. 

238. To deoelcp the tine and eotme of the multiple angle m a aeriee of ascending powere 
if the eine of the eimple angle. 

We take as before 

(008 « + \/ — 1 *"* *)** ^ COB in (2 iiT + x)4- \/ — lein m(2nir + x) 
Putting A s sin X, we have, by (459) and (444), 
(co8x+^— 1 sinx)« = (v/1— A* + Av^— 1)"« 

m m^ 

= (l)»fl-+^-l(l) • mff' 
= COS mn'* . ir+ ^ — 1 sin inn'r . ff 
+ %/ — 1 COS (wi — 1) nV . wiiT' — sin (m — 1) nV . m H 
Comparing the real and imaginary terms of these equations, 

COS m (2n»' + *) = 00s mn'Tr , H — sin (m — 1) n'r . mH* 
sin m (2 nr 4- z) = sin « n' jt . ir+ cos (m — 1) n' jr . »i iT' 

and to find what values of n and n' correspond, let z ss 0, then A=s sin x ss 0. £r s& 1 
11' ^ 0, and we have 

cos 2 mils' = COS mn'jr 
sin '# m nn* = sin m n'r 
from which we infer that 2 mnr s " m nV, or 2 n ^ n', and hence 

cos m (2njr + x) = cos 2 mnw . JET — sin 2 (m — 1) nr . mff' 
sin m (2 ft T 4- x) = sin 2 mna- . ir+ cos 2 (m — 1) »jr . mff' 



(464) 
(465) 

k-1; 



in which m being a fraction ::s — , n is any number of the series 0, 1, 2, 8, . 

„ , •»•.,, m* (to* — 2*) . . . 

„, . m« — 1» ,, , (m»_ !•)(»,•_ 8') .. . 

ir'=.8m« ^;^_«n'»+i 5;^:l:g ^sui'>;-*o 

239. When m ie an integer, the first members of (464) and (465) become cos mm 
and sin mx ; and the coefficients of the second members contain only multiples of 
2*'; therefore we have 

cos mx ss IT sin mx as mW 

But the series II terminates only when m is even, and the series ff' only when m 11 



.yo 
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odd, and we must als<3 employ the deriTatives of these equations to obtidn ftniU < 
presaions in all cases ; thus we hare also 



dll 



mdx 



dW 
dz 



Therefore differentiating the series JET and ''', we shall have, when 



cos mx ■■ 



m ^ 2 m' 4- If 008 mx 



! 1 — -q-^ Bin* X 4" ^• 
1*^ 



<« 8 2 m', 
fii^«2fii'4-l, 



008 X(l- 

m 008 z (sin x - 



aiamx 

Bin mx as m (sin x 



1-2 
m« — 2« 



Bin* X + &c.) 



sin* X 4- &o.) 



2*3 

»» — 1* 
2.3 tan*x+ &o.) 



(4tt6) 



(467) 



■11 of which terminate, and giye the equations of Arts. 77 and 78. 

240. To develop the erne and eoeme of the multiple angle in a eeries of aeeendtng powen 
of the tangent of the eimple angle, 

Tie have 

eo8 m (2 nr 4- a^} + V^ *^ ^ '^ ''* (2 ^^ + ') =* (oo* * + %/ — ^ ^in x)* 
rs cos"* X (1 4- %/ — 1 tan x)"» 
Ejcpanding by the Binomial Theorem, and putting 

_ - m(m — 1) . . . m(m — 1) (m — 2)(m— 8) ^ . 

r « 1 ^2"^ tan* x4- -i i^^^z.^ " tan* x — A«. 



m (to — 1) (m — 2) 
TO tan X i =-s~ '- 



tan* X 4- &0. 



we have 

cos TO (2 n jr 4- aj) 4- \/— 1 sin TO (2 n jr 4- x) = cos*" x (7^4- y^— 1 7") 

But the imaginary and real qaantitieB are not yet distinctly separated in the se- 
cond member, for m being fractional cos*" x has a number of ima^nary yalues. If 
we designate its real value by cos"* x, all its values are included in the expression 

cos*" X (1)"» =s COS*" X (cos 2 mnfw 4- %/ — 1 sin 2 mn'w) 
which, substituted above for cos*" x gives 

costo(2 nfr-^-x) 4-\/ — 1 sin to(2 n»-4" *) ^C08"*x (cos 2 mn'jr . T — sin2 mn' r . T*) 

4-v/--lcos«x(sin2«in'«-. ^4- cos2TOn'r. T'') 

Comparing the real and imaginary terms, we now have 

cos TO (2 «»• 4- aj) =» cos"* X (cos 2 mn'ir . 7*— sin 2 mniir . T') 
sin TO (2 na- 4- x) =s cos*" x (sin 2 mn'r . ^4- cos 2 mn'Tr . T') 

an i W is shown as in the preceding problems that n =s n', whence 

cos TO (2n3r 4" *) = c<>s** x (cos 2 TOna- . T — sin 2 towt . T') 
vn TO (2 n« 4- i) = cos"* x (sin 2 wnr . 7*4- cos 2 TOnjr . 7") 



(468) 
(469) 
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in whUb m being a fraction ss -^^ nis any number of the series, ^, 1, 2, . . . ^ -« 1 $ 

9 



and 001^ x denotes only the real yalne of ^(oos x)^, 

241. By the dinsion of (469) by (468) 

. * tan 2 win jr. 7^+ 2" ,._^. 

tan TO (2nr + «) = •= — r — s -^--m7 (*70) 

^ ' ^ T — tan2»injr.2" ^ ' 

242. Whm mit an integer, both the series T and T' terminate, and in all eases 
eos 2 iwi » =■ 1, sin 2 mil «r a= ; and (468), (469) and (470) give 

cos tnx = cos" X . T (471) 

sin WW = cos« X . T' (472) 

tan mz s -^ (478) 

which last expression embraces all the equations of Art. 79.* 

248. Before the memoir of Poinsot, developments were given for the multiple arcs 
in series of descending powers of the sine or cosine of the simple arc ; but he has 
shown that these developments are impossible, except when m is integral, and in this 
case the series are the same as the preceding, with the terms written in inverse 
order. 

244. To develop any power of the cosine of the simple angle in a series of sines or cosines 
of the multiple angles, the cosine of the simple angle being positive. 

If y ^ cos z ^ V' — 1 sin a:, we have, by (484) and the Binomial Theorem, 

(2 cos x)^ = (y f trT = y*" + msr-»+ '"^'"~^^ jr-* + &«. 

and by Moivre's Formula, 

y« aa cos m (2 njr + z) + y/ — 1 sin m (2 njr + z) 
my***-^ 8= m cos (m — 2) {2nn'+x)+m^ — 1 sin(ffi — 2)(2n»' + «) 

'!!(!!!^) jr-^. !!L(^l) cos («^) (2 n ^+x)+'!^-^^^^l sin («^)(2n ^x) 

&c. &o. 

Therefore, if we put 

F^nwjiM = cos m (2 f»sr + z) + >» cos ("» — 2) (2 nsr -f- a^) + &<) 
P\nw^ = sin m (2 fijr 4- «) 4- «i sin («i — 2) (2 njT + aj) + &c. 
we have 

(2cosa;)»» = P.„,^^+^-lP',„,^, (a) 

Now m being a fraction (2 cos x)"* has imaginary values, but when cos x is positive^ 
it will have at least one real positive value, and then (2 cog «)"» being understood to 
ienote only this real value, all the values are included in the formula 

(2 cos «)"• X (1)*" = (2 cos xy (cos 2 mn'v + ^ — 1 ein 2 mn'n) 

* Although the formulsd for multiple angles require, in general, the combination ol 
two series when m is not an integer, yet there are certain cases, even when m is a 
fraction, in which one or the other of the series will disappear. See the memoir of 
?ointot, cited at the beginning of this chapter. 
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Therefore we have 
(2 cos x)*" (oo8 2 mif 5r+ ^ — 1 sin 2 win' «■) aas P»n»4.» + \/ -~ ^ ■'*••»+• 
Cf mparinfr the real and imaginary terms, 

(2 COS x)"* cos 2iimV s= P,«,+a 
(2 COB x)"* sin 2 mn'w ss P'^^ ^^, 

and to find the corresponding values of n and n\ let x 8= 0, then (2 cos x)"* av 2***. 
and t2ie series become 

P„, = cos 2 mn^ (1 + w+ ?^i?^ri) + &o.) 

t=cos2nmjr (1 + l)"* 
sa 2'* 008 2fnnr 
and in the same waj 

P'»»» ess 2 "* sin 2 mn ir 
Therefore our formnlao become 

2*" cos 2 mn'sr S3 2«*oo82nifir 
2"* sin 2 mnV ss 2*" sin 2 mnr 
and as in former cases, it is shown that n ss n', so that we haye finally 

(2 cos x)"« = ^* "'•*•' (474) 

(2 cos x)« = _^^'« "-l±«_ (475) 

From this it appears that the real and positive value of (2 cos x)«*ma7 be expressed 
either by a series of cosines or by one of sines of the multiple angles, and by 
comparing (474) and (475), we have the following constant relation between these 
series. 

P'%nic^ __ 8in2mny 
Afiir+« COS 2 mnsr 

245. If n = 0, (474) ^vos 

(2 cos x)"»=P, = cos OTX 4- »» cos («i — 2) x-j LlZ—Loos {m — 4) x + &c. (476) 

which may be employed as the general development of the real value of (2 cos x)«*, 
when X < -^. 

246. The same supposition of n ^ 0, j^vea sin 2 iran r sss 0, and (475) givec 
therefore, 

= P, = sin f?ix + m sin (w — 2) X + ^v^"^ ) gin (m— 4)x + &o. (477) 
p remarkable property of this series of sines of multiple arcs, which holds for all 
values of wi, provided x < — . 

247. To develop any power of the cosine of the simple angle m a series of sines at 
9f the in'dtipU angles^ the cosine of the simple angU being neg<tiiv€* 
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If the denominator of fi iB even, there is no real valae of (2 oos x)"* when eos ar 
IS negatiye ; but we may put 

f2 000 «)« = ( -2 oosa;)*" (— 1)« 

as ( — 2 COB «)"• [oos m (2 n' + 1 ) fr + v/ — 1 sin m (2 n' + 1 ) r] 
niioh, %iibetitated in equation (a) of Art. 244, gives 

( — 2 cos xy- cos m (2 n' + 1) jr = P,„»+» 
(— 2 cos «)•• sin m (2 n' + 1) jr = P'%nwi^m 

Making « = r, oos x «= — 1, ( — 2 cos x)« = 2«, and the series become, by the 
process shx/wn in Art 244, 

i^tn+i:. = 2« cos m (2«+ 1)«- 
-?*(•«+), =2"»sinm(2«+l)«- 
itnd we ha>« 

2*» oosm (2n + l)fr = 2'" cos m (2n + l)«r 
2"» sin ffi (2 n' + !)»• = 2« sin »i (2n + l)r 
whence, as before, n^^ tiff and our formulas are 

(— 2 cos «)*- =: =^J" 'ttt- (*78) 

^ ' COB m (2 n + 1) * ^ 

(-« 2 cos x)m = .. ^r"V'^^ (^79) 

^ ' Bin ffi (2 f» -f- 1) "" 

by which it appears that the real value of ( — 2 cos x)*» is also expressed either by 
a series of cosines or of sines of multiple arcs, which series have the constant re- 
lation 

^ mir-M _ sin «t (2 f> + 1) y 
-Ptn»+« C0B«i(2n+ 1)t 

248. If n « 0, (478) and (479) give 

P 1 

(— 2oos a;)»» s — 2_ (cos fnx + m cos (w— 2) « + &c.) (480) 

^ ' ooBmjr cosmjr^ ^ / • / \ 

( — 2 cos x)"* = -; — ^ = -; (sin tox + w sin (wi — i-) Jc + &o.) (481) 

sin m jT sin m t ^ 

In this case sin msr is not sero, unless m is an integer, so that the series F*, does 
not become zero when ^> -^9 and both (480) and (481) maybe employed as the true 

developments of ( — 2 cos x)"». 

249. When m ia xn integer^ the series (476) and (480) always terminate at the 
(m 4- l)th term ; an^ since in (480) cos m^r = dt 1, according as m is even or odd, 
and ( — 2 cosx)« = it: (2 cos x)"» in the same cases, both (476) and (480) becon e 

(2 oos x)*» = cos WX+ m cos (w — 2) x + *" > 7" ^ cos (to — 4) x + &c. (482) 

But the series (481) becomes zero, so that (482) is the only series by which 
(2cogx)"» can be developed in functions of the multiple arcs, when m is integral. 
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260. To develop any power of the tine of the eimple angle, in a aeries of tines or cosinet 
of (he muUyjle angles. 
Xf y =s COS X + v/ — 1 sin X, we have, by (486) and the Binomial Theorem, 

(v/ — 1)« (2 sin x)« = (y — jr-«)« 

, , TO (ill — 1) .,,. J. ^ 

In which y", y"*^, &o. have the same values as in Art 244, but the signs of thf 
coefficients are alternately + and — , so that if we put 

Q^nw + M = cos m (2 n jr + x) — TO cos (to — 2) (2n jr + x) + &c. 

Q'%»w^x = sin m (2 »jr 4- x)— TO sin (to — 2) (2 njr+ x)+ &c. 
we have 

(v/ — l)"»(2sinx)'«= A«» + .+ v/ — 1 Q'*nw+» 
Substituting the value of (y/ — 1)"* by (446), and comparing the real and imaginarv 
terms, we find 

(2 sin X)« 008 — ^ — ^ ' = ft«,r+« 

^« . » . TO(4n'4-l)jr _, 
(2sinx)«8in— ^ — ^ ^ = C'.«» + « 

and if we make x a ^, we shall find by the process frequently employed abof«. 

that II ss n' ; whence 

(2 sin x)m = ,^'7-^' ,, (488> 

^ ' cos J TO (4 n + 1) 5»* 

(2sinx)"»= , x^;;"7i\ (484) 

^ ' sin Jto(4»+ l)ir 

80 that the real value of (2 sin x)"* may be developed in either the cosines or sinea 
of the multiples. The two series have the constant relation 

y««1r^■, _ sin }to (4i>+ l)ir 
&«» + « cos j TO (4n+ l)jr 

251. If n = in (483) and (484), 

0. 1 

(2 sin xY = — V- — = — i (cos inx — to cos (to — 2) x4- &c.) (486) 

^ ' cosJott cosJtojt^ ^ / T- y V / 

(2 sin x)"» s= . ;* — = -r— ^ (sin tox — to sin (to— 2) x + &c.) (486) 

^ * smjTOT sm J TOW ^ \ / I / \ / 

both of which series are applicable when m is fractional. 

252. When m is an integer, one or the other of the series (486), (486), will always 
be zero, according to the form of to, and there will be but one series to express 
(2 sin x)"». 

Tf TO = 4 to', (2 sin x)"» = cos inx — to cos (to — 2) x + &c. (487) 

m =- 4 to' + 1, (2 sin x)"» = sin mx — to sin (w — 2) x+ &c. (488) 

m = 4TO'+2, (2sinx)"» == — (cosmx — tocos(to— 2)x + &c.) (489) 

TO = 4 to' + 3, (2 sin x)»« = — (sin tox — m siii (to — 2) x -f &c.) (490) 
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263. The series (485) and (486) become zero when m is an integer, as follows : 
If m sss 2m\ =s sin mz — m sin (m — 2) x + &c. (491) 

TO =a 2 III' + 1, = cos ma: — TO cos (m — 2) » + &c. (492) 

The reason why these series are zero is obvioas, since they terminate aw the 
(to -)- l)th term, the terms equally distant from the first and last are equal with 
opposite signs, and the middle term of (491) is zero. 

254. Given the equation 

tan z =s j9 tan y (498) 

to express x doy ina series of multiples of y. 
Substituting the yalues of tan x and tan y given by (431) 

^«>'-' — 1 _ e»!fV-t_-i 
whence 

^./-. _ (;' + i)^'"'--(j'-i) 

or rutting 

(4941 



Taking the Naperian logarithms of both members, 

2 (aj — y) v' — 1 = log (1 — S' ^•''' -) — log (1 — g ^»V-.) 
and developing the second member by the formula 

log (1 — n) ^ — n — J n* — J n* — &o. 
we have 

2 (« — y) v/— -1 = — ye-'yi^-* — J gr« c-4yr-»_ jjr^c-.yi'-i _ &o. 
-(-jc«yy-« +jg,«e*yv-. +J^«-»y-« +&0. 
Substituting in the second member by (430), 

z — y = ? sin 2y + J ^» sin 4y + J 5^ sin 6y + &8. (ft) 

The equation (a) might have been put under the form 



^(x*y)y—tt 



1 

1 e^yV- 



1 

1 e-*yV'-^ 

2 



from which, by taking the logarithms and substituting as before, 
8in2y 8in4y sin6y 

, + y 27--- 87--*'- ^'^ 

In this investigation, we have, in eflfect, used Moivre's formula, in its limited or 
less general form ; but the requisite generality may be given to our results, by ob- 
serving, that (493) would hold if we were to substitute tan x = tan (nV+x), tany 
rrstan (n'V+y), and therefore we may substitute for the first member of (ft), 
19 N 
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n'lt -f r — («"«•+ y) ^ x — y — (n" — n') » ss x — y — fur, n being (like n and n") al 
arbitrary integer or lero. Hence, the required general development of x — y ic 
series is 

X— y as fM'4- 9 sin 2y 4- ^9* sin 4y+ J ^ sin 6 y + &o. (496) 

In like manner, since tan x ss tan (x — nV), tany 3= tan (y — n'V), we may substi- 
tute in the first member of (e), x — nV-f-y — n'V^ x-f-y — ftv, and the general de- 
velopment of T-f- y in series is 

, 8in2y 8in4y sinCy . . ,._. 

x + y = «^ ^ g^5 8/+*^- (^^'^' 

In these formnlso x and y are supposed to be expressed in arc, and to obtafai 

s qp y in seconds, the terms of the series must be divided by sin V, 

255. The preceding problem is particularly useful in fiuding x when j9 and y are 
given, and x is nearly equal to y ; in which case p is nearly equal to unity, either 

f or — is a small fraction, and one of the series (495), (496) converges rapidly. 



Examples. 

I. Given y = 60® and jp = 1-00066, to find x from (493). 

Taking only the* first term of the series (495), and assuming n = 0, 

2 y = 100® log sin 2y 9-99835 

9 --Mom ^°8^ *'■""* 

ar CO log sin 1" 6-81448 
X — . y =s 66"-996 log (x — y) 1-81952 

X «= 60« 1' 6"-995 
S. Given y » 60<> and j9 ss — 1*00066, to find x from (498). In this case 

_ 2-00066 
^ "" -00066 
and the computation by (496), if we assume n = 0, is 

2 y = lOO^" log sin 2 y 9-99386 

1 -00065 



,..(-i). 



-6-61174 



q 2-00065 * \ q 

ar CO log sin 1" 6-31443 
X + y = — 66"-996 log (x + y) -- 1 -81952 

X = — y — 65"-996 = — 60° 1' 6"-995 

jjp^ if „ -, i^a;= 180«> — 60° V 6". 995 = 129° 58' 64".005. 

In general, (493) is to be solved by (496) when p is positive, and by (496) whmp 

Is negative. 

266. Given the equation 

sin (« + c) => m nn f (497) 

(r express z in a series of multiples of «. 
We leiuce as in Art 168, 
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wliich is reduced to (493) by putting 

jt>-l 1 
whence g ^ , ^ =s — 

and (495) becomes 

, 8in« , flm2« sin See 

which is to be employed when w > 1 ; and (496) becomes 

z+*=s= w>r — OTflin* — Jm*8in2at — JmSsinS* — &e. (499) 

which is to be employed when in << 1, n being any integer or sere. 

257. Oiffen the equation 

m sin A ,KAA^ 

tan 2 8s ^ , (600) 

1 + »i cos A ^ ' 

to expreee z in a eertea of multiples of a. 
This equation in the form 

sin a __ fiisinat 
cos a "" 1 + w» COS * 

gives sin s -|- m sinir cos A ss m cos s sin di 

sin c ss m sin (« — s) 

tan («—}*) « ^^TTT ***** 
which is reduced to (498) by substituting 

- - III — 1 

whence g as ^ T ^ = 

/?+! w» 

and the series (495) and (496) become 

sin (t , sin2« sinB* , . ^.^.^ 

« = «iT+msin«t — }m*Bin2(t-|-^m*8in8« — &o. (602) 

258. (7fP«n the equation 

ffisinflt *-*%«» 

tan g sa= = ^- (608) 

1 — mcostf ^ 

to express z in a series of multiples of a. 

The equation (500) becomes (503) by changing the signs of both m and a i the 
fame changes in (501) ^nd (502) give 

sin di Bin2dt Bin8« . ,,^.^ 

' + - = "'-— -W—-8^-*«' ^^^ 

z=zn r+ mBmA+im*Bin2A+im*Bm9A + &o. (506) 
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269 In a plane triangle A B C, given a, b and C, to find A orBhy a ieriea of wmUiplm 

Bj (260) 

-r-Bin 



1 — "toos O 



whloh, compared with (503), giyee, by (506), 

. « . _ , a* sin 2 C , a» Bin 8 C . ^ 
A » yarn e+-ji . — ^— + p . — g— + *«• (506) 

n being necesaarily ss in this case. B is found by the same series, interchanging 

a and 6. 

260. In a plane triangle^ ABC, given a, h and C, to find ehya eeriea of mvU^lee of C. 
We haye 

<* = a«+i* — 2fl6cosC (607) 

^ *• 25 ■ , , 

-r-= -=- COB C+ 1 

by (461) » ri.-.(cos(7+v'— lBin(7)] 

X ri~(coi(7— v^— l8in(7)] 

J = [1--I (COS (7+ v^-l Bin C)]x[l-- J (oos(7-- -v/--! 8inC')J 

Taking the common logarithms, employing in the second member the formula 
log (1 — fi) =. — if («+ J «• + J «• + Ac.) 

and applying Moiyre's Formula (440) in expressing the powers of cos (7 db y/ — 1 sin l\ 
we haye 
2 log e — 2 log 5 a 

— if [-^ (cos (7+ V—l Bin (7) + -^ (cos2 (7+ V— ln^2 (7) + &c.] 

— if fy (cos (7— v' — l sin (7) +^ (cos2 (7— v^—1 sin2 C) + &c] 

1 1 r 1^/ « yr . «* COB 2 (7 , «• COS 8(7 , ^ \ .-^^^ 

log c = log* — if (^ y COS C+jr . —2— + jr g— + *«•) (^^) 

This series was first (^yen by Legendre. The series (495) and (496), npon which 
are based those of the subsequent articles, (Arts. 256, 257, 258 and 259), are due 
to Lagrange. 



PART 11. 

SPHEEICAL TEIGONOMETRY. 



CHAPTER L 

GENERAL FOBMULJE. 

1. Spherical Trigonometry treats of the methods of computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
ral, be constructed when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed* 

We shall at first confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a semicircumference, and whose angles are each less than two 
right angles ; that is, those in which every part is less than 180°. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
and the angles which those sides form with each other are regarded 

* The student is here supposed to be acquainted with Spherical Geometry, at 
least so much of it as is to be found in Legendre's treatise, o in that of Prof. Peirce, 
of Haryard Uniyersity. 
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as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulae from a direct con- 
sideration of the solid angle itself. 

3. In a spherical triangle^ the sines of the sides are proportional 
to the sines of the opposite angles. 

Let AB Cj Fig. 1, be a spherical 
triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes AOB^ 
AO C and BO O^ to each other, and 
will be designated by -4, B and (7; 
their opposite sides respectively will 
be designated by a, h and c, as in 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the angles 
BOOy AOO^ AOBy which they subtend at the center of the sphere. 
(V\. Trig. Art. 20.) 

From any point B* in jB, let fall B'P perpendicular to the plane 
AOC\ and through B'P let the planes B'PA\B'PC'hQ drawn 
perpendicular to OA and 0(7, intersecting the plane OAO in the 
lines PA\ P0\ and the planes AOB, BOO in the lines A'ff-, BV\ 
The plane triangles A!PB\ B'PC* are right angled at.P; and 
OA!B', OC'B' are right angled at A' ajid 0\ The angle WA'P, 
being formed by two lines perpendicular to OA^ is the measure of 
the inclination of the planes AOBy AOOy or of the angle A) and 
BO'P is the measure of the angle 0. 
We have therefore, by PI. Trig. Art. 15, 

B'P 

sm A 7= sin B'AIP == 57-17 

B!A! 

BinO-^BmBV'P^'^, 



whence 



sin A BP BO' _ BO; 

sin "■ BA' ^ JB'P " B'A' ^^^ 



V 
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Agaiiiy sin a =» sin ^ OQ' ■= -^7-0 



B'A! 
sin c =s sin B'OA' =» -^ttt- 



sin a J?'(7' ^'0 


B'O' 


sine B'O ^ B'A' 


^ B'A' 


nd (n), 




sin a sin^ 





sm (? sm (J ^ ' 

which in the form of a proportion is 

sin a : sin (? = sin A : sin Q 

which is the theorem that was to be proved. 

4. In Fig. 1, J., a, C and c, are each less than 90*^, but the con- 
Btruction would not vary if any of these parts were greater than 90^, 
except that the points J.' and C" might be found in the lines AO^ CO^ 
produced through 0; and one or more of the right triangles A'B^P, 
&c., would contain the supplements of A^ a, (7, or o instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PL Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherical triangle^ the cosine of any side is equal to thfi 
product of the cosines of the other two sides^ plus the continued pro* 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane B'AV\ Fig. 2, be 
drawn perp. to A, intersecting the 
planes^Oi?, £0(7and^0C; in the 
lines J.'^', ^'(7' and ^'(7'. Then the 
angle B'AV^^^^ A, and BVO' = a, 
and by PI. Trig. Art. 119, in the tri- 
angles A'B'0\ OBa\ we have 

B'C^ = A'B^ + AV'^ - 2 A'B' . AV cos A 

Ba'^^OB'^+ Oa'^-20B\ OO'cosa 
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Subtracting tlie first of these equations from the second, and ob< 
sewing that in the right triangles OA'B', OA'C, 

OB'^ -A'B^^^OA'*, OCr-A'G'*='OA'* 
we have 

= 2 0^'» + 2A-B . A'G' cos^ -2 B' . OQ' co»a 

OA'.OA' , A'B'.A'C 
whence cos a - ^^,;o^, + ^^r^^^cos^ 

{Substituting the trigonometric functions derived from the right tri- 
angles OA'B', 0A'0\ 

cos a = COS 6 cos c + sinb sin c cos A (2) 

which is the theorem to be proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, "we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Fig. 2, both b and c are supposed less 
than 90°, while no restriction is placed upon A and a ; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
PL Trig. Art. 49 be granted. As that principle may not be suffi- 
Kg. 8. ciently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 
1st. In the triangle ABC, (Fig. 3), let b < 90° and 
c > 90°. Produce BA, BO to meet in B\ forming the 
lune BB'; then AB'^^ 180° - c, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle A B'O. Therefore, applying (2) to AB'Oy we 
have 

Bos(180°-a) = cos6cos(180°-c)+sin68in(180°-tf)cos(180°-il) 

or by PI. Trig. (64), 

— cos a = — cos 6 cos (? — sin b sin c cos A 

and changing all the signs 

cos a = COS 6 cos c + sin 6 sin c cos A 

the same result that would have been found by applying (2) directly 
to ABO. 




* Hymer's Spherical Trigonometry. Cambridge, 1841. 
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2d. In the triangle ABO, Fig. 4, let 6 > 90°, c > 90° ; 
produce AB and -4.(7 to meet in A! ; then A*B andJ.'(7 
being both less than 90*^, the formula (2) is applicable to 
A'BG. Therefore 

cos a = cos (180° - 6) cos (180° — c) 

+ sin (180° - 6) sin (180° - c) cos A 
« (— cos V) (— cos e) + sin 6 sin c cos A 
= cos6 cos e + sin6 sine cos J. 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups : 

sin a sin J3 = sin h sin A 

sin 6 sin (7 == sin c sin -B \ (3) 

sin (7 sin J. = sin a sin Q 




cos a = cos 6 cos c -V sin 6 sin c cos A 
cos 6 == cos (? cos a + sin (? sin a cos B 
cos c = cos a cos 6 + sin a sin h cos Q 



(4) 



Pig. 6. 




8. Let A!B'G\ Fig. 6, be the polar triangle 
^i ABQ, and designate its angles and sides by 
/!', B\ Q\ a\ V and c . Then, by geometry, 

A' = 180° - a, a' = 180° - A 

B = 180° - 6, 6' = 180° ~ JS 

(7' = 180° - (?, (?' = 180° - 
and applying the first equation of (4) to A*B'0\ 

cos a! = cos V cos c' + sin V sin {?' cos J. 
nr by PI. Trig. (64), 

— cos A = (— COS -B) (— cos (7) + sin jB sin (7 (•— cos a) 

— cos A = cos B QosO — sin -B sin (7 cos a 

Changing the signs of this, we have the first of the following group : 

cos J. = — cos B Qos + sin B sin (7 cos a 

cos JB = — cos (7 cos J. + sin C sin A cos 6 > (6) 

cos (7 =« — cos J. cos jB + sin A sin -B cos c 

20 
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It 18 tlius that, by means of the polar triangle, any formula of % 
spherical triangle may be immediately transformed into another, in 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulae are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos c is 

cos a cos (7 = cos b cos^ c+ sinb sine cos c cos A 
and the second of (4) is the same as 

cos a cos c + sina sin c cos B «» cos b 
the difierence of which is 

sin a sine cos 5 = (1 — cos^c) cos 6 — sin 6 sine cos c cos A 
Since 1 — cos^ c = sin^e, this may be divided by sine, and gives 

sin a cos JB = sin e cos b — cos c sin b cos A 

whence sin 6 cos (7 = sin a cos e — cos a sin e cos J? > (0| 

sin c cos u4 = sin 6 cos a — - cos b sin a cos 

If we interchange B and (7, and therefore also b and c, the group 
becomes 



sin a cos (7 = sin 6 cos e — cos 6 sin e cos -4. 
sin6 cos A = sine cos a — cos e sin a cosB 
sin c cos jB = sina cos 6 — cos a sin b cos 



(7) 



10. If (6) and (7) are applied to the polar triangle, they give, 
after changing the signs of all the terms. 



sin J. cos 6 = sin cosB + cos (7 sin B cos a 
sin 5 cos e = sin^i cos (7 + cos A sin cos 5 
sin (7 cos a = sin jB cos A+ cosB sin A cos o 



(8) 



and 



sin A cos e = sin jB cos C + cos B sin C cos a 
sin ^ cos a = sin OcosA + cos sin -4 cos 6 }► (0) 

• sin (7 cos 6 = sin J. cos B + cosA sin ^ cose 
11. Dividing the first of (6) by the following derived from (3), 

sin a sin B 



sin A 



= sin b 
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we find the first of the following group 

sin-4. cot jB = sin (7 cot6 — coaccosA 
sin B cot = sina cot(? — cosa cosjB 
sin (7 cot Jl = sin b cota — cos b cos 
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(10) 



and in the same way from (7), or by interchanging the letters B and 
(7, 5 and c in (10), we find 



sin A cot (7 = sin6 cot c — coab cos A 
sinjBcot J. = ainc cota— coaccoaB 
sin (7 cot-B = sin a cot 6 — cosa cos 



(iij 



If (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12, The preceding formulae are sufiicient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first of (4) substitute, by PI. Trig. (139), 

cos^ = 1 — 2sm^iA 
we find, by PI. Trig. (39), 

cos a = cos (6 — c) — 2 sin b sin c sin^ J A 



(12) 



and we have similar expressions for cos b and cos c* 
If we substitute in (4), by PL Trig. (138), 

cosJL = — 1 + 2cos*JJ. 

we find, by PI. Trig. (38), 

cosa = cos (b + c) + 2 sin b sin c cos* J A 

and, of course, similar expressions for cos b and cos (?. 
13. Substituting in (5) 

cos a = 1 — 2 sin* J a == — 1 + 2 cos* J a 

we find by the same process 

COS J. = — cos(-B + (7) — 2 sin J5 sin (7 sin* | a 
cos J. = — cos (jB — (7) + 2 sin JB sin cos* J a 



(13) 



(14) 
(15) 



which might have been obtained by applying (12) and (13) to tho 
polar triangle. 
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14. If ill (12) we substitute cos a =s 1 — 2 sin* } a, cos (6 — c) =s 1 ^-2 sin* J (6 — e), 
we obtain the first of the following equations ; and the others are obtained by i 
similar process from (12), (13), (14) and (15). 

sin* } a s=s sin* } ( 6 — e ) 4- sin 6 sin e sin* } A (16) 

sin* } a =s sin* }(6-}~ ^) — sin 6 sin e cos* } A (17) 

cos* J a = cos* }(6 — c) — sin 6 sin « sin* J A (18) 

COB* J a sz= cos* }(6+ c)+8in*8inc cos*} A (19) 

8in*}^= cos*} (^4- (7)4- Bin^sinC7sin*}a (20) 

■in*}^ = cos*} (5-— C)—. Bin-B8inCco8*}a (21) 

C08*}^» 8in*}(^4-(7) — 8in^8in(78in*}a (22) 

cofl*}^ = sin*} (5— C)+ sin J5 sin Coos*} a (23) 

16. By PI Trig, we have 

1 ..^ COS* } a + sin* } A 
008 A ss COS* i A — sin* } A 
whence 

COS b COB e ^ cos b cob e cos* } -^ 4* ^'^'^ ^ ^^^ ^ s^* i '^ 
sin 6 sin e cos ui sss sin 6 sin e cos* i A — sin 6 sin e sin* } A 

the sum of which is, by (4), 

COB a aas COB {b — c) COS* i A + COB (b + c) siu* } A (24) 
and substituting 1 — 2 sin* } a, &o., for cos a, &c. 

8in*}a = sin*}(6 — c)cos*}u44-sin*}(6+c)sin*}^ (2G) 

C0B*}a = C08*}(6 — c)cos*}J:4-cos*}(64-c)sin*}J: (26) 
[n the same manner we deduce from (5) 

cobJ:«=— .cos(5 — C)sin*}a — cos (B+ C)co8*}<i (27) 

sin* } J: « COB* i{B—C) sin* } a + cos* } (5 4- (7) cos* } a (28) 

cos*}-4 = sin*} (B-^ C) sin* } a + sin* } (^ 4- C) cos*} a (29) 

It is hardly necessary to add that each of the equations (12 to 29) gives a group 
of three, by applying it successively to the three sides or three angles of the triangle. 

16. From (12) we find 

2 sin 6 sm c 
If, in PI. Trig. (108), we put 

irhence 

we find 

cos (J — c) — cos a = 2 sin J (a — i 4- c) sin J (a 4- J — c) 
which, substituted in the above equation, gives 

Bin* J A - ^^H<^-i + '^>^W + h rA (80) 

Sin 6 sm c? ^ 



> (»1) 
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Let 9 denote the half sum of the sides, that is, let 

a+J + c«2«, J(a + J + c) = t 

then 

a + 6 — (j = a + 6 + <? — 2(j«2« — 2c?«2(« — <?) 
which substituted in (30) give 

* Bin 6 Sin <? 

, 1 • 11 i> sin(« — tf)sin(« — a) 
whence also sin' i -B = ^^ — -. — . ^ 

* sin (? sm a 

^*iO= 8m(«-a)8m(«-}) 
' Sin a sin 6 

17. From (13) we find 

^ , ^ cos a — cos (5 + c) 
«<>«*^ 2 Bins Bine 

and from PI. Trig. (108), by making 

«=* + <?, i/^a 

J(a' + y)-i(« + 4+«), J(a;-y)-J(} + c-a) 
we find 

cos a — cos (5 + c) = 2 sin J (a + i + (?) sin J (5 + c — a) 
which, substituted above, gives 

^,^^, Bi°M« + ^t'')^!°^^^ + '^-'^) (32) 

* Bin 6 sin (J ^ -^ 

Introducing, as in the preceding article, « = J (a + 5 -f c)y 



- , . sm « sin (« — a) | 

cos'l J. — ^—i' ' 

' sm 6 sin (? 

^ sin,Bin(>-6) 

* sincsma i ^ ^. 



^ sin 8 sin (« — e) 

COS* i (7« ^ \ , ^ 

* sin a sm 6 
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18. The quotient of (31) divided by (33) gives 

" Bin s Bin (« — a) 

Bin(«-c)sin(<>-a) 
tanj^- Bin«8m(«-6) 

1 1 /-» BJn (« — a) Bin {$ — b) 
^^ i^^ Bia«8in(«-<;) 



K34) 



19 From (14) we find 

co8J. + cos(J5+(7) 

from which, by PL Trig. (107), we deduce 

Bin»^a^ -°^°^(^+^te)fo^^H^+^-^) ^85) 
^ Bin J5 am (7 ^ ' 

and if we put 



sm' 



- _ — cos A? cos {S — J.) 
sin J5 sin (7 



• 21 1. — cosAS'cos(iS'— -B) 

sin« J 6 = --77 -.^i ' 

sin C/sm-A 



sm 



sin u4 sin JS 



(36) 



The first member of each of these equations being a square, the 
second member must be essentially positive, although its algebraic 
sign is negative ; in fact, since by geometry 2aS> 180°, /S> 90°, 
cos S is negative, and — cos S is positive. 

20. From (15) we find 

cos -4. + cos (B — 0) 

cos* i a = gT"' — p ' /> — ^ 

2 2sinJSsin(7 

from which we deduce, by a process similar to the preceding, 

coBHa^-^-g-'^^^-^-^^^'y-'^-^ (87) 

^ sm B sm O ^ ' 
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C08(^-,B)C08^^--0} 

* sm ^ Bin (7 

* Bin C^ sin A 
" Bin A sm B 



(33) 



21. From (36) and (38) 



J — cos aS^ cos (aS — A) 

tan *«-eo8(*8'--B)cos(>8'-(7) 

tan« i & =. _"" cos^cosj(^--^B)_ 
uan *^=-cog(^_(7)cos(AS"-^) 

tanM^=^ -coSAycoB(Ay-(7) 
^*^ * "" cos (aS- A) cos (aS- -B) 



(39) 



We might have deduced (36), (38), (39), by applying (31), (33), 
(34) to the polar triangle. 

22. Napier's Analogies. Dividing the 1st of (34) by the 2d, we 
find 

tan J A sin {% — 6) 
tan J B sin (« — a) 

Regarding this as a proportion, we have, by composition and divisica, 

(m) 



tan \A + tan \B ^ sin (8 — J) + sin (« — a) 
tan J A — tan \B "^ sin (« — 6) — sin {s — a) 



In PL Trig. (109), if we put ic=« — 6, y = « — a, whence 

^ + y = 2« — a — 6=»=<? 

X — y = a— 6 

we nave 

sin (» — J) + sin {s — a) ^ tan J c 
sin (« — 6) — sin (« — a) "" tan J (a — 6) 

«ud by PI. Trig. (126), 

tan^ ^ + tani^ _ sin \{A'V B) 
tan \A—i%n\B "^ "sin J (^ — B) 
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Tlierefore (m) becomes 



sin ^ (^ 4- ^) 



tan J<? 



sin ^{A — B) " tanj(a— 5) 

or sin J ( J. + 5) : sin J (^ — ^ ) = tan J <? : tan J (a — J) 

which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (84) gives 

sin (« — c) 



tan^^tan^J?: 



sin8 



or 1 : tan J il tan JJ? = sin « : sin (« — e) 

whence, by composition and division, 

1 — tan^ J.tan^ J? _ sing — sin (g — g) 
1 +tanj^ Atan^B "" sin « + sin {$ — c) 

By PI. Trig. (109), if a? = «, y « « — (?, we have 

sing — 8in(g— g) tan|g 



(40) 



!•) 



sing + sin (« — c) tan i (a + J) 

and by PI. Trig. (127), 

1 — tan|J[tan|jB C08^(J.+jB) 
1 + tanJ^tanJJ? '^cosJ(^ — J?) 

Therefore (n) becomes 

cosl{A + B) ^ tan J g 
cos J (^- J?) ■" tanJ(a + J) } (41) 

or cos J(-l + -B):cosJ(^ — -B)==tan Jg: tan J (a +5) 

which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we sha?l find 

sin J (a + J) _ cot J O' 

sin J (a -5) "" tan J (^- J?) \ (42) 

or sinj (a + J):sin J(a —J) = cot J(7: tan J(-l — -B) 



cos l{a + h) 



cot I (7 



cos l{a — b)'^ tan J(^ + B) 
or cos J(a + 6):cos J(a — 6) == cot J (7: tan J (J. + -B) 
which are the third and fourth of Napier's Analogies. 



(48) 



] 
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S6. (iau99'9 Theorem. If 

p ss coE i e f&a \ {A •\- B) P = cos } C cos } (a — h) 

^ =3 cos } e cos } (^ 4~ '^) C = sin J C cos } (a + 6) 

r = sin } c Bin } (-4 — -B) J2 = cos } C sin J (a — 6) 

« sa sin } e cos } (^ — B) 5 = sin } C sin J (a + 6) 

then the producU p y, q, p y, r^ p y, e, qy^r, q y, e^ r y, 9^ are respectively equal to the 
vrodueuPy Q, P y B, Py S, Q y E, Qy S, E y S. 

First. From (8) we have 

sin e (sin A db sin J?) as sin C (sin a db sin 5) 
which, by PI. Trig. (106), (106) and (186), are reduced to 

8in}ecos^esin}(^+ J?)cos}(^ — B) sa sin} Ccos} Csin} (a-|-6)cos}(a — 6) 
sin } e cos } e cos J (-4 + 5) sin J {A — B) ^s gin } (7cos } Ccos } (a -|- &) sin } (« — h\ 

or 

ps^ PS and JT = QE 

Second. From (6) and (7) 

sin c (cos B =t= cos ^) ae (1 qp cos (7) sin (a db h) 

which, by PL Trig, are reduced to 

sin}6cos}ecos}(^ + J?)cos}(^ — ^)s=8in }(7din}C8in}(a+6) oo8}(a (-6) 

sin J c cos } c sin J (^ + J?) sin J (-4 — B)=i cos J C cos } C7 sin } (a — h) cos } (a — h) 

or 

qesss QS md prssx PE 

Third. From (8) and (9) 

(1 =t= cos c) sin (^ =t= 5) =s sin C (cos h d= cos a) 
which, by PI. Trig, are reduced to 

cos}ccos}c8in}(-4 + J?)cos}(-4+ B) =ssin} Ccos} Ccos}(a + 6) cos}(a -6) 
sin } c sin }e sin} (A — B) cos } (A — B) = sin } Ccos } Csin J (a + 6) sin } {a — b) 

or 

pq = PQ and re = E8 

26. The notation of the preceding article being etiU employed, the quantUieep*, j*, r*, i^ 
are reapeetively equal to i*, §*, iZ*, S\ 
We have 

pqypr=^PQyPE 

and qr=zQE 

the quotient of which is 

^ =s P* whence psszizP 
and in the same way £* = C* j = =t= § 

f* = J2* r=:dbJ2 

21 o2 
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27. In these last equations, ths posUivs s^ must be used in all ths second members, op 
the negative Mgn in all of them. For if we take , 

,^ + p 

the eqaations 

being divided by tliis, g^ye 

q^+Q, r« + JK, s^ + 8 

and if we take 

p=M-p 

the same equations, divided by tkis, giye 

We haye therefore the following, which are generally cited as Oaus^s Equations. 
cos } e sin } (il 4- '^) = cos } C7 cos } (a — 6) 
cos i e ooBi (A ^ B) ss sin } C7 cos } (a + b) 
sin J c sin J (-4 — 5) = cos } C sin } (a — b) 
sin J c cos J (^ — B) = sin J C sin J (a + 6) 

ST 

COS J c sin J (^ -f- -B) = — cos } C cos J (a — b) 
cos J c cos } (^ + jB) s= — sin J C cos } (a 4" *) 
sin J c sin J (^ — B) = — cos J C sin J (a — b) 
sin J c cos J (-4 — B) = — sin J C sin J (a + b) 

If, howeyer, we consider only those triangles whose parts are all less than 180®, the 
first of these groups, (44), is alone applicable, for we must then have j» = + P : since 
cos J c, sin i(A-\' B)f cos J C, cos J (a — b) are then all positive quantities. The use 
of (45) will be seen in the chapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (43) can be deduced directly from (44). 

Additional Formulji. 

28. We shall here add some formulsB which, though not so frequently used as the 
preceding, are either remarkable for their elegance and symmetry, or of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (30) and (82) gives 



(44) 



(45) 



•A 



Bill XX ^ 


sin* 6 sin* c 




Put 






n*=: 


sin s sin (« — a) sin (» — b) sin (» - 


-c) 


tiien 


oin-l- ^" 




sin b sin c 




and in the same manner 








sin a sin e 




the quotient of which is 


din A sin a 
sin B sin 6 





(46) 
(47) 

• («) 



Trbich is our first theorem, Art. 8. As (48) vas obtained from (80) and (82), ana 
these from (4) vithout the aid of (8), we may consider the whole fabrio nt spheiioat 
trigonometry as resting upon the fundamental formnln (4). 
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iO We have also from (35) and (37) 

. , _ — 4 cos iSf COS (5 — A) cos (S — B) cos (S^ 0) . 

Bin a _____ ^t») 

and if 

JV^ a=5 — 008 5 cos (S^A) cos (5— B) cos (5— C) (60) 



, 2Jvr 

sin a a= -7-i 
Bin 

From (48) and (51), 







sin ^ sin (7 


n 


siua 


sin 5 sin 6 


F 


sinul 


sin B sin C 



(61) 

(62) 

«1. If we develop (47) and (60) by PI. Trig. (173) and (174) 

4 n* =1 — cos* a — cos* b — cos* e -|- 2 cos a cos 6 cos c (53) 

4iV* = 1 — cos* A — cos* J? — cos* C — 2 cos-4 cos B cos (54) 

S2. The following simple results are easily deduced from the equations (81 to 88) 

cos } -4 cos J -B sin# 

sin J C sine 



cos } ^ sin } ^ sin (9 — a) 

cos}C7 sin c ^ 

sin } ^ cos i B sin (« — b) 

cos } C sin e 

sin } Jl sin } ^ sin (* — e) 

sin} (7 """ sin e 



(55) 



sin 1 <f sin } 5 — 
— - — -= — s=s — 



cos S 



(56) 



txtB i e sin (7 

sin i a cos ^ b cos (S — A) 

sin J c sin 

cos } a sin } ft cos (S — B) 

sin J c sin (7 

cos J a cos } ft cos (S — C) 
cos } e sin C' 

88. By means of (55) and (56) we can deduce expressions for the functions ol 
t, « — a, &c., in terms of the angles, or of S, S — A, &c., in terms of the sides 
We have, from (61), 

. 2ivr y 

'"^ sin ^ sin ^ 2 sin } il cos }^ sin } ^ cos } ^ 

which, substituted in (55), gives 

2sin}>lsin}^sin JC ^ ' 

mr 

sin (. - e) = 2cosMco8iBainK ^^^ 

whence, by interchanging the letters, we have also sin (s — a) and sin (« — ft). 
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Again, we hare 

•iik(« — c)Bs8i]i«0M« — OM«iim« 

wh«iifit 

tiik •008 — sin (t — c) 

ooa • ss i ^ ' 

sine 

whioh, 1^7 (66), is reduced to 

oosfiieost^cosc — sin^iisintg .^^^^ 

oos«s 2 2 ^j^ 2 1_ (59) 

and from the equation 

oos (« — e) ^ oos • oos e 4- sin • >^ • 
we find, bj substituting (66J and (69), 

To e1iininat.e e from the second members of (69) and (GO), w6 haTo^ by (6V 

cos 0+ ooB A cos B 



whence 



i. , „ cos C+ cos A cos ^ 

ii cos 1 ^ cos e = ^ ' t A ' IP - 

.-.,-„ cos (7 4- cos ^ cos ^ 

which, substituted in (69) and (60), giro 

cos ii + cos ^ + cos (7— 1 ^ 1 — sin*}^ — sin*} ^ — sin*} C ^g, 

•^" ' "^ 4 sin } ^ sin } ^ sin } C7 ^ 2 sin }^ sin } JSsin } (7 ^''*' 

, . COB ^ + COB ^ — cos 0+ 1 C0S*}-4 + 008*}-B — oos*}C,^«. 

•o«(«-«)= 4cosMco8}58in}C = 2 cos } 2l cos } J5 sin } (7 ^**^ 

From the preceding we easily deduce 

^^ 21f ^^ sine ,-g. 

cos ^ + cos ^ 4- cos (7— 1 " cose — tanj^tani^ ^ ' 

. . 2ir ^ sine .^. 

tan r» — e; s= cos^ + cos JS — cos (7+ 1 ^ cot } ^ cos } j& — oot • ™^ 

•4. The equations (67 to 64) applied to the polar triangle, giT$^ 

— C0Si8f=x = 5-r- X- (66) 

2 COS } a cos } 6 COB } e ^ ' 

dnA— sin i g sin } 5 COS (7 + cos } a cos } 6 ,g-., 

"~ "^ cos }e ' ' 
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.g 1 + 008 g + C08 6 + cos e cos* | a + co8» } 6 + cob* } c — 1 ,-g. 
*" 4 COB } a cos } 6 cos } e ^ 2 cos } a cos } 6 cos } c ^ ^ 

^^ ^ « ^ — 1 — 008 g — coa 6 + cos e sin' j a + sin' jb — Bin* | c .^^. 

Aam^am^beoB^e 2sin^a8in^6coBic ^ 

_ ^^ ^ 2ii __^ Bin (7 

1 4- 008 a -{- COB 6 + COB c '^ COB C + cot } a cot } 6 ^ -^ 

^ "" ' "" 1 — COS « -«- COB b^ OQBC 008 C7 -f- tan} a tair}~6 ^ ' 

86. From (68) w« find 

. . « 2 008 I g COB } 6 008 I c — ooa* } a — cob* jb — cob' t e + 1 ^-g^ 

"^ 2 COB i g COB i 6 COB } e \ ) 

•" 2 cos }gcoB}.6 COB ^e "^ 

iiie nnmeratora of which may be reduced by PL Trig. (178) and (174), by making 
Krs}g,yai}5, Ba^c, whenco » sa Kg + 6 + c) =s } «, » — » =s J (#T-a), 
frc: therefore, 

l-aii>a«'^'^**'^*(*T''>'^t(*-/)'^ *(*-') (76) 

COB f g COB f 6 COB i e ^ ' 

14- ain5»^^^"»*^^^*^"T^)"^^,*^*^/)^^">(*"'^) (76) 

« -r Mil » ». COB J g COS J 6 008 J c ^ -' 

The product of thoBO equations reproduces (65) ; their quotient is, by PL Trig. (164), 
tan* (46® — } fi^) — tan } » tan } (» — «) ^^ }(* — *)*»»*(* — «) (77) 
86. CoffnoWi Hguation. — Multiplying the first equation of (4) by cob A, we find 
008 g COS A ^ COB b cob e cob A -|- sin 6Binc — sin^Bine Bin* A 
»Qd from (6) in a Bimilar manner, 

008 g cos ^ ss — cos ^ cos (7 cos g -|- sin ^ sin (7 — sin ^ Bin C7 Bin' a 
Obserring that by (8) we haye sin 5 Bin e Bin* A caBmBwi Bin* g, 
••hese two equations give, 

sin 5 Bin c -I- 008 6 cos c cos il = sin ^ sin C' — cos B cos O cos a (78) 

a relation between the Bix parts of the triangle, first given by Cagnou. It is a 
property of this equation that either member it a function which hat the same value in a 
given spherical triangle and Us polar triangle. Thus, if we distinguish the bides aud 
angl^ of the polar triangle by accents, we haye* 

sin 5 sin c -I- oob b cos e cos ^ :» sin 6^ sin c^ -|- cos b^ cos c^ cob A^ (79) 

• Sec Mathematical Monthly, (Puubridge, Mass.,) toL 1. p. 282. 
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&7. 1^ dettu^ theformuUg of plane triangles from those of spherical triangles. 

The analogy of many of the preceding formulse with those of plane ti'iangles is 

enfficiently obtious. We can, in fact, deduce the plane formulsB from those of this 

chapter, by regarding the plane triangle as described upon a sphere whose radius is in- 

jinUe^ the triangle being an infinitely small portion of the sphere. The quantities a, b and 

c, must, in this case, express the absolute lengths of the sides ; and the angles which 

a b c 
they subtend at the center of the sphere, expressed in arc, will be — , — , —^ r be 

ing the radius of the sphere. When r is very large, — , — , — , are very small, and we 

r r r 

may express the values of sin — , cos — , &c. approximately, by one or two terms of 

r r 

their expansions in series, PI. Trig. (405) and (406), and If their values be substi- 
tuted in our spherical formulae, we shall obtain approximate relations between the 
sides and angles of the triangle. If we then make r infinite we shall obtvn exact 
relations between the sides and angles of a plane triangle. 
Thus we have 

Bin^ ''^^T T~W+*"- ^-W + *"- 



and making r infinite, we find the formula of PL Trig. 

sin -4 a 

sin B "■ T 
In the same manner 



a 

cos — 

J, r 
cos A ^ 



^cos-cos- l__ + &c.-(l-_«_ + _-&o.; 



, b , e 
sin 



igin| (±_^+&o.)(i— ^+&o.) 



b*(* 

2ftc — ^-v— &c. 

and making r infinite, we have the formula of PI. Trig. 

6« + c* _ ^t 



cos A SB • 



2 be 



Formula that involve only the sines or tangents of the sides may be reduced im< 
mediately to the plane formulsB by substituting a, 5, &c., for sin a, tan a, &c. Thus. 
(31 to 34) give the corresponding formulae of PI. Trig, by omitting the symbol sin. • 
and (40). C41), by omitting the symbol tan, when these symbols are prefixed to sides 
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CHAPTER IL 

SOLUTION OP SPHERICAL RIGHT TRIANGLES. 

88. When one of the angles of a spherical triangle is a right 
angle, the general formulae of the preceding chapter assume forms 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally simple in their appli- 
cation. 

89. Let (7=90°, Fig. 6. From (3) we 
lave 

. sina . 

sin -4. = - — sm G 

but since (7= 90°, sin (7= 1 ; therefore, 

. sin a 

sm A = -^— - 

sm c 

and, in the same manner, 

sini 




sinjB 



sine 



(80} 



that is, the sine of either oblique angle of a spherical right tnangh 
is equal to the quotient of the sine of the opposite side divided ly the 
sine of the hypotenuse. Compare PL Trig. (1). 
40. From (11), we find 

sin5 cot(? — sin^ cot 

cos A = -— T 

cos 

but if (7« 90°, cot (7= 0; therefore, 

sin b cot c 



COB A = - 


f — = tan 6 cot tf 

cos 


tan( 
tan c 


_ tana 

cosJ? = r „ ^ 

tan c 



or 

008 J. => P^^ COS B = ~-^ (81 
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that is, the cosine of either angle is equal to the tangent of the adja- 
cent sidey divided by the tangent of the hypotenuse. Compare 
PI. Trig. (1). 

41. From (10), we have, 

. sin 6 cot a — cos b cos O 

cot A = : — 7J 

sin G 

wbich, when (7=: 90°, becomes 

J, A • 1 X sin 6 

cot J. = sm cot a » r 

tana 

or, taking the reciprocals, 

tan A = — — ? tan B = (82) 

sm 6 sin a ^ ^ 

that is, the tangent of either angle is equal to the tangent of the op^ 
posite side^ divided by the sine of the adjacent side. Compare 
PI. Trig. (1). 

42. From (5), we find, 

. . cos jB+cos Q cos a 
cos b sm G 

and if (7= 90°, 

. . cosjB . _ cos -4. ,^^^ 

sin^=: smjB = (83) 

cos COS a ^ ^ 

that is, the cosine of either angle^ divided by the cosine of its opposite 
sidcj is equal to the sine of the other angle. In PI. Trig, we havo 
m A^ cos B. 

43. From (4), we have, 

cos <? s= cos a cos 6 + sin a sin b cos G 

ar, when G = 90°, 

cos c =^ cosa cos ( (84) 

that is, the cosine of the hypotenuse is equal to the product of the cih 
tines of the two sides. In PL Trig, c^ = a* + b\ 

44. From (5), 

cos (7+ cos J. cos J? 



cose 



sin J. sin J? 



or, when (7— 90°, 



cos J. cos J? M T^ /rt,-x 

cos <? = - . — -7 — -. — ^ = cot A cot B (85) 

sm A%mB ^ ' 
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dat ifl, the cosine of the hypotenicse is equal to the product of the co- 
tangents of the two angles. In PL Trig., 1 = cot ^ cot B. 

45. No diflSculty will be found in remembering the preceding for- 
mulae for spherical right triangles, if they are associated with the 
corresponding ones for plane triangles : thus, 



In plane right triangles. 



sm^ss — 
e 



COS^i 



tan-4=a-T- 
o 



8injB=» — 

c 



cos jS » — 
e 



tsLuB ' 



a 



sin A = cos J?, sin J? = cos A 

c?» = a» + J» 
1 = cot-4cotjB 



In spherical right triangles. 



sin J.: 
cos J.: 
tan^ • 



sinul: 



sin a 
sin c 

tan( 
tan c 

tana 
"sin b 

cos J? 
cos 6 



sinjB: 


sini 
sine? 


COSjB 


tana 
tanc 


tanjB 


tan 6 
sm a 


AnB 


cos -4 



cos a 



cos c s cos a cos b 

COStf=sCOt J. COtjB 



46. Napier's Rules. By patting these ten equations under a different form, Napier 
. .ntriyed to express them all in two rules, which, though artificial, are yery gene- 
, 4lly employed as aids to the memory. 

In these rules, the complements of the hypotenuse and of the two oblique angles 
lu-e employed instead of the hypotenuse and the angles themselves. The right angle 
not entering into the formulas, they express the relations of five parts, but in the 
rules the five parts considered are a, 5, co. c, co. A and co. B, Any one of these 
parts being called a middle part, the two immediately adjacent may be called adja- 
eent parU and the remaining two, opposite parts. The right angle not being considered, 
the two sides including it are regarded as adjacent parts. The rules are : 

I. The sine of the middle part is equal to the product of the tangents of the adjacent 
parts, 

II. 7%e sine of the middle part is equal to the product of the cosines of the opposite parts. 
The correctness of these rules will be shown by taking each of the fiye parts a« 

middle part, and comparing the equations thus found with those already demon- 
strated. 

1st. Let CO. c be the middle part ; then co. A and co. B are the acyaoent parts, 
f and b the opposite parts, and the rules giyo 

sin (co. c) ss tan (co. A) tan (co. B) or oos e =: cot^ coti? 

sin (co. c) ss COS a cos b oos e ^ cos a cos b 

which are (85) and (84). 

2d. Let CO. A be the middle part ; then co. e and b are the acyaoent parts, co. B 
tnd a the opposite parts, and the rules give 

ain (co. A) =b tan (co. c) tan b or cos ^ ^ cot e tan b 

sin (o ). A) = cos (co. B) cos a cos il =a sin JS cos « 

22 P 
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In the same maimer, if co. B is taken as the middle part. 

Bin (oo. B) =s tan (co. c) tan a or oos S s= cot c tan a 

sin (co. B) ss cos (co. A) cos b cos ^ =s sin j1 009 6 

and these fonr equations are the same as (81) and (83). 

8d. Ler£ a be the middle part ; then co. B and b are the adjacent parts, co. A 
and 00. e the opposite parts, and the roles give, 

sin a :s tan (co. B) tan b or sin a sss cot B tan b 

sin a = cos (co. A) cos (co. e) sin a sss sin A sin e 

In the same manner, if b is taken as the middle part, 

sin b sss tan (co. A) tan a or sin 5 = cot A tan a 

sin b =3 cos (co. B) cos (co. e) sin 6 s= sin B sin c 

and these four equations are the same as (80) and (82). 

It appears, therefore, that these rules include all the ten equations previonsly 
proved ; and thej include no others, since we have taken each part successiyely as 
tne middle part. 

In the application of these rules, it is unnecessary to use the notation co. A, co. B, 
eo. Cf since we may write down at once sin A for cos (co. A), &c.* 

47. In order to solve a spherical right triangle, two parts must 
be given, and from the equations of Art. 45, that equation must bo 
selected which expresses the relation between these two parts and 
the required part. 

When Napier's Rules are employed, it is only necessary to determine which of the 
three parts — the two giyen and the one required — is to be taken as the middle part. 
** These three parts are either all adjacent to each other, in which case the middle 
one is taken as the middle part, and the other two are adjacent parts ; or one is 
separated from the other two, and then the part which stands by itself is the mid- 
dle part, and the other two are opposite parts, "f 

48. In order to distinguish the functions of parts less than 90° 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to PL Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguitj 
is removed by either of the following principles. 

* If we employ as the five parts, the hypotenuse, the two angles, and the comple- 
ments of the two sides including the right angle, these parts will be the complements 
of those used in Napier's Rules, and we shall have 

Mauduit's Rules. — I. The cosine of the middle part w equal to the product of the cd- 
tangents of the adjacent parts. 

II. 7%e cosine of the middle part is equal to the product of the sines of the opposite parts. 

With a little attention at the commencement, however, and by observing the ana- 
logy exhibited in Art. 45, the student will find that he will have little use for eithei 
of these artificial rules. 

t Peirce's Spherical Trigonometry. 
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49. In a right spherical triangle^ an angle and its opposite side 
are always in the same quadranty that is, either both less or both 
greater than 90°. For, by (83), 

cos J? 



Bin A 



cos 6 



m which, since sin A is always positive, {A < 180°), cos B and 
cos b must have the same sign; that is, B and b must be either both 
less or both greater than 90°. 

50. When the two sides including the right angle are in the same 
quadrantj the hypotenuse is less than 90°, and when the two sides 
are in different quadrants^ the hypotenuse is greater than 90°. 
For, by (84), 

cos <j = COS a cos 6 

in which, if a and ( are in the same quadrant, cos a and cos b have 
like signs, and cos c is positive, that is, c < 90° ; but if a and h 
are in different quadrants, cos a and cos b have different signs, and 
cos c is negative, that is, c > 90°. 

We proceed now to the solution of the several cases. 

51. Case I. Q-iven the hypotenuse and one angUj or c and -4, 
Fig. 6. 

To find a. The relation among the three 
parts, Cj Aj and a, (as in PI. Trig, with the 
same data), is given by the sine of A ; and 
by Art. 45, 

. sin a 

sm A = -; — 

sm c 

from which we find* 

sin a =s sin c win A (86; 

There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as A. 

To find b. The relation among the three parts, c, -4, and ft, (as 
m PI. Trig, with the same data), is given by the cosine of -4., or, 

. tan 6 

cos-4 = T— — 

tan e 

from whichf tan 6 = tan (? cos A (87) 

** Tliia equation would be found by Napier's Rules, taking a as the middle paru 
t We find the same result by Napier's Rules, taking co. A as the middle part 
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To find B. We have, by (85),* 

cos <j =s cot -4. cot B 

from which cot B = j = cos <? tan J. (88) 

cot -d. ^ ' 

The quadrants in which b and B are to be taken, will be deter- 
mined by means of the signs of tan h and cot J?, according to PI. 
Trig. Art. 40. 

Oheck. To guard against numerical errors, it is often expedient 
to compute the same quantity by two diflFerent and independent 
methods. In many cases, however, we may test the accuracy of 
several operations by a single formula, which may be called the 
checJc. In the present instance, when the three parts, a, 6, and J?« 
have been found, we should have, by (82), the relation 

sin a =3 tan b cot B 
80 that if the work is correct, we shall find 

log sin a «= log tan b + log cot B 

Examples. 

1. Given c == 110° 46' 20", A = 80° 10' 30", to solve the triangle. 

By (86). By (87). By (88). 

Cy log sin 9-9708106 log tan — 04210061 log cos - 9-5498045 
4, log sin 9.9935833 log cos + 9-2320794 log tan + 0-7615038 

log sin a 9-9643939 log tan 5 — 9-6530855 log cot B — 0.3113083 

log tan b — 9-6530855 

Chech, log sin a +"9^6X3938 

Ans. a = 67° 6'52".7, b = 155°46'42".7, B = 153° 58'24".5 

2. Given c = 120°, A = 120° ; solve the triangle. 

An%. a = 131° 24' 34".7 b = 40° 53' 36".2 B = 49° 6' 23 '.8 

62. If A r= 90°, we must also haye, by (85), e = 90°, and then 

^0 

tan * = TT tan J? = -^ 

BD that h and B are both indeterminate; that is, there is an indefinite number or 
triangles which satisfy the given values of e and A ; but since 

cos B =: cos 6 sin ^ s=: cos b 
we always have B=sh; and since 

sinasssincsin^ssl 
we have a = 90<>, and all the parts of the triangle are equal to 90®, except h and B 
If only e is given = 90®, aU the parts of the triangle are equal to ^0®, except A 
and a ; and we have Assi a, 

* Or by Napier's Rules, taking co. c as the middle part 
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53. Case II. O^ven the Jiypotenv^e and a $idej or e and a. 
To find A. We have by (80), 

smA^ - — as coBeo esma Vo9) 



To finds. By (81), 

tan d 

cos B =■ : = cot <j tan a (90) 

tan<? 

To find b. By (84), 

cos e B cos a cos b 

from which cos b « = cos <j sec a (91» 

cos a ^ ' 

Cheek. We have between -4., j5, and J, the relation 
cos jB =• sin J. cos 6 

Examples. 

1. Given c «= 140°, a = 20° ; solve the triangle. 

By (89). By (90). By (91). 

tf,log cosec 0-1919325 log cot — 0-0761865 log cos — 9-8842540 
a, log sin 9-5340517 log tan + 9-5610659 log sec + 0-0270142 

log sin A 9-7259842 log cos B - 9-6372524 log cos b - 9-9112682 

log sin A + 9-7259842 

Cheek, log cos B - 9-6372524 

Ane. A^ 32° 8'48'M 

jB=:115°42'23".8 

6 = 144°36'28M 

2. Given e - 101^ 16' 16".7, b = 115° 42' 38".5 ; find A. 

Ans. ^ « 65° 32' 56".4 

64. When a as e and consequently both =s 90^, sin ^ ^ 1, A^ 90^, and 

008 ^ as '^ COB 5 5= -^ COB ^ ss 008 5 

•0 that Basbf bat both are indeterminate as in Art. 52. 

p2 
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55. Case III. Given one angle and its opposite side, or A and a. 
We shall have 

sin ^ » _ — whence sin c == cosec A sin a (92) 

sin<? ^ 



tan A =3 . , sin J =» cot -4 tan a (93) 

sm 6 ^ ^ 



ain ^ ss gin J? = cos J. sec a (94) 



COS a 



Check, sin i = sin e sin B 



In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

If AB and AC he produced to meet in A'y ABA' and 
AC A' are semicircumferences and -4. = J.'; the triangles 
ABC and A'BC both contain the given parts A and a, 
but c', V and jB' are respectively the supplements of c, 
b and B. It must not be inferred that in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other ; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 



Examples. 




1. Given A = 100°, a = 112° ; solve the triangle. 
Ans. e= 70°18'10".2 ) ( c = 109°4r49''.8 

6 = 154° r26".5 ^ or < 6= 25°52'33".5 
£«152°23' r.3 J I jB= 27°36'58".7 



2. Given A = 80°, a = 68° ; solve the triangle. 

Ans. (?== 70°18'10".2 ) ( (? = 109°4r49".8 

6= 25°52'33".5 [^ or < J = 154o r26''.5 

JB= 27°36'58"-7 ) I JB = 152°23' T'-S 



8. Given B =» 150°, h = 160° ; solve the triangle. 

Ans. c = 136°50'23''.3 ") f <•= 48° 9'36".7 

a= 39° 4' 
A^ 67° 9' 



0'23".3 ) ( c= 48° 9'36".7 

4'50".7 ^ or < a = 140° 55' 9".8 
9'42".7 ) y. ^-112''60'ir'8 
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66. Case IV. Griven one angk and its adjacent stdcj or JL and 6. 
We shall find the required parts by the equations 

cos B^^BinA cos 6 (95) 

tan a = tan A sin b (96) 

cot e = cos JL cot 6 (97) 

Chech cos B = tan a cot e 

Examples. 
1 Given A = 80^ 10' 30", h = 155° 46' 42".7 ; solve the triangle. 

Ans. 5 = 153°58'24".5 
a= 67° 6'52".6 
c = 110°46'20".0 
2. Given B = 152° 23' 1".3, a « 112° 0' 0" ; solve the triangle. 

Ans. JL = 100° 

6 = 154° 7'26".5 
c= 70°18'10".2 

57. Case V. Given the two ndeSy a and J. 
We find the required parts by the equations 

cos c = cos a cos b (98) 

cot JL = cot a sin b (99) 

cot -B = sin a cot b (100) 

Check, cos c = cot J. cot -B 

Example. 

Given a = 116°, b =■ 16° ; solve the triangle. 

Ans. c = 114° 55' 20' -4 
A= 97°39'24".4 
5= 17°4r39".9 

58. Case VI. Given the two angles^ A and B. 
The required parts are found by the formulae 

cos e? ■» cot J. cot -B (l^l) 

cos a ** cos J. cosec B (1^2) 

cos b «* cosec A cos B (103) 
Check, cos c ■« cos a cos 6 
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Example. 
Given A = eO' 47' 24".3, B = 57° 16' 20".2 ; solve the triangle. 

An*, e - 68" 56' 28''.9 
a = 54° 32' 82".! 
J = 51«> 43' 86".l 

Additional FoRMULii ron ths Solutiok or Spabrical Right Tbianglss. 

59. As in plane trigonometry, cases occur in which particular solntions of greater 
accuracy than the ordinary ones are required. (PI. Trig. Art 112.) 
50. From (89) we find 

1 — sin ^ sin c — sin a 
1 + sin -4 *^ sin c + sin a 

which by PL Trig. (164) and (109) is reduced to 

which will give a more accurate result than (89), when A is nearly 90®. 

61. From (91) we find 

1 — cos h cos a — cos e 
1 -J- cos h cos a + cos e 

or tan* } 5 SB tan } (e + a) tan l;{e-^d) (105) 

which may be employed inst<)ad of (91) when h is small, or nearly 180®. 

62. From (90) we find 

1 — cos B tan e — tan a 



1 4- cos B tan c -4- tan a 

t.n'ii?^ "''!'!''; (106) 

' Bin (c + a) ^ ' 

which may be employed instead of (90) when B is small, or nearly 180®. 
68. By similar transformations the formulsa (101), (102) and (103) become 

. . . — cos (-4 + -B) ,,^„ 

tan* } c = ) A J\ {1<>7) 

■* cos {A — B) ^ ' 

tan* J a = tan [} (^ + i?) — 45°] tan [45o + J (^ — B)'] (108) 

tan* i 6 = tan [} (^ + ^) — 46°] tan [45o — J (^ — B)\ (109) 

We have also, by (14), 

. . , — cos (-4 + ^) — cos O 
sin* } c ; ^^ 

which, when C =z 90®, becomes 

"i^'^'^ ~ZTZ^' ("•) 

and from (15), in the same manner, 

co«'i« = ^"°/^~% (111) 

' 2 sin ^ sin .5 ^ ' 



2 


sin A sin B 


— cos 


{A + B) 


2 sin 


AsmB 


cos {A • 


-B) 
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of which (110) may be used when c is small, and (111) when e is nearly 180^, in- 
stead of (101). 

64. The equadons (92), (98), and (94), of Case III. give 

tan* (450 — } i?) = tan J (^ — «) tan J (^ + a) (114) 

The roots of these equations having the double sign, we may take the angles 
45® — J c, etc. either with the positive or negative sign, whence the two solutions 
of the problem, as in Art. 65. 

65. Some of the solutions may be adapted for computation by the table of natu- 
ral sines. Thus from (86), (96), and (98), 

sin a = J [cos (c — A) — cos {e + -4)] (1151 

cosi? = J [sin (6 + ^) — sin (6 — ^)] (116J 

cos c = J [cos (a + ft) + cos {a — 6)] (117) 

66. The following relations are occasionally useful : 
Vrom (83) we have 

cos a sin ^ cos A sin 2 A 



cos b sin ^ cos ^ sin 2 ^ 
From (80) and (83), 

sin B sin j4 cos A sin 2 J. 



sin c sin a cos a sin 2 a 

Prom (80) and (84), 

sin A sin a cos a sin 2 a 



(118) 
(119) 
(120i 



COS b sin c cos c sin 2 e 

67. Various relations may be deduced from the general formulso of the preceding 
ehapter by making C =: 90°. The following are easily obtained : 

sin {e — a) = cos e tan b tan } ^ =3 cos a sin b tan J B 

sin (e -j" ^) = ^'os e tan 6 cot } ^ = cos a sin b cot J B 

cos {c — a) = cos b -\- siua sin b tan j^ B 

cos (c + a) = cos b — sin a sin 6 cot } ^ 

sin (a — 6) = 2 sin e sin } (^ + ^B) sin J (-4 — B) 

sin (a + 6) = 2 sin c cos J (-4 + 5) cos J (^ — ^) 

. » cos } a cos ^ 6 „ sin A a sin ^ ft 

tin ^ — 2 — ^ — 2__ cos 5 = lr.»x^ 

cos J c COS J e 

tan 5 = — cot } a cot } ft (121) 

QUADRANTAL AND ISOSOELES TbIANGLES. 

68. The polar triangle of the right triangle is a quadrantal triangle, one side (the 
side opposite the angle C) being equal to 90®. The solution of such triangles is as 
simple as that of right triangles, the formulse for the purpose being obtained from 
the preceding, by the process of Art. 8. It is unnecessary to produce them here, as 
quadrantal triangles are generally avoided in practice, and when unavoidable are 
readily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by a 
oerpendicular from the angle included by the equal sides. 
28 
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CHAPTER IIL 

SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 

69. In the solution of spherical oblique triangles, a required part 
may sometimes be found by its sine, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
Btill consider only those triangles each of whose parts is less than 180®. 
I. The greater side is opposite the greater angle^ and conversely. 
11. Uach side is less than the sum of the other two. 

III. The sum of the sides is less than 360°. 

IV. The sum of the angles is greater than 180°. 

V. Uach angle is greater than the difference between 180° and 
the sum of the other two angles. 

For, by IV., A + B+ C> 180° 

whence, A > 180° — (5 + (7) 

But i{ B + C> 180°, we have, in the polar 
triangle, A'BV\ Fig. 8, by IE., 

a'<b' + c' 

180° - A <180° -5 + 180° - O 

-^<180°-(5 + (7) 

A>{B+ (7) -180° 

VI. A side which differs more from 90° than another side, is m 
tJie same quadrant as its opposite angle. 
For, by (4), we have 

cos d — cos J cos (? 

cos A = . , . 

sin sm c 

in which the denominator is always positive. If, then, a differi 
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more frcm 90^ than b or than e, we have, (neglecting the signs for 
a moment)^ 

cos a > cos 6 or > cos <? 

and still more cos a > cos J cos e 

Hence cos a being numerically greater than cos h cos <?, the sign of 
the whole numerator, and therefore the sign of cos A^ is the same 
as that of cos a ; that is, A and a are in the same quadrant. 

VII. An angle which differs more from 90° than another anglt^ 
is in the same quadrant as its opposite side. For, by (5), 

cos J. +C0S jBcos 

cos a ^ : 5—: — 7v 

sm B sm G 

in which, if A differs more from 90° than 5, or than (7, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIII. In every spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VII. 

• IX. The sum of two sides is greater than, equal to, or less than^ 
180°, according as the sum of the two opposite angles is greater than^ 
equal to, or less than, 180°. In other words, the half sum of two 
sides is in the same quadrant as the half sum of the opposite angles. 
For, by (41), 

tan i{a + 6) cos J (-4 + £) = tan J<?cosJ(J. — £) 

the second member of which is always positive, so that tan J (a -*- ft; 
and cos ^{A + B) must have the same sign. 

70. Case I. Given two sides and the in- Fig. 9. o 

eluded angle, or b, c and A. (Fig. 9.) 

JFirst Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts b, c, A and the required part a is ex- 
pressed by the first equation of (4), 

cos a = cos £? cos 6 + sin (? sin b cos A (m) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a ; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log, sines exclusively, we employ the process of 
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PL Trig., Arts. 174, 175. Thus, let ifc be a number and $ an anz- 
iliarj angle sach that 

jfccos^sBOOsS r ^ ' 



then (m) becomes 

cosa B ifc (cos tf cos ^ + sin e sin 9) 

«= i cos (c — ^) (m') 

so that k and ^ being found from (m) we may find a by (my But we 

may eliminate k by dividing the first equation of (m) by the second, 



and substituting in m' the value of k • 
finding a, 



cos 6 



, whence we have, for 



tan 9 



cosa> 



cos$ 

stanicos^ ^ 

cos (c — 9) cos b - (122» 

cos 9 

which are the formulae commonly employed.* 

To find B. The relation between (, tf, A and J&, is, by the first 
equation of (10), 

sin c cot h — cos e cos A 



cot 5' 



sin^ 



{^\ 



This may be adapted for logarithms by the process above em 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin &, whence 



cot 5 = 
which by (m) becomes 



. sin e cos ft — cos c sin 6 cos ^ 
sin ( sin ^ 

Asin (c — ^) 



COtJB: 



sin I sin A 



(•) 



sin u cos .A. 
or substituting the value of A: = — -y—^ — , the formulae for find- 



ing B are 



sm^ 
tan^=: tanftcos J. 

^ -» sin(<? — ^)GotA 

cot5 s= — ^ — T-^ 

sm^ 



(128) 



* We might haye assiuned * sin = cos 6, * cos =s sin 6 cos A, which wonld 
have reduced (m) to cos a b= Ar sin (c + ^). In this way all the solntions that follow 
maj be varied. 
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In the use of these formulae, as indeed of all that follow, the 
fligns of all the functions must be carefully observed, according to 
PI. Trig. Arts. 37 and 40. 

We may take ^ between and 180*^, less or greater than 90°, 
according as the sign of its tangent is positive or negative ; or we 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PL Trig. Arts. 37 
and 174). 

Check. The quotient of (n) divided by (wi') is 

cotjB tan(g— ^) 
cos a "^sinJsin-A 

which multiplied by the following, from (3), 

sin a sin £ Bs gin 6 sin J. 
gives tan a cos £ = tan (<? — 0f) (124) 

by which the values of a and By found by (122) and (123), may be 
verified. 

71. If a and G were required, the solution would evidently be 
similar, only interchanging 6 and <?, B and C. By the fundamental 
formula) we should have 



cos a B cos ( cos c + sin 5 sin e cos A 
sin h cos c — cos h sin c cos A 



cot(7« 



sin cemA 



(0) 



and denoting the auxiliary angle in this case by y^ the logarithmio 
solution would be 



tan ^ =a tan e cos A 

cos (J — x) cos c 

cos a e= ^ 

cos;^ . 

cot(7='3(^^;^^2li 

Chech, tan a cos (7 =» tan (J — y) 

Q 



(125) 
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Examples. 
120° 30' 30", c = 700 20' 20", ^ = 500 10' 10"; 



6- 



120° 80' 30" 
50° 10' 10" 



By (122). 
iog tan b - 0-2297071 
logco8^ + 9-8065322 






132° 36'44".2* log tan 4> - 0-0362393 
70°20'20".0 
,_^=_ 62°16'24".2 

By (122). By (123). By (124). 

log 008 (e — #) + 9-6676893 log sin (« — #)_ 9-9470304 log tan (e — ») — 0-2798410 

•r 00 log 008 f — 0-1693898 ar co log sin f + 0-1331505 

log 008 i — 9-7055761 log cot A -f 9-9212038 

log cot B 



log tan a 4- 0-4291648 
log 008 £—9-8501762 



log C08a+ 9-6426552 
a = 69»84'66"-9 

2. Given J = 120° 30' 30", 
find a and 0. 



-00018847 
■ 185<'6'28"-8 
= 70° 20' 20", 

Ans. 



Check. —0-2793410 



^ = 50° 10' 10"; 

a = 69°34'55".9 
(7= 50° 30' 8".4 



8. Given 5 = 99° 40' 48", 
find a and B. 



4. Given J = 99° 40* 48", 
find a and 0. 



e = 100° 49' 30", A = 65° 33' 10" , 

Ant. a = 64°23'15".0 
B = 95°38' 4".0 



6. Given h ' 
find a and 0. 



98° 2' 20", e-- 



100° 49' 30", 


^ = 65° 33' 10"; 


Ant. 


a = 64°23'15".0 




C=97°26'29".l 


80° 35' 40", 


^ = 10° 16' 80"; 



Ans. a = 20^13'30M 
(7=30°36'56''.7 

72. If Bj O and a were all required, we might find a and by 
(125), and then B by Art. 3, which gives 

sin a : sin 5 » sin ^ : sin B 

sin b sin A 



or 



sin -B ~ 



sma 



* We may also take p = — 47° 23' 15 '-8, whence c — ^ = 117° 48' 35" 8, ifhich 
will give the same Tallies of a and B as found in the text 
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Of the two values of B less than 180° given by this formula, the 
proper one may generally be selected by the prin6iples of Art. 69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of -B,* and on this account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case I. Given J, c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parts aro 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin J (6 + (?) : sin J ( J -- c) = cot J J. : tan J (-B — (7) 

cos J ( J + (?) : cos J (6 — (?) = cot J -4 : tan J (-B + C) 
whence 

which determine \{B— O) and J (-B + 0)\ then the half difference 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write (? — 6, (7— 5, in the place of 6 — (?, jB — (7. 

We may now find a by either of Napier*s Analogies, (40), (41), 
which givef 

cos l(B+ C) 
*"°^'^= coBf(^-(7) ^^'^H^ + <^) (129) 

* By Art. 69, VI., if h differs more from 90® than c, B is in the same quadrant 
Btf 6, and all ambiguity is removed. If e differs more from 90° than 6, we may fino 
a and B by (122) and (123), and then C by the formula 

. _ sin c sin A 

sin C7 == ; 

sma 

C being taken in the same quadrant as e. 
f We may also find a from any one of Gauss's Equations (44), which become, v 

the present case, 

cos } a sin J (5 + C) = cos J -4 cos J (6 — e) 
cos } a cos \ {B -\' C) i=: sivL \ A cos } (& + ^) 
sin } a sin } (^ — C) =s cos \ Asm^ (b — c) 
sin J a COB J (^ — C) = sin J -4 sin J (i + c) 
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Examples. 

1 Given b = 120° 30' 30", e = 70" 20' 20", A 
find B, and a. We have 

J (6 + c) = 95" 25' 25" 

J (6 - c) = 25" 5' 5" 

i^ = 25° 6' 5" 



50° 10' 10": 



By (126). 

w CO log sin Hi + c) + 0-0019487 

logsin J (6 - c) + 9-6273228 

log cot J J. + 0-3296529 

log tan i{B-0) + 9-9589244 
l(B-0)= 42°17'40".2 
5 = 135° 5'28"-8 

By (128). 
arco logsin J(5—0')+0-1720227 
log sin i{B+ C)+ 9-9994824 
logtani(6- c)+9-6703471 

logtan J a + 9-8418522 
Ja = 34°47'28"-0 



By (127). 
arcologcos J(6 + c) — 1-0244829 
log COS i{b-c) + 9-9569757 
logcotj^ + 0-3296529 

log tan HB+0) -1-3111115 
J(5 + C) = 92°47'48".6 
(7=50° 30' 8"4 

By (129). 
ar CO log cos ^(B- C)+0-1309469 
log co8j(5+ 0)- 8-6883709 
log tan ^(J + c)- 1-0225342 

log tan i a + 9-8418520 



Atl9. 



5 = 135° 6'28".8 
C = 50° 30' 8".4 
a = 69° 34' 56".0 
2. Given b = 99° 40' 48", e = 100° 49' 30", A = 65° 33' 10" ; 
find B, Q and a. 

Ang. B = 95° S8' 4"-0 
O = 97° 26' 29".l 
a = 64° 23' 15".l 

74. It may be remarked with regard to (128) and (129) that, when b and e (and 
consequently B and C) are nearly equal, a small error in the preyious determina- 
tion of the small angle i{B — C) may produce a large one in log sin i {B — C), and 
consequently in log tan ^ a found by (128). In that case, therefore, (129) must be pre- 
ferred. 

In like manner, if }(6 -^ e), and consequently ^(B -{- (7), are nearly equal to 
90^, (129) will become inaccurate, and tb^n (128) is to be preferred. 

Formula (128) would fail entirely if B = (7, and formula (129) would fail if 
i {B -\~ C) ssi 90°, since the second members in these cases would assume the inde- 
terminate form — . 

75. Case I. Given 6, e and A. Third Solution. When the 
third side is alone required^ the computation by (122) is in most cases 
as convenient as any other ; but there are various other methods 
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derived from the formulae of the preceding chapter, which hav*» been 
employed with advantage in particular applications. Among the 
most convenient are the following, from (12) and (13) : 

cos a = cos (6 — (?) — 2 sin h sin o sin^ J A (130) 

cos a = cos (6 + (?) + 2 sin 6 sin o cos^ J A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully observed. 



Given b 
find a. 



Example. 
99° 40' 48", e = 100° 49' 30", A = 65° 33' 10" 



J^= 32° 46' 35" 
i^c^ -r 8' 42" 



By (130).* 

log sin^ J ^ = 2 log sin J ^ 94669752 

log sin c 9-9922023 

log sin 6 9.9937722 

log 2 0.3010300 



2 sin 6 sin c sin* J A « - 0-5675181 
nat cos (6 — (?) = + 0-9998003 

nat cos a = + 04322822 

By (131). 



M=» 32° 46' 35" 
* + (?= 200° 30' 18" 



log cos* J A 



log 9.7539797 

a = 64° 23' 15" 

2 log cos J ^ 9.8493748 

log sin c 9.9922023 

log sin 6 9.9937722 

log 2 0.3010300 

log 0.1363793 
a = 64° 23' 15" 



■i^ 2 sin .6 sin c cos* i J. = + 1-3689240 
nat cos (6 + c) = — 0.9366416 

nat cos a = + 0.4322824 

76. In Art 14, we have deduced several formulsa bj which } a may be computed 
Te may adapt (17) and (18) for logarithmic computation, as follows : 

sin* = sin 6 sin e cos* } A 
8in*ia = sin*}(i4-c) — 8in*0 • (182) 

= sin [} {b+e) + 0] sin [i (6 + c) - 0] 

sin* =ss sin 6 sin e sin* } A 
cos* J a =a cos* i(b — c) — sin* • (188) 

= cos [J (6 — c) + 0] cos [J (6 — c) — 0] 
of which (132) is to be preferred when J a < 45°, and (183) when J a > 46o. 

* The computation of (130) is facilitated by the use of a special table (given in 
many treartses on navigation), from which, with the arguments is taken the loga- 
nthm of 2 sin* } ^ = versin A. [PL Trig. (4) and (1 89)]. 
^4 a2 



M< 
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77. Case II. Q-iven two any la an J the 
included sidsj or -4, C and 4. (Fig. 9). 

First Solution ; when the third angle and 
one of the remaining sides are required. 
^B To find B. The relation between J., (7, b 
-e and By is, by (5), 

cos £ s ^ cos (7 cos A + sin (7 sin J. cos b (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. ThuSy let 

A sin 9- = cos J. 




AcosS* = sin A cos 6 
then (m) becomes 

cosB^h (sin (7 cos 9- — cos (7 sin B) 
^h sin ((7- a) 

QQA A 

or, eliminating h = . cv > the formulae for finding B are 

cot 9- a= tan J. cos b 

T> sin ((7 — 9-) cos J. 

cos B = ^^ — ^—^ 

sinS- 

To find a. From the third equation of (10), we find, 
sin OcotA + cos Ocosb 



cota = 



sin 6 
sin OcosA + cos O sin A cos b 



which, by (m), becomes 



cot a 



sin A sin b 

A cos ((7— 9-) 
"" sin J. sin b 



or, eliminating A > 



sin A cos 6 



we have, for finding a, 



cos9- 

cot 9- = tan A cos J 

cos ((7— 9-) cot 6 

cot a = ^^ ^ 

cos 9- 



} 



(m) 



(mO 



(134) 



(H) 



(135 



As in the preceding case, we may either take B- always betwcon 
and 180°, less or greater than 90° according as its tangent is posi- 
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tive or negative ; or we may take 9- numerically less than 90^ m ail 
cases, positive or negative, according to the sign of its tangent. 
(PL Trig. Art. 174.) 

Check, The quotient of (n) by {mf) is 

cot a ^ cot ((7— 9-) 
QOsB "*" sin-lsinJ 

which, multiplied by 

sin jS sin a = sin^ sin b 
gives 

tan £ cos a == cot ((7 — 9-) (13rf) 

by which the values of B and a, found by (134) and (135), may be 
verified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and Cy A and (7. By the fundamental formulae^ we 
should have, 

cos jB == — cos AcosO+ sin J. sin (7 cos J 

sin AcoaC+ cos A sin cos b 



cote- 



sin (7 sin 6 



(o; 



and denoting the auxiliary angle by ^, the logarithmic sohiwion 
would be 

cot^= tan (7 cos J 

sin (A — ^) cos O 



C08jB = 



cote = 



sin^ 
cos {A — ^) cot 6 



(1371 



cos ^ 
Chech tan B cose =^ cot {A — ^) 
Examples. 

1. Given A = 135^ 5' 28".8, (7= SO*' 30'8".4, f 
find B and a. 

By (134). 
185^ 5'28"-8 log tan -4 -9 9986154 

69° 34' 55"-9 log cos 6 + 9 5426558 

9-= 109°10'3r.O* 
(7= 50^30' 8M 
(7-9- = - 58° 40' 22' .6 



oS4 55".9i 



6 : 



log cot 9- -9.5412707 



* We may also tftkeS- = — 70° 49' 29"'0, whence C—^ = 12' ^ 19 37"-l, wMok 
will eTitlcntlf give ilie same results as those obtained in the text. 
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By (134). By (135). By (136j. 

log Bin (C-^)— 9 9315664 iogcoB(a—^) + 9-7159386 logcot{a—^) — 9-7843722 

«r 00 log Bin ^ 4-0-0247897 ar co log cos d^— 0-4835187 log tan j? + 007879G2 

logcoB ^—9-8501762 log cot b + 9-5708352 log cos a — 9-705o757 

log GOB ^+9-8065828 log cot a _ 9-7702925 Cheek. — 9-7843719 

J9ss 60« KV 10"0 a=120« 30' 29"-9 

An8.B= 50°10'10''-U 
a=120°30'29"-9 

2. GiYen^«185^ 6'28"-8, (7=60°30'8''-4, 6 = 69°34'55"-9; 
find B and c. 

An8.B=^ 50°10'10"-0 
tf= 70°20'20"-0 

8. Given A = 66^88'W, (7 « 95^ 38' 4", 6 = 100° 49' 30'; 
find B and a. 

Ans.B^ 97° 26' 29" 
a= 64° 23' 15" 

4. Given j1 = 97° 26' 29", = 95° 38' 4", h = 64° 23' 15" ; 
find B and a. 

^w«.-B= 65° 33' 10" 

a = 100° 49' 30' 

79. If a, (? and B were all required, we might find B and c by 
(137), and then a by Art. 3, which gives, 

Bin £ : sin J. » sin 6 : sin a 

sin J. sin 6 
sin a = — ; — s — ll^oj 

Of the two values of a given by this equation, the proper one is to 
be selected, if possible, by the principles of Art. 69.* But as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* By Art. 69, VII., when A differs more from 90° than C, a most be taken in the 
Bame quadrant with A, and all ambiguity is removed. If, then, by A we always 
denote that angle which differs more from 90° than the other given angle, we may 
always solve this case by means of (187) and (138), without meeting Tith any cliffi 
cuUy in determining tlie qu&irant in which g is to be taken. 
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80. Case II. Given Ay (7 and 6. Second Solution; when the two 
lemaining sides, or when the three unknown parts are all required. 
We have, by Napier's Analogies, (40) and (41), 

sin J (^ + (7) : sin J (il — (7) =a tan J 6 : tan J (a — (?) 

cos i{A+ O): cos J (-4 — (7) - tan J 5 : tan i{a + c) 
whence 



tan }(« — <?) 



tan}( 



smi{A+C) 

X t / I V cos J (J. — (7) . _ . 

tan J (a + tf) = 1 ) a i n\ **^ i * 

* ^ ^ cos J (-4. + (7) ^ 



(139) 



which determine J (a — <?) and J (a + c) ; then the half difference) 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (7> ^, we may 
write (7 — -4., <? — a in the place of J. — (7, a — c. 

We may now find B by either of Napier's Analogies, (42) and 
(43), which give* 

cot J£ = «|^^(^+^) tan i (-4 - (7) (14UI 

^ sm J (a — c) ^ ^ ' ^ ' 



«"»*-:-sf^j'"»(^+'') 



(141) 



Examples. 

1. Given A = 136° 5'28''-6, C= fiO^ 30' 8''.6, 6 = 69o 34' 56''-2 , 
find a, e and £. 
We have J (.i + (7) = 92" 47' 48".6 

J(^-C) = 42<»17'40''.0 

J6=i84'»47'28".l 
Then, by (139), 

arcologBmJ(^+C^+0.0005176 arcologcosJ(^+C)- 1.3116286 

log sinj (^- (7)+9.8279768 log co8j(^- C)+9.8690535 

log tan J 6 +9-8418527 log tan J b +9-8418527 



iogtanJ(a — c) +9-6703471 

J(a-c)=. 25° 5' 5"-0 

a = 120°30'30"-0 



logtanJ(a + c) —1-0225348 

J(a + c) = 95<'25'25"-0 

«? = 70°20'20".0 



* We may also find B by any one of tianm's Equations, (44), interchanging £ 
lad C, b and e. 
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By (140). By (141). 

*r CO log 8inJ( a — e) + 0-3726772 sr colog co8j( a — e) + 0-043n24B 

log8mJ(a + c) + 9-9980523 logco8j( a + c)- 8.9755171 

logtanJ(^-C)+ 9.9689234 logtanJ(^+ C) - 1.8111110 

logcoti£ + 0.S2C6529 *log cot J J5 + 0-3296524 

J5-25o&'6".0 

Ant. a = 120° 30' 30" 

c= 70" 20' 20" 

5=» 50° 10' 10" 

2. Given ^-95° 38' 4*, C - 97° 26' 29", J = 64° 23' 15"; 
find a, e and B. 

Ant. a= 99° 40' 48" 

e = 100° 49' 30" 

5= 65° 33' 10" 

81. Case II. Given A, Cand6. Third Solution. When the 
third angle 3 is alone required, the computation by (134) is in most 
sases as convenient as uny ^ther, but there are other methods (cor- 
responding to those given it Art. 75 for finding a) which may occa- 
sionally be serviceable. By |14) and (15) we have 

cos 5 = — cos {A + 0) — 2 sin A sin O sin" J b (142) 

cos 5 = — cos {A—(T) + 2 sin A sin cos* | b (143) 

the computation of which is similar to that of (130) and (131). 

Example. 

Given A = 95° 38' 4", = 97° 26' 29", J = 64° 23' 15" ; 
findf. 

By (142). 

JJ- 32°11'37".5 log8in»J6-21og8inJ5 9.4531022 

^-|-C-193° 4' 33" log sin ^ 9.9978067 

log sin O 9.9963268 

log 2 0.3010300 

- 2 sin A sin C7sin» J 5 = - 0-5602162 log 9.7483557 
— nat cos (JL-f- (7) = -f 0-9740715 

nat cos B = -I- 0.4138553 B = 65° 83' 9".y 



* For the reasons pren in Art 74, (141) ui, in this example, not ao ac«arst« 
M (140) 
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(144) 



(U6) 



82 In Art. 14, soToral formnlse are given, by which } B may be computed Bj 
(21) and (22) we have 

sin* i B s= COS* i {A — C) — sin ^ sin C cos* } b 
cos* i B ss sin* i {A -\- C) — sin A sin C sin* J b 
vhich may be adapted for logarithms, thus : 

ein* <p ^ Bin. A sin C cos* } b 
sin* iB = cos* } (^ — C7) — sin* <p 

= cos [} (A—C) + 0] cos [} (^ — C) — ri J 

sin* ^ ss sin ^ sin C sin* i b 
cos* iB =s sin* } (^ + C) — sin* 

= sin [} {A+C) + 0] sin [J (^ + C) - 0] 

of which (144) is to be preferred when i B< 45°, and (145) when i B> 45**. 

83. Case XI. might have been reduced to Case I. by means of the polar triangle. 
Art 8 ; for there will be known in the polar triangle, two sides and an angle oppo- 
bite one of them, being the supplements of the given angles and side of the pro- 
posed triangle. The polar triangle being solved, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the proposed triangle. It is easily seen, also, 
that all the formu^pd above given for this case might have been obtained by these 
considerations. 

84. Case III. (riven two sides and an 
angle oppos^U one of them ; or a, J, and A. 
Fig. 9. 

First S^'lution^ in which each required 
part is deduced directly from fundamental 
formti^-^? independently of the other two parts. 



Fig. 9. 




To find e. We have, by (4),* 

cos c cos 6 + sin (? sin h cos A = cos a 
t^ ^olve which, let 

Ar sin ^ = sin 5 cos A 

k cos ^ = cos b 
then (m) becomes 

k cos ((? — ^) = cos a 

or putting <5 — ^ = ^', 

k cos ^' = cos a 



(M) 



f 



W 



* This formula has been already employed and adapted for logarithms in Case 1; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple transformation of (122)gives(14G). It will also be observed that the given afagle 
and the given side adjacent to it, in each of the first four cases, are denoted by A 
and b, IQ order that the aixiliaries and ^ may have the ^ame values throughout 
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The auxiliary ^ will be fully determined by (m\ being taken be- 
tween and 180°, and always positive (PL Trig. Art. 174) ; but, a9 
the cosine of an angle is also the cosine of the negative of that 
angle [PL Trig. (56)], we may take ^' in (m') either with the posi- 
tive or the negative sign, so that c == ^ ± ^'^ There will thus be 
two values of (? answering to the same data, both of which will be ad- 
missible, except when ^ + ^' exceeds 180°, in which case the only solu- 
tion is c = ^ — ^' ; and except when ^' exceeds $ (which would make 
e negative), in which case the only solution is e? = ^ + ^'. 

Therefore, eliminating i, we have for finding <?, 



tan ^ « tan ( cos A 

, cos cos a 

cos ^ =5 T — 

^ cos 



(146) 



To find a We have by (10), 

cos (7 cos 6 + sin (7 cot J. = sin 6 cot a 
or, multiplying by sin Ay 

cos OsiaA cos b + sin O cos A ^ &mA ain b cot a (n) 
to solve which, let 

A sin 9- =s cos A 



] 



A cos 9- = sin J. cos i 
then (n) becomes 

h cos (C7 — 9-) =» sin A sin b cot a 
or putting (7 — 9- = 9-', 

A cos y = sin A sin 6 cot a 

(7=& + y ^ ^ ^ 

Here 9- will be fully determined, while 9*' found by its cosine may 
bo either positive or negative, so that we shall have in general two 
values of (7 = 9- dz y, corresponding respectively to the two values 
of c ; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 

Eliminating h = ^ — • we have, then, for finding (7, 

^ cos 9- 



I w 
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cot 9- = tan ^ cos 6 

cos y = cos 9- tan 6 cot a > (147; 

To find B. We have several methods : Ist, directly by (3), 

. sin J. sin ft 
sm B = ; (1 18) 

sm a ^ 

which gives two values of 5, supplements of each other, correspond- 
ing respectively to the two values of c and (7. We shall presently 
see how to determine which are the corresponding values of c, 
^andA 

2d. In (123), ^ has the same value as in (146), and therefore put- 
ting in (123), (? — ^ == ^', we have 

^ sin <p' cot A ,^,^. 

cot B = ^—i (140 

sin ^ ^ ' 

which gives two values of B by the positive and negative values 
of ^'. 

3d. By (124), 

cos B = tan ^' cot a (150) 

which also gives two values of B by the positive and negative values 
of (p'. 

4th. In (134), 9- has the same value as in (147), and therefore put 
ting in (134), (7-> = y, 

sin 9-' cos J. 
cos B « — . — rc — (151) 

sm 9- ^ ' 

which gives two values of B^ as before. 
5th. By (136), 

cot jB == tan 9^ cos a (152) 

which gives two values of B^ as before. 

The formula (149) shows that when ^' is positive, cot B and cot A 
have the same sign, that is, B and A are in the same quadrant ; and 
that, when ^' is negative, cot B and cot A have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 9-'. Hence, that value of B which is in the 
same quadrant as Ay belongs to the triangle in which c = ^ + ^\ 
(7 = 9- + 9*' ; and that value of B which is in a different quadrant 
from Ay belongs to the triangle in which c = ^ — ^', (7 = 9- — 9*'. 
This precept enables us to employ (148) without ambiguity. In the 
26 B 
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ase of (149), (150), (151) and (152), it is only necessary carefully to 
observe the signs of the several terms. 

Checks. Of the various formulae above given for finding B^ one or 
more may be employed for the purpose of verification. When e and O 
have been found, the most simple check is the following, from (3), 

sin sin JL 

==^ « -. (153) 

smtf sma ^ ' 

ti'hich, indeed, might have been employed to find (7, after c was 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI., if b diflFers more from 90° than a, 
B must be in the same quadrant as (, and, since but one of the two 
values of B can satisfy this condition, there will be but one solution. 
In that case c and will each be found to have but one admissible 
value. 

86. The problem will be altogether impossible, when a differs more 
from 90^ than by and is yet not in the same quadrant with A. In 
such case, we should find that ^ + ^' > 180°, and tp — ^' < ; 

9'+y>i80°, 3--y<o. 

The problem will also be impossible, when sin A sin 5 > sin a, since, 
by (148), we shall then have sin jB > 1. 

Examples. 

1. Given a =40° 16', b = 47° 44', A = 52° 30'; find B. 

By (148). 
a= 40° 16' ar CO log sin a 0-1895350 

b = 47° 44' log sin b 9-8692449 

4= 52° 30' log sin ^9-8994667 

B^ 65° 16' 35" log sin 5 9-9582466 

or B = 114° 43' 25" 

2. With the same data, find c and B. 

By (146.) 
a« 40° 16' logcosa+9.8825199 

6- 47° 44' log tan b +0-0414996 ar co log cos 6+0.1722547 

i4« 52° 30' log cos ^+9-7844471 

(p= 33°48'5r'.4 log tan <p +9.8259467 log cos <p+ 9-9195201 

(f '=dzl9° 30' 29".0 log cos (p'+ 9 9743260 

c,= 53°19'20"-4 

«« 14°18'22"-4 
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By (149). Chech (150). 

^ - SSo 48'51".4 ar < o log sincp + 0-2545328 log cot a+ 007 20848 
^>=± 19O30'29".0 log8in({)^d=9-52366761ogtan({>' ±9-549342T 
4= 62° 80' 0'' logcoU +9-8849805 d=9-621427.'> 

5= 65n6'34"-91 wcot£±9-66318091ogco85±9-6214275 
5,= 114°43'25"-1 J ^ '^ 

An». c = 53» 19' 20"-4 \ f c = 14° 18' 22"-4 
B = 65° 16' 34"-9 { °' ) 5 = 114° 43' 25"-l 



8. Given a = 120°, b = 70°, A = 130° ; find and B. 

By (147). 
a =. 120° log cot a -9-7614394 

}=, 70° log cos J +9-5340517 logtan 5 +0-4389341 

4= 130° log tan ^-0-0761865 

9- = 112° 10' 33"-6 log cot 9- —9.6102382 log cos 9— 9-5768627 
9-' = d= 53°13'13".8 log cos 9-'+ 9-7772362 

C,= 165°23'47"-4 
0= 68°67'19".8 

By (151). Chech. (152). 

9- « 112° 10'33"-6 ar cologsin9-+0-0S33755 log cos a-9-6989700 
9-'=± 63°13'13"-8 log8m9-'±9-90360301ogtan9-'±0^1263669 
A= 130° 0' 0" logco8il-9-8080675 q=9^8253369 

^;= ^66°13'22''!5 } logco85=F9-74504601ogcot5=F9-8253369 

Am. (7 = 165° 23' 47"-4 \ f C = 58° 57' 19"-8 

B = 123° 46' 37"-5 J °^ \ 5 =« 56° 13' 22".5 

4. Given a = 70°, h = 120°, A = 130°; find C. 

By (147). 
a » 70° log cot a + 9-5610650 

4 = 120° log cos b — 9-6989700 log tan b — 0-2385606 

A= 130° log tan^- 0-0761865 

9- = 59° 12' 37"-0 log cot 9- + 9-7751565 log cos 9- + 9-7091756 
9^ = ± 108° 49' 35"-l log 008^-9-5088021 

C — 168° 2 12"-1, taking 9^ with the positive sign only, sines 
its negative value would render C negative. 
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5. Given a - 99° 40' 48", b o= 64° 23' 15", ^1 = 95 " 88' 4" ; find 
0, and B, 

Arts. c = 100° 49' 30" 
(7= 97° 26' 29" 
B'= 65° S3' 10" 

6. Given a = 40° 6'26".6, b = 118° 22'7"-3, A - 29° 42' 33".8 i 
find e, and B. 

Ant. tf-.15S°88'42".4) ( c »= 90° 5'41".0 
(7-160° 1'24"4 V or "{ C= 50°18'66".2 
5 =. 42° 37' 17"-5 ) I 5 = 137° 22' 42".5 

7. Given a - 69° 84' 56", J » 120° 30' 80", A = 50° 10' 10" ; 
find e and O. 

Ans. <;=.70°20'20' 
(7=50° 80' 8".4 

8. Given a = 120° 80' 80", b = 69° 34' 66", A = 50° 10' 10" j 
find e and O. 

Ans. Impossible 

9. Given a =» 40°, b = 60°, J. = 50° ; solve the triangle. 

Ant. Impossible. 

87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 

sin J. sin i 

sin B = — -•—- — 
8in a 

and then by Napier's Analogies, (41) and (48), 

**"*" " cosiU--g) ^^^'^'^^ 

cotJ(7-^2ii|l+-ytanJ(^ + ^) 

* COS J (a — 6) ^ ^ '^ 

or by (40) and (42), 

tan J <? = . , ; . ^( tan A ( a — 6 ) 

* sm J (A — 5) -* ^ ^ 

^-^ 8inHa + 6)^ ,,. -,v 
cot J (7= . z ) ri tan i (-4 — JB) 

m which we employ successively the two /alues of -B, and obtain 
two solutions, except when for one of these values the second mem-- 
bers become negative, for } c and J O being less than 90®, their 
tangents must be positive. 



(154J 



(156) 
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IVo leave it to the student to apply these formulae to the preceding 
examples. 

88. To determine hy vrupection of the data a, 6 and A^ whether there are two tolutione, 
or but one, 

1st. It has already been seen, Art. 85, that when b differs more from 90^ than a, 
B must be in the same quadrant as b, and there can be but one solution. It remainn 
to show, 

2d. That when a differs more from 90^ than b, there will necessarily be two soln 
♦ions. We have, by the first of (4), 

cos a — cos 6 cos e 

sin e sss 

sin b cos A 

Two solutions exist so long as both values of e are positive, and less than 180^, that 

is, so long as sin e is positive. Now when a differs more from 90° than 6, we have. 

(neglecting the signs for a moment), 

cos a > cos 6 > cos b cos e 

therefore the numerator of the above value of sin e has the sign of cos a. But by 
Art 69, VL, a and A are in the same quadrant, and cos a and cos A have the same 
sign ; consequently also, the numerator and denominator have the same sign, and 
the value of the fraction, or of sin c, is positive, as was to be proved.* 

Hence, there is but one solution when the side opposite the ffiven angle differs less from 90° 
than the other given side, and two solutions when the side opposite the given angle differs 
more from 90° than the other given side, 

89. Case IV. Given two angles and a side opposite one of theniy 
or A, B and b. (Fig. 9). 

First Solution^ in which each required Fig.». o 

part is deduced directly from the fundamen- 
tal formulae. 

To find e. We have, by (10), 

sin e cot b — cos tf cos -4. = sin ^ cot B 
.>r multiplying by sin 6, 

sin <? cos 6 — cos c sin 5 cos J. = sin A cot B sin b (m) 

to solve which we take 

i; sin ^ s sin b cos A 
A cos ^ = cos b 




} 



(m) 



* The same proposition may be otherwise proved thus. By the equations (m) 
tnd (fii') Art. 84, we have 

cos b , cos a - sin 6 . 

cos ^ = — ; — cos f SB — ; — * ^ -, COS A 

k ^ k sin^ 

from the third of which we see that k has the sign of cos A ; if then a differs more 
from 90° than 6, that is, if cos a and cos A have the same sign, cos ^' is positive, 
and 0' < 90°. Also since, (neglecting signs), cos a > cos b, we -have cos ^' > cos 0, 
or 0' differs more from 90° than ^ Hence <P' <^ and f < 180° — ^, or — ^' > 
and # + ^' < 180°, or both values ol e are between and 180°. 

s2 
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then, potting e — ^ = ^', (x] becomes 

I an ^' s=s sm A cot B sin b ) 

.-,+,- } <"^ 

or elnninmting k^ we hare, for finding e, 

tan^ =stMnbcosA ^ 

an^'^sin^tan J.cot A V (166) 

e^9 + 9' J 

Here ^' being determined bj its sine, will hare two values, sup- 
plements of each other, which being successiTelj added to ^, give 
two values of c. 

When the second member of the formula 

sin $' = sin $ tan AeotB 

18 negative, sin ^\ and therefore $' is negative, and the two supple- 
mental values of ^' must be successively subtracted from $. There 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180^, or when one of them is negative. 
To find C. We have, by (5), 

sin (7 sin ^ cos i — cos Coos J[ » cos B (n) 

whence, if we put 

A sin 9- » cos A 

A cos d = sin J. cos ft ' ^ * 

and also (7 — 9- = y, we have 

Asiny =» cos^ 

0^^ + y y ^""^ 

Eliminating A, we have 

cot 9- =a tan A cob b 
sin 9- cos B 



} 
} 



any 



cos A 

c-fr + y 



• (157) 



As y is also determined by its sine, it will have two supplemental 
values, which will both be added to or both subtracted from 3^, (ac- 
cording to the sign of sin 9-',) thus giving two values of (7, except 
when one of them exceeds 180®, or when one of them is negative. 
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To find a. We have several methods : 1st, directly by (3V 
which gives 

sin 6 sin ^ 
sm a = — : — ^— (158) 

sin ^ ^ ' 



2d« By (146), where $ and ^' have the same values as in this case, 

S $' COJ 
COS $ 



COS $' COS h 



8d. By (150), 

cot a = cot <p' cos 5 (^60) 

4th. By (147), where 9- and 9-' have the same values as in this 
case, 

cosy cot 6 

cot a =» K — (161) 

cos 9- ^ ' 

5th. By (152), 

cos a = cot y cot B (162) 

Each of the last four formulae gives two supplemental values of 
a by the two values of ^' or 9-', employed in the second members. 
From (156) we have 

cos A = tan ^ cot h 

which with (159) gives 

cos a sin I 

-—-J =5 cos $' X -^—1 
cos A ^ sm ^ 

The sign of the second member of this equation depends upon 
that of cos ^', since sin h and sin ^ are always positive. Hence 
when cos ^' is positive, cos a and cos A must have like signs ; and 
when cos $' is negative, cos a and cos A must have different signs. 
A like result follows from the first of (157) and (161) with reference 
to 9-'« Hence, that value of a which is in the same quadrant with 
A belongs to the triangle in which $' < 90°, y < 90° ; ani that value 
of a which is in a different quadrant from A belongs to the triangle 
in wAwA ^'>90% 9-'>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs of the several terms. 

Checks. Of the various formulae above given for finding a, one or 
more may be employed for the purpose of verification. When c and 
have been found, however, the most simple check is 
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sin C sin B 
sin c sin h 



(163) 



which might have been employed for finding (7 after c was found, or 
reciprocally, but for the ambiguity attaching to the sines. 

90. According to Art. 69, VII., if A differs more from 90® than 
B^ a must be in the same quadrant with A, But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and will each be found to have but one admissiblo 
value. 

91. The problem will be impossible when B differs more from 90® 
tnan Ay and yet is not in the same quadrant with h. In such case 
we should find both values of c (and both values of Q) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin I An A > sin B^ 
since by (158) we shall then have sin a > 1. 

V 

Examples. 

1. Given A - 132° 16', B = 189° 44', b = 127° 30'; find a. 

By (168). 

B = 139° 44' 0" ar co log sin B 0-1895350 

A = 132° 16' 0" log sin A 9-8692449 

6 = 127° 80' 0" log sin J 9-8994667 

a = 65° 16' 35".l log sin a 9-9582466 

or a = 114° 43' 24"-9 

2. With the same data, find C and a. 

By (157). 

if- 139° 44' 0" log cos 5-9.8825499 

^= 132° 16' 0"logtanA-0-0414996arcologcosJ[-0-1722547 

6= 127° 30 O"logcos S-9-7844471 

a = 56° 11' 8".61ogcot9H-9-8259467 log sin 9-+9-919P2ni 

y = + 70° 29'81".0 ) . . ., Z^^Q 

y =-M09°30'29".0 / logsma+9-97432.')0 

C= 126°40'39".6 
t7_=- 165041'37"-« 
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By (161). Check. (102). 

^ = 56° 11' 8".6 ar CO log cos 9-+ 0-2545328 log cot 5- 0.0720848 

y =109° 30'29".0 } ^"S cosy±9.5236676 log cot yd= 9.549342 7 

t'=127°30'0" log cot 6-9-8849805 rfi9.6214275 

a' ="5° 16' 3S9 } ^°^ °°* «=f9-6631809 log cos a=F9-6214275 

^n«. (7=126°40'39"-6 "I f (7=166°4r37"-6 

a = 114°43'26"-l J ""^ \ a= 65°16'34".9 

3. Given A = 110°, 5 = 60°, 6 = 50°; find c and a. 

By (156). 

B = 60° log cot5+ 9-9614394 

A = 110° logcosJ.-9.5340517 logtan^-0-4389341 

6 = 50° logtan6 +0-0761865 

(p. = 157°49'26"-4 logtan<l)-9-6102382 log sin <(•+ 9-5768627 

^' =- 36°46'46"-2 1 log sin ^'-9-7772362 

(p;=-143°13'13"-8 / logB <P 

«, = 121° 2'40"-2 1 
f. = 14°36'12"-6 / 

By (159). OTiecle. (160). 

ip = 157°49'26"-4-arcologcos(p— 0-0333755 log cosjB+ 9-6989700 

t^ =Il43°1313'^8 } log°os<p'±9-9036030 log cot,p'=F0_4263669 

5*= 50° 0' 0" logcos 6 +9.8080675 ^9-8253369 

a, = 123°46'37"-5 | j ^ zF9.7450i60 log cot a=F9-8253369 
I, = 56°13'22"-5/ 6 ^ 6 -r 

An«. c = 121° 2'40"-2\ / c = 14° 36' 12"-6 

a = 123° 46' 37"-5 / *"" t « = 56° 13' 22"-5 

4. Given A = 60°, B = 110°, 6 = 50"^ ; find c. 

An». c = 11° 57' 4T"-9 

5. Given A = 115° 36' 45", B = 80° 19' 12", 6 = 84° 21' 56' ; 
find a, c and G. 

Am. a = 114° 26' 50" 
c = 82° 33' 31" 
C= 79° 10' 30" 

6. Given^ = 61°37'52"-7, 5 = 139°54'34".4, 6=150° 17' 26".2; 
Gnd a, a and 0. 

Ans. a= 42°37'17"-5 ) f a = 137° 22' 42"-5 

e = 129° 41' 4"-8 > or "{ <? = 19° 58' 35"-6 
e= 89°54'19"-0 J ( C= 26°21'17"-6 

26 
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7. Given A = 70°, B = 120°, 6 = 80° ; solve the triangle. 

An8, Impossible. 

a. Given A =» 60°, B « 40°, 6 = 50° ; solve the triangle. 

Arts. Impossible. 

92. Case IV. Given Jl, B and b. Second Solution. We find J 
by the formula 

sin b sin A 



sm a »= 



sinJ3 



and then by Napier's Analogies we find c and (7, precisely as m 
Case III., Art. 87, employing successively, in (154) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

93. To determine by inepection of the data Aj B and b, whether there are two sohttiom 
or but one, 

1st. It has already been seen, Art. 90, that when A differs more from 90^ than B, 
a must be in the same quadrant with A^ and there can be but one solution. It 
remains to show that, 

2d. When B differs more from 90° than A, there will necessarily be two solutioni 
We have, by (6), 

. ^ cos 54- cos A cos O 

sin C ^ 

sin A COB 6 

Two solutions exist so long as both yalues of C are less than 180°, and both positive, 
that is, so long as sin C is positive. Now when B differs more from 90° than A^ wc 
have, (neglecting signs for a moment), 

cos B > cos A > cos A cos O 

therefore the numerator of the value of sin C has the sign of cos B. But by 
Art. 69, Vn., B and b are in the same quadrant, consequently the numerator and 
denominator have the same sign, and the valne of the fraction, or of sin C is always 
positive, as was to be proved.* 

Hence, there u but one solution when the angle opposite the given side differs less from 
90° than the other given angle ; and two solutions when the angle opposite the given side 
differs more from 90° than the other given angle, 

94. Case IV. might have been reduced to Case III. by means of the polar triangi« 
of Art. 8. For there will be known in the polar triangle two sides and an ang'6 
opposite one of them, being the supplements of the given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case III., and its 
two remaining angles and third side found, the supplements of these parts will be 
the required sides and third angle of the proposed triangle. 

* It may be shown that both values of C will be admissible, by a process of rea- 
soning similar to that employed in the note on page 197, applied to the equntionf 
of Art 8'.» 
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96. Case V. Given the three sides j or a, h **«••• (- 

and e. (Fig. 9.) Wo have three methods 
f'or computing the half angles : 

1st. Bj the sinesy from (31), remembering 
that A 

««J(a + 6+c) 
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sin 



^^ ;. sin(a-6)sin(g-gK 
' N \ sin 6 sin (? / 



-* N \ sin c sm a / 



sin 



1 (7= / (?!?_(i. - ^) s^^ (* - ^) 



C0S1 



sin a sin 5 

2d. By the cosines, from (33), 

1 J — / / sin « sin (« — a) \ 
^i^-slK sin b sine / 

biL 4 sin (« — J) \ 
sin (7 sin a / 

sin a sin (a — <?) >^ 

cos i (7 = J { -^^ ; ^^ — 7 — - ) 

^ N \ Sin a sm 6 / 

8d. By the tangents, from (34), 
tan 



) 



cos 






1 J — / / sin (« — J) sin (a — e) 
^ N \ sin a sin (a — a) 



tan^f 



-k 



tan J (7 = 



sin (a — (?) sin (a — a) 
sin a sin (a — 6) 



/ /sin (a — a) sin (a — 6) \ 
^ V ain « ain ^« — c\ / 



(164) 



(165 



(166) 



sin a sin (a — c) 

When only one of the angles is required, the simplest method will 
be by (165), but if the required angle is less than 90°, it will be 
found more accurately by (164), for then ^A <46°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the leas^; 
labor, since sin a, sin 6, and sin t?, are not then required. 
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No amoiguity can arise in these solutions, since the half angles 
must be less than 90° ; they require therefore no attention to the 
algebraic signs. 

Examples. 

1. Given o = 100"*, I = 50", c = 60" ; find A. 

a =100° 

4= 60° log cosoc 0-1157460 

c = 60° log cosec 0-0624694 

2« = 210° 

• -105° log sin 9-9849488 

,-a== 6° log sin 8-9402960 

2)9-1034552 

M= 69° 7'52"-1 log cos 9-5517276 
^-138°15'45".4 

2. With the same data, find all the angles. 

By (166). 

«=105° 1. cosec 0-0150562 1. cosec 0-0150562 1. cosec 0-0150562 

,_a= 6° 1. cosec 1-0597040 1. sin 8-9402960 1. sin 8-9402960 

t-J= 55° 1. sin 9-9133645 1. cosec 0-0866355 1. sin 9-9133645 

t-c-^ 45° 1. sin 9-8494850 1. sin 9-8494850 1. cosec 0-15051-50 

2)0-8376097 2)8-8914727 2)9-0192317 

1. tan 0-4188049 1. tan 9-4457364 1. tan 9-5096159 

J A = 69° 7' 52"-7 J5= 15° 35'37"-0 iC= 17° 54'59 "-1 

Ana. ^ = 138°16'45".4 5= 31° 11'14".0 (7= 35° 49' 58'" 2 

8. Given a — 10°, 5 = 7°, c = 4°; find the angles. 

^n«. ^«128°44'45"-1 
5= 33°11'12"0 
0= 18°15'81"-1 

96. The method by (166), may be pat under the following oonTenient form. Let 



// sin (» — a) gin (« — b) Bin (» — c) ^ 
'«J\ Bin* / 



then 

P P P 

ian«4 = -r-7 r, tanl£= .— r =-., UalOs^—. — -. r 

' am (a — ay ' sin (« — by ' Bin(» — c) 



(167) 



which are similar to the formula of PI. Trig. Art 146, and are computed in the f*am» 
manner. 
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07. Cabi Y. GWen a, b and e. Second Solution. If the whole angle is required 

directly,* we hare 

. cos a — cos b cos e 
COB A =* ^— T- . 

sm 6 sin e 

whloh may be adapted for logarithms by an auxiliary thus : 
cos ^ SB cos 6 cos c 

2 Bin i(<p+ a) sin j {p — a) 



Or thus, 



VVB^X 






sin b sin e 


oot <b 


= 


cos b cos 


e 


sin a 




eonA 


= 


sin (^ — a) 
sin b sin c sin ^ 



. (168) 



(109) 




98. Case VI. Oiven the three angles^ or 
Aj B and O. (Fig. 9). We have three methods 
of finding the half sid^^s : 

1st. By the sines, \^36). 
2d. By the cosines, (38). 
8d. By the tangents, (39). 
The computations are conducted precisely in the same form as thoso 
of the preceding case. 

Example. 

Given A = 120^, B = 130^, (7 = 80° ; find c. 

^n«. (? = 4P44'14".6 

99. The formulsB (39) may be arranged for convenient use in the same manner at 
the corresponding formulad of the preceding case, Art 96. 

100. Cask VL Given A, 3 and C. Second Solution. We have, by (5), 

COB A 4- cos B COB O 

4)08 a =s . ' . ^ 

sin B sm C 

which may be adapted for logarithms by an auxiliary, thus : 

OOB ^ ss COB ^ COB C 

,,P^-, 2oo«H^ + »)coaH^-/) I- (170) 

sin ^ sin C7 



tan^ =s 



cos B COS C 
Bin A 



cos (A — <p) 

COB a =as ^ . ^ — 

sin B sin C cos 



(171) 



* See Note at the end of this chapter, p. 211, for the method of computing many 
of the general formulae of spherical trigonometry directly, without the aid of aux- 
iliary angles. 

S 
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Solution or Obuqub Sphibioal Trianolbb bt Mbabs or a Pebpekdicdlir. 

101. All the cases of oblique spherical triangles may be solyed by dividing the 
triangle into two right triangles by a perpendicular from one of the yertices to the 
opposite side, and solving these partial triangles by the methods of the preceding 
chapter. Bowditch has given two rules, based upon Napier's Rules, (Art. 46), by 
which the application of this method is facilitated. 

102. Bowditeh'9 Rulafor Oblique Trianglei. « If in a 
Fig. 10. Q spherical triangle, (Fig. 10), two right triangles are 

formed by a perpendicular let fall from one of its ver- 
tices upon the opposite side ; and if, in the two right 
triangles, the middle parts are so taken that the perpen- 
\ g dicular is an ai^aceut part in both of them ; then 

The sines of the middle parts in the two triangles arepro' 
portional to the tangents of the adjacent parts. 
But if the perpendicular is an opposite part in both the triangles, then 
The sines of the middle parts are proportional to the cosines of the opposite parts. 
To prove which rules, let M denote the middle part in one of the right triangles, 
A an adjacent part, and an opposite part. Also, let m denote the middle part in 
the other triangle, a an adjacent part, and o an opposite part ; and let p denote the 
perpendicular. 

First. If the perpendicular is an a€(jacent part in both triangles, we have, by 
Nt.pier'8 Rules, (Art. 46,) 

sin M = tan A tan/» 
sin m =s tan a iBnp 
whence 

sin M tan A tan p tan A 
sin m tan a tan p tan a 

or sin If : sin m = tan A : tan a 

Secondly. If the perpendicular is an opposite part in both triangles, we have, Uy 
Napier's Rules 

sin If r= cos cos^ 

sin m = COB o coap 
whence 

sin M cos COS JO <?08 

sin m *"~ cos o coBp ~" cos o 

or sin if : sin m == cos : cos o*' * 

We f Toceed to solve the six cases of spherical triangles with the aid of a perpenc 
iiciilar. It will be seen, however, that Bowditch's Rules are applicable but in thf 
4rst four cases. 

* Pcirce's Spherical Trigonometry, Art. 44. 
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108. Cask I. Giyen 5, e and A. Let the perpendicular (7P, Fig. 10, be drawn 
ttmx Of (that is, in such a^ manner as to put two giren parts in one of the right 
triangles). Then the right triangle A C F giyes, by Napier's Rules, if we put 

tan ^ =s tan 5 cos ^ (172) 

then taking ca. b and oo. a as middle parts in the two triangles, A Psa } and 
B P= e — * are the opposite parts, whence, by Bowditch*s Rules, 

cos : cos {e —<p) =s cos b : cos a 
whence 

cos(c — 0)cos6 ,,_^. 

cos a =s ^^ ^ (178) 

cos <p ^ ' 

Again, taking A P and PB as middle parts, co. A and co. B are ai^acent partSj 
whence, by Bowditch*s Rules, 

sin 4> : sin (e — ^) =s cot ^1 : cot ^ 
whence 

cot 2? = "°^°-*)'°*^ (174) 

Sin ^ ^ ' 

and the formulae (172), (178), (174), agree entirely with (122) and (128). 
The triangle BOP giyes as a check 

tan a cos ^ =s tan {e — ^) (176) 

which agrees with (124). 

By drawing the perpendicular from B, we may in the same manner obtain the 
foi-mulsB (125). 

The angle C may be found by the proportion 

sin a : sin e := sin A : sin C 

or if C has been found by means of a perpendicular from B^ B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Case II. Given A, C and 6. Let the perpendicular be drawn as before. 
Fig. 10, and let 

AOP=.^, BCPzsa C-^-^f 

then, by Napier's Rules, 

cot ^ = tan ^ cos 6 (176) 

and by Bowditch's Rules, taking co. A and co. B as middle parts, and therefbrt 
CO, A CP and co. B CP as opposite parts, 

■in 5 : sin (0 — 5) =s cos A : -cos B 

whence 

_ sin (C — ») cos A .,__, 

cos B Bs ^^ — ^.-a (177) 

sin ^ ^ ' 



* If A P should exceed A B, (that is, if the perpendicular should fall without 
the triangle), ^P would be equal to^P — A B = <i> — c, and the solution could 
be modified accordingly. But the true results will always be obtained by regarding 
^P as negative; that is, by still taking P P = c — <p and attending to the signs cf 
aU the terms as already exemplified, p. 182. 

t If AC P> AC B, B C P ^ C— A C P will become negative, but the irui» 
results are still found by attending to the signs, as already shown, p. 187. 
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Again, taking co. A CPAnd co. B CPas middle parts, «nd therefore co b and«Ob fl 
«8 adjacent parts, Bowditch's Rules give 

cos ^ : cos (C — 3) =1 cot b : cot j( 
whence 

cos (C — 3) cot b 
cos 3 



cot a i 



(178) 



and (176), (177), (178), agree entirely with (134) and (185). 
The triangle B C7P gives 

tan Bcosa =z cot {C — 5) (179) 

which ngrees with (136). 

By drawing the perpendicular from A, we may in the same manner obtain the 
formuliB (137). 

The side c may be found from the proportion 

sin ^ : sin (7 = sin a : sin e 



Fig. 10, 



and Art. 69 ; or c being found by means of a perpendicular fVom A, we may find « 
by a similar proportion. 

105. Case III. Given a, b and A. Let the per* 
pendicular be drawn from C7, Fig 10, as in the preced- 
ing cases, and let -4 P = 0, B r=s<i/ ; then, by Na- 
pier's Rules, 

tan = tan b cos A (^^) 

and, by Bowditch*s Rules, 

cos b : cos a =s cos : cos <{/ 




cos (p cos a 
cos b 



(181) 



and then 

c = + ^' 

In Art. 84, we have found, from analytical considerations, that this case admitf 
of two solutions, and that the general expression for e is 

c = dt 0' (182) 

In fact, let us attempt to construct the triangle with the data a, b and A. ' Having 
oohstructed A equal to the given angle, and b equal to the adjacent side, Fig. 11, lot 
Fig. 11. _ a small circle be described about C as a 

pole, with a (circular) radius = a ; this cir- 
cle intersects the great circle AB in two 
points, B and J5', and both triangles, ACB 
and A CB' qontain the same data a, b and A, 
If the perpendicular CP is drawn, we have 
BP = B'P, so that in one of the triangles, 
the side c == AB = AP + P^ = -f 0', 
and in the other, c = AB == AP — BP = — 0'. If both points of intersection, 
B and B% fall on the same side of A, and within 180° of -4, both nolutions will be 
admissible. 
To find C, let ACP = ^^ and BCP = S', then by Napier's Rules, 




cot d ^ tan A cos b 



(188) 



SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 20i) 

uid by Bowditch's RuleB, 

cot 5 : cot a := cos 9 : cos ^ 
whence 

cos y sea 008 ^ tan b cot a (184) 

and since in Fig. 11, 

<7« ACB^ACF+ J5aP = ^ + y, OTa=z ACS' =z ACF -^ B'CP =^ ^ — .V, 

we have 

C = ^=i=3' -(185) 

and the formulsB (180), (181), (182), (183), (184), (186), agree entirely with (146) 
and (147). 
After e was found, we might have found C from the proportion 

sin a : sin c =s sin u4 : sin C7 0-^^) 

and B is found from the proportion 

sin a : Bmb =s Bin A: sin B (187) 

The two values of -B determined by (187), are both admissible when chas two values 
as above. It is also evident, from Fig. 11, that the two values of B are supplemental. 
To determine the corresponding values of e and jB, we observe that, by Art. 49, the 
perpendicular CP is in the same quadrant with A and with CBP and CB'P, and 
therefore CBA is in a different quadrant from A, Hence, that value of B which is in 
the same quadrant as A corresponds to the value o/ c = + ^'» ^^^ ^^^^ value of B 
which is in a different quadrant from A corresponds to the value of c ss <p — <p'; which 
agrees with what is shown in Art. 84. 

In computing (186), the two values of c must be employed successively, and the 
formula computed twice. At each computation we shall have two values of C fuund 
from the sine, one of which must be selected by Art. 69. But as the application of 
the principles of Art. 69 is tedious and embarrassing, it is better to find by (184) 
and (185). 

The formulsB (149), (150), (151), (152), for finding i?, may easily be deluced by 
Napier's and Bowditch's Rules. 

106. Case IV. Given A, B and b. Let the perpendicular be drawn as before, 
Fig. 10, and let AP = ^, BP =s (p\ then as before, 

tan <p = tan b cob A (188; 

and by Bowditch's Rules, 

cot A : cot ^ ss sin : sin / 
whence 

sin <p' = sin ^ tan A cot B 
c = + 0' 

which agree with (156). But 0' having two supplemental values determined by the 
sine, e has two values, as already explained in Art. 89. 

To show the same geometrically, let BP, ^- 12. 

Fig. 12, be the acute value of 0', and about 
C7 as a pole, let a small circle be described 
passing through B, and intersecting the 
great circle AB again in B". Let B"C be 
drawn, and produced to meet AB again in 
i?', forming the lune B"B'. Then we have 

B' = B" = OB A 

27 s2 



} (189) 
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BO that in both triangles, ACB and ACB^ 
the value of the angle opposite the side h 
^j7 is the samCi that is, both triangles contain 
the same data, A, B and 6. Now 
180® za B'B = B'P+ BF^BP r BP, 
BO that BP and RP are suppletttnts of 
each other. 
In the tidangle AOB we have 

e^^ + if ^AP+BP 
and in the triangle ACB we hare 

c = ^ + ^' = ^P + ^P 

and hence the two values of c are found by giving ^' its acute and obtuse values 
successively, as already shown analytically. 

By Art. 49, CP must be in the same quadrant with A ; hence, if B is in the same 
quadrant with A^ P falls between A and B, as in the figure, and for the same reason, 
between A and i^. But if A and B were in different quadrants, both points, 
B and B, might fall between A and P. The two values of c would then be found 
by the formula 

c = — 0' 

p' taking, successively, its acute and obtuse values. In that case, tan A and cot B 
would have opposite signs in (189), sin 0' would be negative, which would make 0' 
negative, so that the time results will be obtained, without reference to a diagram, 
by attending to the signs of the several terms, as already fully exemplified, p. 201. 
To find C, let ACP =^ ^, BCP = »', then we have, as before, 

cot ^ = tan ^ cos 6 (190) 



(191) 



which agree with (157). It is evident from Fig. 12, that BCP and B'CPf are sup- 
plemental, and that the remarks above made with reference to <^' apply also to 9'. 
After c was found, we might have found C by the proportion 

sin 6 : sin c = sin B : sin C (^^^) 

and a is found by the proportion 

sin ^ : sin ^ = sin b\ sin ti (^^S) 

The twj values of a found by (193) are both admissible when c has two values. 
From Art. 50, it follows that when BP is acute, a must be in the same quadrant 
with CP, that is, (Art. 49), in the same quadrant with A ; and when BP is obtuse, 
a must be in a different quadrant from A, That is, that valtte of a which is in the tami 
quadrant with A, helongt to the triangle in which <f/ < 90°, and that value of 9k which is m 
a different quadrant from A, belongs to the triangle in which 0'> 90° ; which agrees with 
Art. 89. 

The formula (159), (160), (161), and (162), for finding a may easily be deduced 
h7 Napier's and Bowditch's Rules. 



and by Bowditch's 


Rules 














cos 


A. 


cosB =3 


sin ^ : sin y 


whence 








siny = 
(7 = 


sin ^ cos B 
cos A 
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107. Case Y. GWen a, b and e. The perpendicular ^^ ^^ 
cannot be drawn, in this case, so that two of the given 
parts shall be in one triangle: neyertheless the case can 
be solTed bj means of a perpendicular. Let the perp. 
be drawn from any angle, as Cj Fig. 18, and as before, 
put AP =3 ^, 5P s=s ^' ; then by Bowditch's Rules, 

008^ : cos ^' =s cos 5 : cos a 

COB ^' — COS ^ 

whence — -r-, = j 1 

COS <p' 4- cos ^ cos a 4- cos b 

or, by PL Trig. (110), 

tan}(^ + #')tan}(^— 0')=tan}(6+a)tan}(6— «) 

whence, since ^ -|- *' = ^> 

tan |(^ — 0') =s tan } (5 4. a) tan } (6 — a) cot } e 

which determine i {P — <p') and i (<P + 0') whence ^ and <p\ The angles A and B 
are then determined by Napier's Rules. 

108. Cask VL Giyen A, B and C, In Fig. 13, let ACP = », BCP = y ; then, 
by Bowditch*8 Rules, 

sin ^ : sin y s= COS ^ : cos B 
whence 

sin ^ — sin 5' cos A — cos B 



} (iw; 



sin ^ + sin y cos ul + cos ^ 
or, by PL Trig. (109) and (110), 

^M^ = tanJ(i^+^)tanHi'-^) . 

A'hence, since 5 + ^ == C, 

tan } (» — y) = tan l(B+ A) tan } (5 - 4) tan } C | .^^^v 

J(^ + y) = }(7 / 

which determine \ (^ — y) and } (^ + ^') <^^ therefore ^ and y. The sides a and 6 
are then found by Napier's Rules. 

NOTB BBFBBBBD TO OH PAQB 205. 

Computation of Spherical Formula by the Gattttian Table. 

The Oatusian Table is a table, first suggested by Gauss, for readily computing the 
logarithm of the sum or difference of two quantities, when the logarithms of these 
quantities are given. 

If p and q are the two numbers whose logarithms are given, p being the greater 
number, (or log^ the greater logarithm), we have, in the first place 



, + j = ,(i + £)=^(i + |) 



If, then, we put « =3 — , we have 



9 

log X =1 log j9 — log q 

log (p+q)== log q + log (1 + «) 
log (r 4- y) = log;»+ log (l + -j- 
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Downey's Table XXII., with the argament log x, the difference of tt% given lognr- 
itfams, giTes log (1 -|- x), which being added to log ;, the feft logarithm, ^yes the 
required log. snm, or log (p -|- q). Table XXIIL, with the argament log x, giyei 

leg ( 1 -| J which, bdng added to logp, the greater logarithm, giTes the required 

log. siun. Either table may, in general, be employed, bat one or the other may bt 
foond more eonTenient in a particular application, and therefore both are given. 
Again, we have 



,— ,C-f) 



so that, patting, as before, s sa •^, we have 

logx salogf — log^ 

log (;» — sr) = log;» + log (l — — ) 

Downes's Table XXIV., with the argument, log z, c^ves log f 1 J which, being 

added to the preater logarithm, gives the required log. difference, or log (p — q). 

With these tables, then, we may readily compute any of the preceding formuln 
which contain two terms in the second member, without the aid of auxiliary angles 

EZAMPLIS. 

1. Given b = 12(y> BiT 80", e « TO® 2(K 2(r, A =» 60^ W 10" ; find a. (Samt 
as Ex. 1. p. 182). 
The formula is 

cos a BB cos 6 cos e+ sin 6 sin cos ^ 

which will be thus computed : 

log cos b — 9-70557 
log cos e 4- 9-52698 

log q — 9-28250 
log sin b + 9-93529 
log sin c + 9-97891 
logcos^ + 9-80654 

log;» 4. 9-71574 

logjv -^logq =s log X ^ 0-48324 

The terms p and q have opposite signs, and although, by the formula, they are to be 
added (algebraically), an arithmetical difference is required. By marking the signs 
of all the quantities, as above, we shall always know whether a sum or difference 
is required by the sign before log x. In this case this sign being negative, we arc 
to find a difference, and therefore, by Table XXIV., we take 

log ^1 — i) 9-82694 

logp + 9-71574 

log cos a + 9-54268 
a = 69*84' 52" 
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1. With the same data, find B. The formula is 

Bine cot 6 — cos e cos A 
cot B =* : — 3 

whieh must here be put under the form 

, _ sine cot 6 ^ . 

cot B =B — ; — 3 008 e ooi A 

amA 

and is thus computed: 

log sin c + 9-97891 

log cot b — 9-77029 

ar 00 log sin^ + 0*11467 

log p — 9-86887 

log (— cos e) — 9-62698 
log cota + 9-92121 

log q — 9-44814 

logjff -^logq s=i log X + 0-41078 

where the sign before log x being positive, the tables for log. sum must be used. By 
Table XXIL, we have 

log (1 + x) 0-66825 

(which is to be added to the less log.) log q — 9-44814 

or, by Table XXIIL, we have 



(which is to be added to the greater log.) 



In these isolated examples, the labor of computation is very little less than with 
the use of an auxiliary angle, as on p. 182 ; but the Gaussian Table has greatly the 
advantage when the same formula is to be repeatedly computed with successive 
values of one of the data while the others remain constant Thus, in the first of 
the preceding examples, if successive values of a are to be found corresponding to 
successive values of A, while b and e are constant, log q will be constant, and log x 
will take successive values, corresponding to those of log cos Ay so that after the 
first value of a is found the succeeding ones are rapidly obtained. On the other hand« 
as the auxiliary <t> in the formulas (122), depends upon A, the whole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the original table, (to five places of 
decimals), by Gauss, published in Zach's Monatliche Oorrespondenz, Nov. 1812 ; Mat 
thiessen's, (to seven places), Altona, 1817 ; in Vega's Samndung mathematiseker Tch 
Jkln, (five places), Leipzig, 1840 ; Zech, (seven places), Leipzig, 1849 ; Shortrede's 
C.'llection of Tables, (seven places), Edinburgh, 1849 ; Gray's Tablet for the CompU" 
tatton of Life ContingendeSf (six places), Loudon, 1849 j Schumacher's Hulfetafdn^ 
new ed. (four places). 



log cot B 


— 0-00189 


-(>+t) 


0-14262 


log;? 


- 9-85887 


log cot B — 000189 
5 = 185« 6' 81" 
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CHAPTER IV. 



SOLUTION OF THE GENERAL SPHERICAL TRL^GLE. 



109. "Wb have thus far, following the usual course, considered those spherical 
triangles only whose sides and angles are less than 180®. In the applications of this 
subject in astronomy, however, it is often necessary to consider triangles whose 
sides or angles exceed 180®. (For example, the right ascension of a heavenly body, 
admitting of all values from 0° to 360®, may be one part of such a triangle). Wo 
may, it is true, in such cases, always substitute another triangle whose parts are the 
supplements to 180® or 860® of those of the proposed triangle; but this mode, 
although very generally regarded as the simplest, is not really so in the cases 
alluded to. The construction of figures for discovering the supplemental triangles 
is often embarrassing and liable to mistake, while the solutions, when obtained, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
cases of a general problem. But if we proceed by a method that is as applicable 
when the parts of the triangle exceed as when they are less than 180^, we may in- 
vestigate a problem under the simplest supposition of the values of these parts, and 
rely upon the generality of the method to cover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the studenc a con- 
ception of the nature of the general spherical triangle. 

Fig^l4. 

Let^^C7, Fig. 14, be any spherical triangle whose partf 

are all less than 180® ; then the remainder or complement 

of the sphere is also a spherical triangle whose sides are 

a, b and c, and whose angles are 860® — Ay 860® — B 

and 360® — C. We shall distinguish these tilangles from 

each other by means of accents, writing the letters withm 

the triangle to which they respectively belong, as ip 

Fig. 14. The sides are common, but when referred to a? 

sides of A'B'C, they will be denoted by a', h' and d. 

Again, one of the sides may exceed 180®, as the side a of the triangle ABG, 

Fig. 15. In this triangle, it is evident that we must have A > 180®, so long as B, 

(7, h and c are each < 180®. In the triangle A'B'C we have A' < 180®, while 

B' > 180®, C > 180®. 

lie. 10 






If we next suppose two of the sides to exceed 180®, as a and 6, Fig 16, these sides 
Intersecting in two points whose distance is 180®, the figure ceases to present the 
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triangle as an enclosed surface, but it will presently appear that such triangles are 
solved by the same general methods that apply in other cases. To form a just con- 
ception of the triangle in this case, we may conceive Fig. 16 to be obtained froa 
Fig. 15 by carrying the point A along the arc CA produced until it crosses the side a 
the points A and B may then be joined either by an arc less than 180^ as in Fig. 16, 
or by its supplement to 860®, as in Fig. 17, in 
which last case every side exceeds 180®. In 
these figures, to avoid confusion, the point A 
is not placed in its true position according to 
perspective. 

In each figure we have two triangles, whose 
sides are common, and whose angles are sup- 
plements to 360°. It will be easy to trace the 
two triangles signified by ABC and A'B'C\ by 
remarking that the letters in each case are all 
on the same tide of the p<»rimeter of the triangle. 

We may go farther, ana suppose the arc joining A and ^ to be a circumference 
+ the arc AB^ or any number of circumferences + AB ; and similarly the angles 
may be supposed to be altogether unlimited ; but since the relative positions of any 
three points of the sphere must be fully determined by arcs and angles less than 
860®, nothing is gained by passing beyond this limit. 

111. All ike formulcB of Chapter I. are applicable to the general spherical triangle. 

This proposition might be considered as established by the principle of PI. Trig. 
Art. 49, but it is also very easily established by a continuation of the process of 
Spher. Trig. Art. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are less than 180®. 

It was proved in Art. 29, that all the equations of Chap. I. may be deduced from 
the fundamental one, 

cos a =s cos b cos e -{- sm b sin c eos A (m) 

We have then only to prove the generality of this single equation. 

1st. Let all the sides be < 180, but A' >180®, Fig. 14. The formula being true for 
the triangle ABC, we have 

cos a ==' cos i cos c 4- sin ^ sin c cos (860® — A') 

or in the triangle A!B'C\ by PI. Trig. (76), 

cos a' = cos b' cos c' + sin b' sin c' cos A' 

2d Let a> 180®, Fig. 16, and produce a to complete the great circle. The triangles 
ABC and A'BC are respectively the difference and sum of a hemisphere and the 
triangle A'iky all of whose parts are < 180®. In the triangle A'ik we have, in terms 
of the parts of ABC, 

cos (860® — a) = cos 6 cos c + sin b sin c cos (860® — A) 

and in terms of the parts of A'B'C, 

cos (360® — a') := cos b' cos c' + sin b' sin c* cos A' 

both of which reduce to the form (m). But it is here necessary to show that the 
formula may also be applied to each of the other angles : thus the triangle A'ik 
gives • 

nos b = cos (360® — a) cos c + sin (360" — a) sin e cos (180® — B) 

cos b'=z cos (360® —a') cos c'4- sin (360® —a') sin c'cos (^ — 180®) 
i of which reduce to the form (m). 
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3d Let a > 180®, 6>180°, Fig. 18; these arcs intersect at /, and the triangle 

Fig. 18. c 




W8 (a — 180°) = cos (6 — 180°) cos c + sin (6 — 180°) sin e cos (860® — A) 
ooB (cr'— . 180°) r=s cos (6' — 180°) cos e' + sin (6' — 180°) sin c' cos- -4' 
which reduce to the form (m) ; and in the same way the formula applies to the an* 
gle £. We have also 

cos e = cos {a — 180°) cos (b — 180°) + sin (a — 180°) sin (6 — 180°) cos i 
and since cos t =: cos C7 =s cos (360° — C) ss cos C, this also reduces to the form 
(m) for both ABCa.ndA'B' C. 

4th. Let a > 180°, b > 180°, e > 180°, Fig. 19; the side c being produced to 
complete the circle, the triangle t k I gives 




008 (a — 180°) = cos {b — 180°) cos (360°— c) + sin (6— 180°) sin (860°— c) cos i 

and since cos I = cos (180° — A) = — cos^ = cos (A' — 180°) = — cos A', this 
reduces to the form (m) for both ABC and A' B' C'\ and in the same way the for- 
mula applies to the angle B. We have also 

cos (360° — c) = cos (a — 180°) cos (6 — 180°) + sin (a — 180°) sin (6 — 180°) cos t, 
and since cos t = cos C = cos C\ this reduces to the form (m) for both ABC 
and A E C. 

The cases in which the angles or sides exceed 360° are included in the preceding, 
in consequence of PI. Trig. Art. 45. 

112. The preceding demonstration, though tedious, has the advantage of giving a 
definite conception of the figures which our formulas represent. But perhaps the 
most satisfactory (as it is the most elegant) method, is to rest the demonstra- 
tion of our fundamental equations themselves upon the principles of analytical 
geometry, and, for the sake of those who are acquainted with that subject, we add 
the following investigation : 

Any point of the sphere may be referred by rectangular co-ordinates to three 
planes passing through the centre of the sphere at right angles to each other. Let 
be the centre of the sphere, Fig. 20, and AB C 9^ spherical triangle upon its 
luriace. Let one of the co-ordinate planes, as X F, coincide with the great cir- 
lle ^4 B^ and let the axis of X pass through B, If CF be drawn perpendicular 



SOLUTION OF THE GENERAL SPHERICAL TIUANGLE. 



217 



u the plane XF, and OP' and PF to the axis OX^ the oo-ordinatu8 of tht 
pcmt Care 

X = OP', y = PP', z^OP 

Fig. 20. Ilir. 21. 





the yalues of which {0 being taken = 1) are 



X = cos a 

y =s sin a cos J5 

2 = sin a sin B 

If now the axis of X be made to pass through A^ Fig. 21, without changing 
the position of the plane XT we shall have for a;', y', «', the co-ordinates of C7 referred 
lo the new axes, 

Z' sss COS 6 

y' sss — sin 6 COS A 
2^ sss sin 6 sin j1 

The axis of z being unchanged, the relations between x', y', and x, y, are expressed 
simply by the formulsa for the transformation of co-ordinates in a plane ; the in- 
'.lination of the new axes to the first is here expressed by e, and the formules of 
transformation are therefore 

X =s x' COB c — y' sin c 

y = a;' sin c + y' cos e 
zz^z' 

substituting the yalues of the co-ordinates, we have at once the three following 

' mdamental equations : 

cos a = cos c cos b -}- sin c sin b cos A 
sin a cos £ sss Bin e cos b — cos c sin b cos A (m) 

sin a sin J? == sin 6 sin A 

rmch are identical with (4), (6), and (3). 

113. Having established the complete generality of our fundamental equations, 
we ma} now employ for the solution of the general triangle any of those deduced 
from them in Chap. I. 

As a single trigonometric function is not sufficient to determine an unlimited 
i»ngle or arc, (PI. Trig. Art. 53), it becomes necessary in most cases to deduce ex- 
pressions for both the sine and cosine of the required part. 

It will be found that all the six cases of the general triangle admit of two solutions, 
but that they all become determinate, wherij in addition to the other dma, the sign of 
the sine cr cosine of one of the required parts is given. In the practical applications in 
astronomy, 't mostly happens tl.at the conditions of the problem supply this sign. 
* 28 T 
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114. Cask L Given 5, c and A. First Soluiion ; when one of the remaining tn* 
gles, as B, and the third side a are required. The relations between the gi?eu and 
required parts are 

cos a ^ cos e cos 6 -|- Bin e sin 6 cos A 
sin a cos ^ ^ sin c cos b — cos c sin 6 cos A - (13t>) 

sin a sin ^ ^ sin 6 sin J. 

The signs of the second members will be known from their computed numerical 
values; the sign of cos a is therefore known. If the sign of sin a is also 
given, the quadrant in which a must be taken will be known ; the second and third 
equations will determine the sign of the sine and cosine of B, and therefore the 
quadrant in which B is to be taken. 

In like manner, if the sign of either cos B or sin B is given, that of sin a becomes 
known, and the problem is determinate. If no conditions are atttached to the ro 
quired parts, there must be two solutions. 

The numerical solution will be conducted as follows : The values of the second 
members (or simply their logarithms) are to be separately computed, and their 
signs carefully noted; then the quotient of the 8d by the 2d (or the difference 
of their logs.) will give tan B, and hence P, which will be taken in the quadrant 
indicated by the signs of the sine and cosine. Then the 8d divided by sin B, 
or the 2d by cos B, will give sin a, which, agreeing with the value from the 
let equation, will serve to verify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
ceding chapter. 

1st. Let k and ^ be determined by the equations 

A; sin ^ ^ sin 6 cos A 
k cos ^ S3S cos b 

k Ymng a positive number (PL Trig. Art. 174) ; then 

cos a sss k cos (c — ^) 
sin a cos 5 =s= A sin (c — ^) 
sin a sin ^ =: sin 6 sin ^ 



- (197) 



2d. Eliminating k, and taking <p < 180'', (PI. Trig. Art 174), 

tan ^ =s tan 5 cos ^ (^ < 180'') 
cos 6 



cos^ 



cos (c — <p) 



_ eoab , . 

sm a cos B = sm (e — 0) 

cos ^ ^ ^^ 

sin a sin ^ =s sin 6 sin A 



(198) 



od ff tl9 quadrant in which k is to be taken it given, we may give the prece<ling 
equations tne following form : 



tan <p s= tan b cos A 
tan acoa B s= tan (c — ^) 
sin tan A 



tan aBin B = 



cos ( c — ^) 



(0 < I80°j 



(iw; 
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4Ul If both a and h are less than 180®, as not unfreqaentl^ happens in the aiypli- 
lations of this problem, let 



k 
sin h 



sma 



thou m cad n are both positive numbers {k being positiye) and (197) giyes 



Chech. We find 



m sin ^ =s cos ^ 
m cos ^ =: cot 6 
II sin J9 = sin ^ tan A 
n cos B =1 sin (c — <p) 
cot a = cot (e — <f) cos ^ 



sin (c — 0) sin a. cos B tan -4 
sin "" sin b cos ul tan B 



(200) 



cos (c — <f>) 
cos ^ 



cos a 

' cos 6 



(201) 



besides which we may employ, in connection with (200), the equation sin a* sin B 
«s sin bein A; or in connection with (197) or (198) the equation tan a cos J? == 
tan {c — 0). Or when (197) and (198) are employed, we may find a both by its 
sine and its cosine. 

115. The angle C may be found in the same manner as B^ interchanging B and C, 
b and c, in the preceding formulae. But when B and C are both required, the Se- 
cond Solution to be given presently is preferable. 

Example. 

Given A = 261° 16' b « 46° 54', e = 188° 82', and a < 180«; to find a and B. 
We shall first employ (197). The first column of the following computation, con 
ttiining the symbols expressing the operations to be performed, should be prepared 
before openintr the tables : 

A 2610 16' 
b 450 54' 
e 138« 82' 



log sin A 


— 9-9949362 


log cos A 


— 9-1818744 


log sin b 


+ 9-8562008 


log cos 5 = log * cos 


+ 9-8425548 


log sin 6 cos ^ =s log A; sin <p 


— 9-0375752 


log tan ^ 


— 9-1950204 


log cos 


4. 9-9947386 


log A 


+ 9-8478212 


* 


851» 6'42"-6 


*c-0 


1470 26'17"-4 



* As ; > c, we take c = 138® 32' + 360°, so that c — may be a positive anRle; 
hut it would be equally convenient to take c — = — 212° 33'42"-6 
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Iog8m(e~0) +9-7809514 

log 008 (e — 0) — 9-9257808 

log k 008 (c^^) SM log 008 a — 9-7785515 

a 126«25'6''-6 

(1) log sin 6 sin ^ «« log sin a sin ^ — 9-8511860 

logAsin(e — ^) nlogsmacoB^ +9-5787726 

log tan ^ ~ 0-2728684 

B 298«6'26"-8 

log sin a + 9*9056351 

log sin ^ —9-9455009 

(1) Cheek, log sin a sin ^ —9-8511860 

if a were not limited, we should have two solutions, the second being 
a 8 288<> 84' 68"-4, B » IIS^ 6' 26"-8. 
We shall next give the oomputation by (200), which is applicable to this example. 

f noe botl a and 6 are less than 180^. 

A 20P 16' 
6 45« 54' 

e 188^82' 

log 008 ^ ss log m sin — 9-1813744 

log oot 6 89 log m 008 ^ + 9-9863540 

log tan ^ — 9-1950204 

^ 851<» 5'42"-6 
c — ^ 147<»26'17"-4 

log tan ^ +0-8185608 

log sin —9-1897534 

log tan ^ sin as log n sin ^ — 00033142 

log sin (e — ^) s log n oos i? + 9-7309514 

log tan ^ —0-2728028 

B 298«6'26"-9 

log cos ^ +9-6781879 

logcot(c — ^) —0-1947789 

log COS B cot (e — 0) ss log cot a — 9-8679168 

a 126«25'6"-7 

116. Case L Given 6, e and A. Second Solution; when the two angles B and C/, 
tr when all the remaining parts are required. We have, by Gauss's Equations (44), 

cos } a sin } (jS + (7) = cos } (6 — c) cos } A 
cos i a COB i (B -{- 0) =s cos } (6 + c) sin } ^ 
sin } a sin i (B — Cf) s=s sin } (6 — c) cos i A 
sin } a cos ^ (B — C7) s= sin } (6 + e) sin } ^^ 
From the first two we deduce i {B + C) and cos } a, and from the second two 

\ (B — C) and sin } j, whence By C and a. The problem becomes determinate, ss 

before ; that is, when a is limited by one of the conditions 

a < 180O, or a > ISO* 
for then the signs of both cos } a and sin } a will be known.* 

* By Art. 27, Gauss's Equations may also be taken with the negative sign when 
the triangle is unlimited, as in the group (45), but the same final results are ob" 
tained from either (44) or (45). See note at the end of this chapter, p. 227 
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Example. 
0«me as in Art. 115. a < 180^. 

A 2G1« 16' 

b 45« 54' 

e 188« 32* 

} (& — c) 46« 19' 

} (6 + c) 920 13' 

i A 130® 88' 

log <l 3s log cos K^ — ^) + 9-8392719 

log s log sin } (6 — e) ~ 9-8592393 

log / B log cos ilb + c) — 8-5874694 

log y 3s log sin } (6 H- e) + 9-9996749 

log COB i ^ — 9-8187250 

log sin } ^ + 9-8801808 

log dooB^Azs log cos } a sin } (J? 4- ^ ~ 9-6529969 

log / sin ^ ^ = log cos } a cos ^ (^ + ^) — 8-4676497 

log tan i{B+ C) + 1-1853472 

i(B+C) 266oi5'58";0 

log sin i{B+ C) — 9-9990771 

log cos } a + 9-6539198 

i a 63° 12''33"-8 

log e cos } ^ SB log sin } a sin } (i? — (7) + 9-6729643 

log y sin } ^ s= log sin } a cos ^ (B — C) + 9-8798552 

log tan K5 — (7) + 9-7981091 

}(jB— C7) 81o50'28"-7 

log sin } (jB — (7) +9-7222788 

VerifieaHon. -{ log sin } a -f 9*9506855 

i a 68« 12' 33"-3 



I 



= 2980 6'26"-7 

An$. ^ C = 234«25'29"-8 

126^25' 6"-6 



il7. If a only is required, we may find it by one of the methods of Arts. 75 aid 
76 ; ani if the sign of sin a is given, the solution is determinate. If the sign of 
sin B or of sin C is given, we find that of sin a by inspecting the equation 

sin A sin b sin A sin e 
sin a — — 



sin B sin C 

118. Case IL Given A, and b, Fint Solution; when the third angle Bt and 
one of the remaining sides (as a) are required. 
The general relations between the given and required parts are 



cos ^ =3 — cos C cos ^ 4* 9^1^ ^ sin A cos b 
sin ^ cos a = sin C cos A + cos O sinAoosb 
sin ^ sin a s=a sin ^ sin b 



I (20 



which are solved in the same manner as (196). The problem is determinate when 
the sign of either sin B, cos a, or sin a is given. 

t2 
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Adapting ^20S, /or logarithms, we find 
Ist. 



2d. 





** sin 5 » 


cos^ 










A 0083 = 


sin^ 


cos 


b 






COS^SB 


it sin 


(C 


-^) 




sin 


J? cos a =3 


k cos 


(0 


-^) 




sin 


^ sin a =s 


sin^ 


sin 


b 






COt^s 


tan^ 


cos 


b 






COS^ss 


cos A 

sin ^ 


sin 


(C- 


^) 


sin 


^ cos a s= 


cos A 
sin 3 


cos 


(C- 


^) 


sin 


^ sin a =a 


sin^ 


sin 


b 





(k positive) 



(3 < 180O) 



^d. When th i quadrant in which B is to be taken it given ^ 
cot 5 =1 tan A cos b 
tan B cos a =s cot (C — ^) 
tan 6 cos ^ 



(3 < 180*>) 



tan i& sin a =3 



8in(a— 3) 



4th. When A and B are both lest than ISO^', let 

k maB 

then p and ^ are positiye numbers, and we have from (204), 

/7 sin 3 =s cot A 
p coB^ ss cos b 
^ sin a = tan 6 cos ^ 
y cos a = cos (C — 3) 
cot J?= tan (C — ^) cos a 



Cheeke. We have 



(204) 



(206) 



1 

V (206) 



. (207) 



COB (C— 3) 

cos 3 



sin B cos a tan b 



' sin ^ cos 6 tan a 



sin {C — 3) cos J? 
sin 3 cos A 



(208) 



* The same factor ^ is used her« and in (197), although the auxiliaries ^ and 3 are 
differc^nt. To show that k has the same value in (197) and (204), let the squares qI 
the equations 

A; sin =1 sin i cos A k «os ^ =s cos b 

be added ; we find 

^ (sin* + cos' 0) = A:* = cos' b + sin' b cos* -4 = 1 — sin' b sin* ^ 

ai.d iu the same manner, from the equations 

A; sin 3 = cos A k cos 3 = sin .4 cos ( 

we find 

A;* :s 1 — sin* b sin' A 

and then fore, in both cases. A- ss ^{1 — sin' b sin' A) 
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besides which we may employ, with (207), the equation sin JS sia a sss sin A sin b: 
or with (204) and (205), the equation tan B cos a = cot (C — ^). Also, when 
(204) or (206) is employed, we may find B both by its sine and its cosine. 

These formulse are computed in the same manner as those of preceding case. 

119. Casb II. Given A^ C and b. Second Solution; when the two sides, a and e, 
or nil ihe remaining parts, are required. We employ Gauss's Equations in the fol- 
lowing form : 



sin } 2? sin J (a -{-'e) =s cos J (-4 — C) sin } b 
sin J ^ cos J (a + <') = cos J (^ + (7) cos J b 
cos J 5 sin } (a — c) = sin i (A — 0) sin J b 
cos i B Gos^ (a — c) =s sin ^ (A -{- 0) cos J b 



(209) 



whicii are solved in the same manner as (202). 

Example. 

Q.f^ S'^ 121® 80' 19"-8, O = 420 15' 13"-7, b s= 40o 0' 10", ^(tB> 180«. 

By (209). 

b 40O 0'10"0 

A 121« 36' 19"-8 

C 42« 15' 13"-7 

}(^ — C) 39°40'33"0 

i{A+ C) 8P55'4G"-7 

ib 20« 0' 5"0 

log d = log cos i{A — C) + 9-8863038 

log « = log sin i (^ — C) + 9-8051224 

log/ = log cos i (A + C) + 9-1473326 

log^ = log sin ilA+ C) + 9-9956775 

log sin } 6 + 9-5340806 

log cos i 6 + 9-9729820 

log rf sin } ft = log sin } J? sin i {a + e) + 9-4203844 

log/ cos i 6 = log sin J 5 cos J (a + c) + 9-1203146 

log tan i{a+ c) + 0-3000698 

i{a+c) 63° 23' 8" -8 

log sin i(a+c) + 9-9513526 

log sin J ^ + 9-4690318 

iB 1620 52'28"-6 

»log (. - « sin } i) = log (— cos i B) sin } (a — c) — 9-3392030 
*log (— y cos J 6) = log (— cos J B) cos i (a — c) — 9-9686596 

log tan i (a — c) + 9-3705435 
\{a'-'C) 193°12'32"-9 

!a = 256° 35' 36" -2 
c = 230° 10' 30"- 1 
J5== 3250 44'57"-2 

* The sign of eacii of these factors is changed because B > 180°, and cos i B In 
negative. 

f It was necessary to increase ^ {a -{- c) by 360°, to obtain c. The corrcspOL.d- 
ing value of b would be 616° 35' 36' -2. See note at the end of this chapter, p. 227 
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1 20. When B only is required, we may employ the methods of Arts. 81 and SS^ 
which are determinate when the sign of sin B is given ; or when that of either sin a 
or sin e is given, since we may then find that of sin B by inspecting the equations 

. - sin ^ sin b sin (7 sin 6 

sm B == ss : 

sin a sin e 

121. Case III. Given a, b and A, First Solution; when the three remaining partf 
B, C, and e are all required. 

We find B by the equation 



. - sin ^ sin 5 
Bin B = ; 



(210) 



wbich is determinate when the sign of cos B is given. 
Then, to find C, we have 

— cos C cos A 4- sin C7 sin^ cos b =s cos B 
sin CcosA + cos C7 sin ^ cos 6 = sin ^ cos a 
which have already been employed and adapted for logarithms in Art. 118. If we 
denote the auxiliary by 3, and put C — 3 =s y, we find, from (204), 
A sin ^ = cos A (k positive) 

A: cos ^ s= sin A cos b 

*siny = cosjB [ (211) 

k cos y sss Bin B cos a 

To find Cf we have 

COB « cos 5 4" Bin c sin 6 cos ^ ss cos a 

sin c cos b — cos e sin b cos ^ = sin a cos B 

which have already been employed and adapted for logarithms in Art 113. If we 
denote the auxiliary by 0, and put e — <p sa <p', we find, from (197), 





& sin ^ =x sin b cos A 


{k positive) 1 




^ cos s= cos b 






k sin <p' a= sin a cos B 






k cos if/ =s cos a 




Cheeks. We have 


«=♦+♦' 


J 


sin^ 
siny 


cos A cos ^ 
cos B cos y 


tan a 
tan 6 


sin <p 


tan B cos <p 


cos b 


Binf 


~" tan^ cos^' 


cos a 



(212) 



(218) 



One of which maybe used as a check when either or e has been alone comrnted.* 
When both C and e have been found, the obvious check is 

sin O sin -4 /"214^ 



♦ The following relations deserve a passing notice : 



sin <p cos 3^ 
COS 0' sin ^ ' 



• sin b sin B 



sm iff cos 5 » ' A 
— ; — - =i SOL asm A 

cos sm y 



lan <p tan <p- .. .,„ ••r..^ 
- — ^ — ^, = sin* a sm' B = sm* b sm*il 
tan ^ tan y 

sin 2 ^ sin 2 y sin* b 

sin 2 3 sin 2 0' sin* a 
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EXAMPLB. 

CUwn a =■ 1260 26' 6"-6, i «- 188° 32' (V , ^ » 261« 16' (T, and eos £ negatir* 



By (210), 



By (211), 



a 


1260 26' 6"-6 


6 


138«32' 0"-0 


A 


2610 16' 0"-0 


log sin a 


+ 9*9056351 


log sin b 


+ 9-8209788 


log sin A 


~ 9-9949352 


log sin ^ 


— 9-9102789 


-B 


2840 25'29"-8 


log COS b 


— 9-8746795 


log sin ^ 008 6 s=s log k cos d 


+ 9-8696147 


log cos il ^ log A: sin d 


— 91818744 


log tan^ 


— 9-8117597 


^ 


348o24'63"-0 


log cos a 


— 9-7735516 


log sin ^ cos a = log k cos y 


+ 9-6838304 


log COS ^ = log A: sin 3' 


— 9-7647520 


log tan y 


— 0-0809216 


y 


809O41'33"-7 


» + y = c 


2980 6'26"-7 



Bj (212), 



log sin 5 cos ^ ss log A; sin ^ ~ 9*0023532 

log cos 6 = log it cos ^ 9-8746795 

log tan + 9-1276787 

1870 88' 31"-8 

log sin a cos ^ s= log A: sin 0' — 9-6703871 

log COS a =s log A; cos 0' — 9 •7736615 

log tan 0' + 9-8968356 

0' 218oi6'28"-6 

^+^' ==c 450 53'59"-9 

log sin O — 9-9456010 

log sin e + 9-8562006 

l^«(s^) -0-0893004 



Cheek. \og(^^\ -0 
° \sm a / 



0893001 



In tliis example, both 3 + ^' ^^^ ^ 4- ^' exceed 360o, and consequently we have to 
aeduct 360o from each of them. We might have avoided this, however, bj taking 
y = — 50O 18' 26"-8, V = — 1410 44/ 8l".4. 

122. Casb III. Given a, b and A. Second Solution ; when C and e are required 
without finding jB. 

We have only to eliminate B from the fourth equation of (211) by means of (210). 
and then (omitting the third equation) determine y by its cosine, observing, however 
to take it so that sin y shall have the sign of cos B, which sign is supposed to be 
given. The formulae for finding C thus become 
29 
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i| rin 9 s eot ^ (k podtiTe) 

k COB ^ Bs tan A wm b 
€08 y a* 008 9 oot a taa^ Y (215) 

(y < 180« with the Biga of 008 ^) 
OMm^ + y 

To find Cf wo oboorro that 8m ^' hM the 8iga of 8m a oo8 ^^ 80 that wo haTO the 
following formnUB : 



A8infBs8in5oo8^ (k po8itiTo) ^ 

Jfe 008 ^ ca 008 & I 

008 ^ C08 a I 



(216) 



(218) 



(^' < 180<> with tho sign of ain a ooa B) 

Cheek. Tho oqnation (214). 

123. Gabs IY. OiTon A, B and h, Fkrtt Solution; when the three remaining part8 
8y e and C are all required. 

Wo find a b j tho equation 

which ia determinate when tho aign of oo8 a is giron. The remainder of the solution 
Is by (211) and (212). 

124. Casb rv. Given A, B and 6. Seeond Solution: when e and are required, 
without finding a. 

W» easily find, from (211), 

jb sin 9 ca cos ^ (k positiTo) 

it cos ^ ca sin ^ cos & 

.„ V sin ^ cos ^ 

am y Bs 3 — 

cos^ 

(cos y and sin ^ cos a to hare the same sign) 

And from (212), 

it sin ^ BS sin & cos ^ (k positiTo) 

jk cos :s cos 6 
sin 0' as sin ^ tan A cot B 
(cos ^ and cos a to haye the same sign) 

Cheek. Tho equation (214) 

126. Casb V. Giyon a, 6 and e. The formula 

cos a — cos 5 cos e ,ooa\ 

008 ^ a . . . . (220) 

8m 6«m e ^ ^ 

determines A when the sign of sin A is known. If the sign of sin ^ or of sin (7 i« 
gi ran* that of sin ^ becomes known by the equation 

sin ^ sin ^ sin (7 
sin a *^ sin ^ sin c 



(219) 
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The formalsB (81), (88), (84), maj be used, each of which will become determi- 
nate when the sign of either sin ^, sin ^, or sin (7 is known. 
126. Casb YL Given A, B and C. The formula 

cos ^ 4- cos ^ cos O .rtrt, 

cos a s . p . ^ (221 1 

sin^sin (7 ^ ' 

determines a when the sign of sin a is given. If the sign of sin 6 or of sin e if 
^yen, that of sin a becomes known by the equation 

sin a sin h sin e 
sin ^ sin j5 sin 

The formulsB (36), (88), (89), may be used, each of which will be determinatp 
when the sign of either sin a, sin 6, or sin e is known. 

NoTi UPON Gauss's Equations. 

In the unlimited spherical triangle, we may consider any part, as a, to have an 
infinite number of. values, viz. «, a -)- 860^, a -{- 720^, &o., expressed generally bv 
the formula a -|- 2 n r, n being any whole number or zero ; and since 

sin a s=s sin (a -)- 2 n r) cos a s= cos (a -|- 2 n r) 

all those equations of Chap. L that involve only sin a and cos a will not be changed 
by the substitution of a -{- 2 n r for a. A similar substitution may be made for 
each of the parts, or for all of them, at the same time, so that there is an infinite 
series of triangles to which these equations are applicable. 

But the substitution of a + 860^ for a, in Gauss's Equations, (202), will change 
the sign of all of them, since 

sin } (a + 860^) = — sin } a cos } (a + 860^) s=s — cos } a 

irhile the substitution of a 4* 720^ for a will not change their sign, since 

sin } (a + 720^) =s sin } a cos } (a + 720<>) ss cos } * 

In general, their sign is changed by the substitution of a '\-' {i. n -{- 2) ir for a, ana 
it is not changed by the substitution of a -{- 4 n v. The same results follow like 
substitutions for each of the parts. It follows that these equations taken only with 
the positive sign, do not include all the triangles of the infinite series above spoken 
of, and that they are complete only when taken with the double sign, and expressed 
in two distinct groups, as (44) and (45) of Art. 27. 

Inpraetieef however ^ we may take them with the positive sign only; for they will then 
give at least one of the triangles of the series, from which all the others, (and parti- 
cularly that whose parts are less than 860^), may be directly deduced by the appli- 
cation of 860O.* 

This will be illustrated by the example of Art. 119, p. 223 ; we there find 

} (a + c) = 63« 28' 8"-8 
} (a — c) = 193« 12' 82"-9 
or rather, since } (a 4* should be greater than } (a — e), 
i(a+e)ss 4280 23' 8"-3 
Ha — e)^ 198<» 12' 82"-9 

* Gauss {Theoria Motus Corp, CcdL Art. 64) recommends the use of the positive 
sign only, observing that any side or angle may be diminished^ or increased by 860^, 
as the case may require, but confines himself to the statement of this practical pre- 
sept, without explaining the grounds upon which it rests. 
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whence 

a = bl6o 36' 36"-2 

e s= 230^ l(y 30"-4 
which is the proper solution of the equations taken with the positive sign. If now 
we deduct 860^ from a, and take, as on p. 223, 

a s=s 266° 35' 86"-6 

e =r 280O l(y 80"-4 

* 
we have the solution that would have been obtained by taking the negative sign in 
all the equations ; for we now have 

i(a+e)z=z 243<» 28' 8"-8 

i{a''e)^ 18« 12' 82"-9 
which, differing from the former values by 180^, must change the sign of all the 
equations. 

I have given some further particulars respecting unlimited spherical triangles, 
and a fuller discussion of Gauss's Equations, in an essay which the reader will find 
in the AstronomioalJoumaly Vol. I., published at Cambridge, Mass. 
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CHAPTEB V. 

ABBA OF A SPHERICAL TRIANGI& 

127. Criven the three angles of a epherieal trumgUj to compute 
the area. 

This problem is solred in geometry, where it is proTed that the 
surface of a spherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the trireetangvlar triangle as there care 
right angles in the excess of the sum of the angles over two right angles. 

To express this analytically, let 

r = radios of the sphere 
T = surface of Uie tri-rectangnlar triangle 
= \ surface of a sphere = J ir r* 

K = area of the triangle ABO. 

Also, let the angles A^ B and (7 be expressed in the unit of Art. 11, 
that is, let J., B^ Q denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in die same 

unit is -^, therefore the number of right angles in 2 jS^ is 

2 X 
and we have, according to the above theorem of geometry, 

2r=.2'x(i^-2)=?|:(2^-ir) 

or K^f^{2 8-%) (222) 

and if the radius of the sphere is taken => 1 

128. In a plane triangle the sum of the angles is equal to ir, 
and in a spherical triangle the sum exceeds ic by K\ hence this 
quantity, K^ is commonly called the spherical excess. 
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129. Cfhen th» three Hdet, to find the area. 
Bj (228), we hsTe 

Bin}jr=8m(5— y)« — 008 5 

008 } JTas 008 (s^^j sa nn i9 

tan } f a — oot 5 

In whioli we hsTO only to Bnbstitate the Talnes of eos 8, ein S, and eot S, given in 
Art 84, to obtain the required eohition. We find, [« sa } (a + ( + e)], 



:224) 



. , g.^ ^[sintBin (» — a) sin (t -- b) sin (• — g)] 
2 008 } a 008 J 6 COB J c 

. ^ COB a 4- 008 5 + 008 e 4- 1 

008 f A ^ — 3 = =-= = 

' ' 4 008 i a 008 J 6 008 f« 

COiP i g + COB* } ft + COi<* } C — 1 

2 008 J a COB } 6 008 J e 
The numerator of (226) being denoted by n, we find, 

oot}^= 27i 

which is known aB De Oua^t formula. 

Again, from the formnla of Art 85, since 1 — sin 5 a 2 sin *}Jr, 1 4- sin 5 s 
2cos*}ir, we find 

f sinj^sinH^-^) Bin H*-^ Bin H*-en 
smt^ra^l^ oosJacosiftcoBie J 



(226) 



(226) 



(227) 



foOB }« COB \ (9— a ) COB H'"" ^) 008 } (• — c) "| 
C0B}^«V/L 00B}aC0B}ft008}c J 

tan}Z=^[tan}«tan}(«— a)tan}(«— ft)tan}(«— f)] 

the laBt of which is known aB LhuUliei'a formula. 
180. Oiten two tides and the included angle, (or a, ft and C) to find the 
We hare, from (224), by (71), 

^ , __ cot} a cot} ft 4- COB (7 

COt*JL sa : — 7= 

^ BinC 

•r 

tan }a tan} ft Bin (7 
tan} A» 2^tan}<itan}ftcoB(7 



(228) 



{!» 
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181. \{ we admit more than three parts of the triangle into the expression 3f K, 
we haye, by (56) and (67), 



* COS J e 

J-_ COS i a COS } 5 -{-sin} a sin }& cos C7 
cos } e 



> r230) 



the qnoUent of which giyes (229). 

182. Since there are always two triangles upon the surface of the sphere which 
have the same three sides, (Art 110), the angles not being limited to yalnes less than 
ISQo, the formnlsB (225), (226}, (227) should give the areas of both of them, and 
their sum should be equal to Uie surface of the sphere = 4 «*. In fact, by (225), 
sin } JT may be either positive or negative, while by (226) the cosine is ftdly deter- 
mined, so that these formulso give two values of } JST whose sum is 2sr, and therefore 
two values of K, whose sum is 4«-. 

It follows that (225) alone is not sufficiently determinate when the triangle is un- 
limited, since it gives four solutions. The most convenient formula is therefore 
(228), for we must always have } iT < sr, and the double sign of the ndical gives 

fk« two Tallies of } JT, one leei and the other greater than ^. 
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CHAPTER VI. 

DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRUNGLE8. 

138. Two parts of a spherical triangle being constant, and a third 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(PI. Trig. Chap. XII.), this will be effected by a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differences^ an 
give them the positive sign, (PI. Trig. Art. 187). 

134. Case I. A and c constant. The parts of 
ABC\ Fig. 22, being A, c, jB, (7, a, J, those of the 
derived triangle ABC are A^c^ B + aB, + A(7, 
a + Aa, b + Ab; and the parts of the differential 
triangle BOO' are a,a+ Aa,Ab, 180° --O.C+aO 
and aB. We have, then, in B00\ by (3), 

sin Ab _ sin (a + Aa) __ sin a 
sin a£ sin &m(0+ aO) 

Also, in B00\ by (40), we have 

sin |(180°- (7+(7+A(7) tanj- a6 

sin J (180° - (7- (7- A(7) ""tan J(a + Aa- a) 

whence 

tan i Aa ^ co8(0+iAO) ^232) 

tanAAJ cosjA(7 

By (41) we find in a similar manner, 

tan^ Ab ^ tan (a + J Aa) (285f> 

M^A^ sin({7+jA(7) ^ ^ 




(231) 



By (42), 



sin ^ Aa __ sin {a + j Aa) ^234^ 

tan IaB^ tan (C+IaO) 
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By (48), 

tan J A (7 ^ cos {a + j Ag) /22g . 

tan^A^ *" cos J Aa 

By combining (282) and (238), 

tan I Aa ^ tan (a + | Aa) /oogN 

tanjAa" tiii"((7+iA(7) ^ ^ 

As these formulae involve the increments In the second members, 
Aey are to be computed by successive approximations. (See 
PL Trig. Art. 201). 

135. Case II. A and a constant. The given 
triangle being AB Oj Fig. 23, the parts of the 
derived triangle J.' JB (7 are -4, a, JB + A -B, 6 + aA, 
0+ A(7, e + A<?. Although the figure appears to y 
show that the angle B is diminished, it is still proper -^ 
to represent the angle A'B hj B + aB, to preserve uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of diiforences themselves. Hence we put 
the angle AB A' =- ABC — A'B 0-^ B — (jB + AjB) = - A^. 
Joining A A! we have in -B -4. -4.' and QA A\ by (43), 

cos (t? + } A<?) : cos } Ac =■ — cot J a5 : tan J {A!AB + AA'B) 
cos(J + }A6): cos}a6« cotjA(7: i^xi\{A!AQ + AA'G) 

but since A is constant, or B A =^ B A' O^vfQ find that the fourth 
terms of these proportions are equal ; whence 

tan^AJg ^ _ cos {h + I Ab) cos j Ac g^^. 

tan i A(7 cos {e + ^ Ac) cos J a6 ^ ' ' ^ 

In the polar triangle of -4. JB (7, the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 



tan I Ab ^ _ cos {B + j AjB) cos J aQ 
tan J Atf "" cos {0+ J~A(7)cos I'aB 



y'238) 



InAB (7 and A BO we have 



sin x sin B ^ sin A sin b 

sin a sin {B f AjB) = sin A sin (6 -t- A/^ 
80 v2 
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thd difference and sum of which give 

sin a cos {B + \ LB) sin J aJ5 — sin -4 cos (6 + } a6) sin \ Lb 
sin a sm {B + \ AjB) cos } aJ5 « sin -4 sin (5 + J bh) cos \ £j> 
from which, by division, we find 

tan I At _ tan(ft + | A>) 
tan J a5 "■ tan(JB+ \tJB) 

and in the same manner 



(289>. 



t an \ Lc tan {e + \ Le) 
tan J A(7 "" tan ((7+ j^ A(7) 



(240) 



The product of (287) and (289) gives 

sin } aJ ^ _ sin (ft + | A5) cos | Ag 041^ 

tan \ A(7 '^^ cos (c + J A<?) tan (jB + J a5) ^ ^ 



whence also* 



sin| Ag sin (c + \ Ac) cos ^ At 

tanjAjB"" cos (6 + J Aft) tan ((7+ J A(7) 



(242) 




'^•^^ C7 186. Case HI. b and c constant. The given 

ijc, triangle being AB Oj Fig. 24, the parts of the 
derived triangle ABC are 6, (?, a + Aa, -B + aJ5, 
(7+ aO; .4 + a4. Joining (7 (7' we have inBO 0\ 
by (42), 
s 
Bln(a + J Aa) : sin J Aa = cot J a5: tan | {BOC'—BO'O) 

But obserring that J. C" — -4 C, J. CO" — ^ 0"(7, we have 

BOO'^AOO'- a 
BO'C =A0'0+ 0+ AC 
} (5 (7C" - 5 C"(7) - - (C + J A(7) 

and the above proportion gives, therefore, 

Bin I Aa ^ _ sin (a + 1 Aa) .glRl 

taniAB cotCa+iAC) ^ ' 



* The eqnationa (289), (240), (241), and (242), oontidn each two faoton lew Ottn 
tbe eorrefponding equations giTen by Cagnoli. 
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In the same manner we should find 

sin i La _ Bin(a + ^Aa) .^... 

taniA(7 "" cot(5 + jA5) ^^^^^ 



The quotient of (243) and (244) gives 

tan^ aJ9 tan {B + \ aJ?) 
tan J A(7 ^ tan (0 + J A(7) 

In 45(7and J.5(7', by (4), we have 

cos a s cos i cos c + sin & sin : cos A 
cos (a + Aa) =» cos 6 cos <? + sin 6 sin c cos (il + Ail) 

the diffidence of which gives 

sin ^ Aa __ sin h sin c sin (-4. + J A^) 
sin J aA "~ sin (a + J Aa) , 

The quotient of (243) divided by (246) gives 

sin ^ A J. ^ _ sin* {a + l Aa) tan {Q + \ Ag) 
tan \ aB sin i sin e sin {A+ ^ lA) 

and from (244) and (246), in the same manner, 

sin i lA _ sin*(fl + \ Aa) tan {B + l lB) 
tan \ A(7 sin b sin e sin {A + \ lA) 



(245) 



(246) 



(24T) 



(248) 



137. Case IY. B and constant. The equations of the pre^ 
ceding case (243 to 248), applied to the polar triangle, give 



sin ^ lA sin ( J. + ^ aA) 
tan J a6 cot (e + J Ac) 

sin^ aJ. sin {A + I lA) 
tan J A(? "* cot ( J + J Aft) 

tan I A5 tan (6 + ^ At) 
tan J A<? tan (<? + } Ac) 

sin ^ A J. sin B sin (7 sin (a + j Aa) 
sin J Aa *" sin {A + \ lA) 



(249) 
(250) 
(251) 
(252) 



(253) 
(254) 
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sin^Ag ^ rin»(A + j aA) tan (g + j Ac) 
tan I Ai sin ^ sin Osin (a + } Aa) 

gJn^Aa _ sin* (^ + ^ A^) tan (ft + | a5) 
tan ^ Atf sin ^ sin (7 sin (a + ^ Aa) 

Fdotb Differences of Spherical Right Triangles. 

188. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some cases they 
assume simpler forms. Thus in Case I., if the variable O » 90^ 
(231) and (232) become 

sin A& « sin (a + Aa) sin A^ 
tan J Aa =a — tan J aJ tan J a(7 

apd similar modifications take place in other cases. 

189. When one of the constants is 90^, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve the same variables in both memhers, which is 
generally desirable in their practical applications. "*" 

The method that we shall follow is so simple that it will be un< 
necessary to repeat it in every case. A single example will suffice 
to explain it. 

Let C (= 90®) and h be the constants ; to find the relation of Ac 
and A B^ we have between the two variables and the constant (, the 
equations 

sin J9 s sin ( cosec c 

sin {B + AjB) =» sin 6 cosec {e + Ae) 

che difference and sum of which, by PI. Trig. (105), (106), (181), 
and (182), are 

2cos(^ + |A^)siniA^^-^"^^^^^^^.+ ^^^)^^^^ 

8mesin(<j + A<?) 

28in(5 + jA5)co8iA5- 2Bmt8ip(c + |Ac)co8iAc 

sm c sm (<? + Ac) 



• Cagnoli gives these eqaations redaoed so as to inyolye the same yariables in 
Dotb members ; but in almost eyery instance his formulas inyolve two factors mort 
than are necessary, and are far less simple and conyenient than those here giyen. 
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and the qnotient of these is 

tan } £iB tan } £kc 

tan(J5 + Ja5) tan(c + i^Ac) 

which gives the first equation of the following article. This process 
always eliminates the constant, and is applicable in erery case. 

When the equation to be differenced involves cosines, we employ 
PI. Trig. (107) and (108) ; if tangents, (115) and (116) ; if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 



140. Case I. (7 = 90® and b constant. 



tan JA e 
tanjA^' 

sin A a 
sin A A 



tan(<j +jAc) 
"tanfjB+irLB) 

sin(2a+ Aa) 
sin(2J.+A^) 

8in(2g+Ag) 
cot(Z+|A3) 



tan|A e 



tan^Aa 

tan^Aa 
sinA^ 

tanjA^ 



cot(g+jAg) 
"cot(a+jAa) 

tan(a+jAa) 
'sin (25+ A^) 

tan(^+|A^) 



tan JA-B ' 



141. Case II. = 90° and c constant. 

sinA^ __ sin ( 2J.+A^) tan|Aa _ 

sinAjS Bm(2B+AFj tanjAT "" 

tanjAa tan(a+jAa) tanjAJ _ 

ta.ji{A+^AA) tan JA-B " 

8in(2a+Aa) sin A 6 



cot {B+iAB) 
cot(a+jAa) 



tanjA-4." 
sin A a 



cot(6+jA*) 

tan(6+^A6) 
tan(S+JA£) 

sin(2y+Aft) 



cot {B+^nJS) tanjAil 

142. Case III. = 90° and A constant. 



tan|Ag 
tan|Aa 

tan^A c 
sinAjB 

sinAg 
sinAi 



tan(g+jAg) 
tan(a+jAa) 

cot(g+|Ag) 
Bm{2B+AB) 

8in(2g+Ag) 
sin(2 6+A6) 



sin A a 
tan}A6 ~ 

tan|A ( 
tan JA-B ' 

tan^Aa 
tanjAB' 



cot(^+jA^) 

8in(2a+Aa) 
tan(6+jAi) 

cot{b+i^h) 
cot {B+iAB) 

cot(a+|Aa) 
tan(B+iAJ5) 



(255) 
(256; 

(257) 

(258) 
(259) 
(260) 

(261) 
(262) 
(263^ 



143. If a constant side is 90°, the equations of finite differences 
for the triangle may bo obtained by applying the preceding eq'iations 
to the polar triangle 
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DiPFEBENTIAL YaRUTIONS OF SrHSRICAL ObLIQUE TrIAKGLES. 

144* To obtain the differential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of PL Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PL Trig. Art. 192 
For example, A and e being constant, to find the relation of d a 
and dBj we have 

sin J. sin c « sin a sin (7 
the differential of which is 

0» sin a (2 sin 0+ sin Odsina 

«» sin a cos CdO+ cos a sin Od a 

da tan a 

30'™ tan O 

and to find the relation of (2 a and d (, we have 

cos a « cos J cos c + siabsinccosA 

— sin a da = — ^inbcoscdb + cos (sine cos ^0^6 
da sin Jcostf — cos J sin <? cos -4 



or by (7), 



db sin a 

da /Y 

_- = cos (7 
db 



results which agree with those found from (236) and (232), by making 
Aa, Ab and A (7 infinitely small. By either method then, the fol- 
lowing equations may be readily verified. 



>. Oasb I. A and e constant. 






d a tan a 
dO~ tanC 


d I sin a 
dB"^ sinC 


(264) 


da 

db^ cosC 


d h tana 
da sinC 


(265) 


da sin a 
dB~ tanC 


dC 
j^«-co8a 


(266) 
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146. 0a8B II. A and a constant. 



d£ 
d~Q' 

d I 
dB' 



COS b 




COS e 




tan h 




tanJS 




sin 


b 



d b 
d e" 


co&B 


d e 
dO'^ 


tane 
tan (7 


d e 


sine 


dB^ 


~ cos h tan G 



(267) 
(268) 



d b «.- . w . 

dTQ^ ^ cos tan B iB^^ "" cos 6 tan ^^^^ 

147. Case III. b and c constant. 

d d d (z , 

g-g =s — sin a tan (7 j-q = — sin a tan -B (270) 

<i.B tan-B da . , . rv «»-.v 

5^- tliiO dA= ^^^'^^0 (271) 

rfJ. sin J. dA_ sin J. 

(i5 sin B cos (7 d (7 ^ sin (7 cos 5 ^^^^^ 

148. Casb IY. J9 and constant. 

dA dA 

■j-T =s sin A tan c ^— = sin J. tan b (273) 

5-^' UT^ d^^" sin^sinc (274) 

d a sing d a sin a 

d b'^ sin J cos (? it?"" sin c cos 6 \ ' / 

Differential Variations op Spherical Right Triangles. 

The preceding may also be used for right triangles; but it 
may be desirable to have the same variables in both members, as in 
the following formulae derived from those of Arts. 140, 141, and 
142: 



149. Case L (7 = 90° and 6 constant. 

d c tan e d c cot e 

d B "^^ tan B d a "^ cot a 



{276\ 



d a ^ sin 2 a d a 2 tan a (onn\ 

dA^ sin 2 J. drB^^^P2lS ^^^^^ 



d e Bm2 c d A tan A 

TA ^ 2cot"4 JB"^^ coTF 



(278) 
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150. Casb II. 


C = 90° 


andtf 


constant. 




dA 


un2A 
sin2£ 




da 
d~f 


cot a 
"" cot h 


da 


tan a 
tan A 




dh 
dB- 


tan h 
XaxiB 


da 
dB^ 


sin 2 a 
"" 2 cot 5 




dh 
dA^' 


sin 2 5 
■"2 cot A 



161. Case III. C == 90° and A constant. 

d c tan <? d a _ sin 2 a 

d a tan a d h 2 tan h 

d c 2 cot c d h cot ( 

5^"" sin 2B JB'^ cot J5 

(2 (? sin 2 (? da cot a 



(279) 
(280) 
(281) 

(282) 
(283) 
(284) 



dh sin 2 6 d 5 "" tan 5 

152. The differential variations are often employed for approxi- 
mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
in the same unit. 

Dotxeuitial Yabiations or Sfhbbioal T&ianolbs when all thb parts abb 

Vabiablb. 
153. Let the equation 

COB a s=s cos b COB e •\' am b sin e cos A 
be diffeientlated, aU the parts being variable ; we find 

anada tss (sin 6 cos c — cos 6 sin 6 cos A)db 
4- (sin e cos 5 — cos emnb cos A) de 
-)- sin 5 sin e sin ^ dA 
Dividing by sin a, this becomes, by (7) and (8), 

da =z cos Cdb+ COB JBde+ Bin b em OdA (286) 

and in the same manner from the 2d and 3d equations of (4) we find 

(/6 =s cos ^<^e+ cos C<^a4- sin esin^<^^ (286) 

dc ^ cos ^ Ja -|- cos ^ <^ 5 + sin a sin J? <^C7 (287) 

From these three equations, any three of the six difi'erentials da, db,de, dA^ 
dBjdC, being given, the other three may be determined by the usual processes of 
elimination. 

If any one of the parts be supposed constant, its differential will become zero, 
and these equations will assume simpler forms. If two of the parts be supposed 
constant, we can easily de^'ice all the equations of Arts. 145, 146, 147 and 148. 
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CHAPTER VIL 

APPROXIMATE SOLUTION OP SPHERICAL TRIANGLES IN CERTAIN 

CASES. 

154. When some of the parts of the triangle are small, or nearly 90°, or nearly 
180°, approximate solutions may be employed with advantage. These are generally 
found by means of series. 

155. In a tpherietU right triangle (the right angle being (7), given A and e, to find b. 
Wehaye 

tan 5 SB cos ^ tan e (288) 

which is of the form in PI. Trig. (493), and may therefore be deyeloped by (495) 
and (496) by putting x =s b, i/ sst e, p =s cos A, whence 

p — 1 l — COS^ x«l^ 

a SB . , ^ — =— 1 -2 s= — tan* * A 

^ p+l 1 + C08-4. ' 

ani (495) and (496) become, [taking n = in (495), and n =s lin (496)], 

b as e^Ukn*iABm2e+ J tan*} ^ sin 4 c— &c. (289) 

- bss9r—e+ cot*}^sin2e — Jcot«}^sin4e+ &c. (290) 

If ^ is small, cos A is nearly equal to unity, and b exceeds c by a small quantitjr 
which is approximately found by one or more terms of the series (289). 

If A is nearly 180°, or cos^ nearly as — 1, d exceeds v — e by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art. 255. 

156. Although these solutions are termed approximate, it must not be inferred that 
they are less accurate in practice than the direct solution of (288) by the tables ; for 
the logarithmic tables are themseWes only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may inyolve a less theoretical error 
than the similar neglect of the higher powers in the series by which the tables are 
computed. In the examples of PI. Trig. Art. 255, the thousandths of a second were 
found with accuracy, which could not have been effected by a direct solution witii 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutions 
in astronomy. 

157. If A and b are given, to find e, we have 

tan e ^ sec A tan b 
which is reduced to PI. Trig. (493), by putting x = e, y ^t b, p s= neo A, 



sec ^ — 1 1 — cos -4 ^ ... 




and the series will be 




e » b+ tan*} ^ sin 2 6 + } tan*} ^ sin 4ft + &o. 


(291) 


e =ar— ft — cot* } -4 sin 2ft — } cot* } -4 sin 4ft — &o. 


^292) 
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158. Similar solntions apply to the equations of right trianglet, 

tan a SS sin 5 tan A 

cot J? as cos 6 tan A 

the last being solved under the form 

tan (90^ — ^} =8 cos e tan ^ 

We may also compute, in the same manner, the auxiliaries ^ and ^ in (122) aod 
(134), 80 frequently employed in the solutions of oblique triangles. 

159. In a right spherical triangle, given e and A, to find a, when A i» nearly 90^. 
"We have 

sin a =a sin ul sin (293) 

from which we deduce 

tan } (c — a) = tan* (45o — } ^) tan } (c + a) (294) 

From this we may find c — a, which is supposed very small, by successive approxi- 
mations. For a first approximation, let a =s e in the second member, and find thence 
the value of c — a and of a; for a second approximation substitute in the second 
member the value of a just found ^ and so on until two eucoessive values agree as 
nearly as may be desired. 



Given A 
Bere 45® 



EZAHPLI. 

890, c = 870 ; find a. 

i A sssO"* 30', and for the first approximation i{e+ a) ss 87«. 

logtan}(e+a) 1-28060 
log tan* (46<» — } ^) 
ar CO log sin 1" 
} (c —. a) = 299"-74 log }(« — «) 

a = 87<» — 9' 69"-48 =» 86o 60' 0"-52 



5-88172 
6-31443 
2-47C76 





2d Approx. 


8d Appbox. 


4th Appbox. 


log tan J (c + o) 

tan* (45° -M) 
'"« Binl" 


86<»65' 0" 
1-26868 

1-19615 


860 66' 8" 
1-26899 

1-19615 


860 56' 8"-17 
1-26900 

1-19616 


log He — a) 

c — a 
a 


2-46483 
291"-63 
9' 43" -26 
860 60' 16"-74 


2-46514 
291"-83 
9' 43"-66 
86« 60' 16"-34 


2-46516 
291"-8i 
9' 43"-68 
860 60' 16"-82 



The direct solution of (293) gives a ss 86° 60' 16", but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approximation to which it leads, and which is often 
•mployed. 

The process here explained may obviously be applied to any equation )f the form 



sin X SB fn sin y 



when m is nearly equal to unity. 
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160. In a spherical oblique triangle, given two eides and the included angle, to find the 
4ther angles and side by series. 

It a^b and (7 are the data, to find e, we haye 

COB e sss ooB a cw b + tan a t^ b ooB 

Substitnting half arcs, 

sin* i e =s sin* } a cos* } 5 -f cos* } a sin* } b 

— 2 sin } a cos } 5 cos } a sin } 5 cos C 

which is of the form PL Trig. (607), and may be developed by (608) by substitating 
sin } c for c, sin J a cos } b for a, and cos } a sin } 5 for b; so that (608) becomes 

U)gsm}c«logcos}aBm}6— if [^^j^ cos a+(^^j^j -g— + &<^ J ( 
To find A and B, we have, 

ten H^ + iJ) - 5^^feS cot J a 

' ^ ' ' COS } (a + 6) ' 

' ^ ' Sin } (a 4- ^) 

whence 

Jomparing these equations with PL Trig. (498), and developing by (496), n sss 0, 

1 w^ I T,N , r, tanid . ^, /tan}6\* 8in2C . ,^^^^ 

i'-H^+^^i O-^ Bm a + (^J —^ - 4o. (296) 

1 1 / ^ T>v , r, . tan } 6 . ^ , /tan 1 b\* sin2 C . ^ .^^-^ 

(f we develop by (496), we find 
},-J(^+^)=-iC+(S||)sinC-C^-) -^%4o. (298, 

i,_j(^-i.)— }a-(^).i.C-(^)-^^-4c. (299) 

from which a selection will be made in any particular case, according to the con- 
vergency of the series. The terms of the series are in arc, and must be reduced to 
seconds, by dividing by sin 1". 

This solution may be applied to the case where two angles and the included sidf 
are the data, by means of the polar triangle. 

161. To express the area of a spherical triangle in series. 

Comparing (229) with PI. Trig. (600), and developing by (602), we find 

i JT =r tan } a tan } 5 sin (7 — i tan* } a tan* } 6 sin 2 (7 + &o. (<00) 



244 SPHERICAL TBIOONOMETRI. 

162 Lboihdbb's TumoBMU. If the mdu of a tpkeriedl ttiangU wrt very trnaU eo**- 
pared with the radiut of the tphere, and a plane triangle he formed uhoee eidee are eqwd 
to thote of the epherieal triangle^ then eaeh angle ^f theplane triangleie equal to the corre' 
epondtng angle of the epherieal triangle minus one-third of the epherieal exeeee. 

Let Of b and c be the rides of the spherical triangle expressed in are, the radivfl 
of the sphere being nnity ; and let A\ B and Q* be the angles of the plane triangle 
whose rides are a, h and e. Then we haye, in the spherical triangle, 
^^- A cos « — cos 5 cos e 
sin 6 sin c 
Snbttitate in the second member of this, the yalues of cos <i, &c., in series, b^ 
PL Trig. (405) and (406), neglecting only powers aboye the fourth, yiz. 

cos a SBB 1 — i <^+ 11 ^ 

cos5»l — }£^+^5« sin5»5 — i6* 

COStfasl — J^+J*!^ sincsssc — \^ 

we find 

6e[l~i(6«+(i-)] 

Multiplying the numerator and denominator by 1 + i (^ + <^)f ^^^ neglecting 
terms of a higher order than the fourth, as before, we haye 

cos A ^ L^T 1 ' Jw-T 

which, by PL Trig. (226) and (289), becomes 

cos ^ S88 cos ul' — \he sin* A 
Let ^ s= ^' + 2, then since x is small, we may put cos x ^ 1, so that, bj 
PL Trig. (38), 

cos ^ ^ COS A! — 2 sin A! 
whence 

X ss ^ 5 e sin ul' 

But J 5 sin il' as area of the plane triangle sas yery nearly area of the spherical 
triangle s=s JT, whence 

%^\K A' T^A-^IK 

The same reasoning applies to each of the other angles, so that 

which proyes the theorem. 

168. This theorem is applied in geodelioal suryeying, and is found to be sufli- 
ciently accurate for triangles whose sides are conriderably greater than 1^. It is to 
be remembered that the rides are to be expressed in arc ; and if they are giyen in 
feet (for example), they must be reduced to arc by diriding by the radius in feet, 
or, which is eqmyalent, the area must be dirided by the square of this radius. If 
then r ss radius of the earth in units of any kind, a, b and e the sides of the tri- 
angle in units of the same kind, and k the area of the plane triangle, we shall haye 
K in seconds, by the equation 

k 



ir= 



r* sin 1" 



EXAMPLI. 

In a triangle upon the earth's surface, giyen b ^ 188496*2 feet, e ^ 1 66122 1 feet, 
and A r= 48^ 4' 82'''86 ; to find the remaining parts. 
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Vfe have k = ibesmA, and the mean value of r = 20888780 feet. Hence 

log 6 5-26363 

logc 6a9846 

log sin A 9-87159 

ar CO log 2 r* sin 1" 0-37356 

K =: 5"-04 log K 0-70224 

It is evident that great accuracy in the value of r and of the other data is not 
required in computing JT. We now have J -£" = l"-68, A' = 48° 4' 30"-67, and by 
solving the plane triangle with the data A', b and e, we find 

a » 1405800 feet B' ^ 76° 12' 22"a9 C = 56« 43' 7"-18 

Adding ^ JT to each of these angles, the angles of the spherical triangle are 

B =z 760 12' 23" -87 C = 55« 43' 8"-81. 

For further details respecting geodetical triangles, and for the methods of solving 
spheroidal triangles, special works upon geodesy must be consulted, such as 
Legendre's Analyse dea Triangles tracis sur la surface cTune sphSroide; Puissant's TraiU 
de Giodisie; Puissant's JVbt^veZ essaide trigonomitrie sphiroidigue ; Fischer's XeAriueA 
der hokeren Oeoddsie; various papers by Gauss, Bessel, &c. 

164. To solve a spherical triangle when two of its sides are nearly 90°. 

If a and b are nearly 00°, e and C are nearly equal, and it will be expedient to 
compute the small quantity C — e by an approximate method. We have, by (25), 

sin* } c = sin* } (a + b) sin* } C+ sin* } (fl — i) cos* J C 
and by PL Trig. 

Bin»} a= [sin* J (a + 6) + cos* }(« + ^)] sin* } (7 
the difference of which equations is 
sin i {0+ e) sin J (C— c) = cos* } (a + 6) sin* } C — sin*} (a — J)cos*} V 

Let 

a' = 90° — a i' 5= 90° — i 

a' and b' being very small : also, since C and e are nearly equal, put 

(hen the above equation becomes 

wnC sin }((?--<;) = sin* } («' + ^') sin* } C7 — sin* } (a' — J') cos* } C 
Dividing by sin (7 s 2 sin } (7cos } C, and substituting the arcs } (C7^ e), 
i (a' + i'), i (a' — 6'), for their sines, we find 

(7 - c = sin 1" [ (^^y tan } C - (^-^^ cot } c] (801) 

which is the required approximate formula for the case when a', b' and O are given 
to find «. 

If a', y and e are given, to findC, we may exchange (7 for c in the second member, 
v hence 

C-.«==Binr[(^^') tan}c-(^^yoot}c] (802) 
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CHAPTER VIIL 



MISCELLANEOUS PBOBLEMS OF SPHEBICAL TBIGONOMETBT. 



Vlg.2ft. 



IG*). In a givtti tpherieal iriangUf to find the perpendicular from one of the anglea ig^M 
the Ofpoeiu tide. 

Denoting the perpendicular upon the side e (Fig. 26) 
by p, we have 

Bin^ ^ sin 6 sin ul (d08; 

If the three sides or the three angles are given, we 
find by (48), or (51), and (308), 

2fi 2iV 




sin p i 



(804) 



ng.20. 



sin e sinC7 
in which n and N are given by (47) and (50). 

If we admit more than three parts of the triangle into the expression of p^ we 
have, by (55), (56), and (808), 

2 sin ^ ^ Bin ^ B . 2 cos} a cos} 5 „ ,^-_^ 

166. To find the radius of the circle deecrihed about a given spherical triangle. 

The radius here understood is the arc 0^ = OBsa 
C, Fig. 26, drawn from the pole of the small circle 
ABC to either of the angles. Let 

OAB^ OBA^x 
then C^OQA^rOCB^ OAC+OBC 
ss -4— x+5 — « 

X s= } (^ + 5 — c) « 5— e 

putting S=si{A + B+C). 
The triangle A OB being isosceles, the perpei^iicaiar 
P bisects the side 6, therefore if J. szs iZ, we have 

tan } e tan } e 

cos X 
or, by (66), 




taniZ : 
UsiR i 



(806) 



COS (S — C) 
2 sin } g sin } 6 sin } fl 

By applying the principles of Art. 87, this will give the oorresponding formnlss ol 
PI. Trig. (285). 
167. From (65) and (66) we find 

cos {8 — C) sss — cos i9 eot } a oot } 5 

by which (806) is reduced to 

— 008 O 
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AIbo, by the last equation of (66), (806) becomes 

UnJZ== ^ '^\\ . - (809) 

COS i a cos } 6 sin c7 

168. Substituting in (806) for tan } e by (89)» 

/ —cos 5 \ 

taa -« « \/ V^oos (^— ^) ooe (^— i?) COS (^— Oj 

»r,by(60), 

tani2 = ^^^^ (3103 

169. Let the sides of the triangle ABC, Fig. 27, be pro- *■*«• 27 
duced to meet in A', By and C ; and denote the radii of 
the circles circumscribed about A' B C, BA C, C'A B by 
R\ R\ B" respectively. Then if 2 5' denote the sum of 
the angles of A' B C, (^, B and C being the angles of 
ABC), 

2iSf'=:2jr — i?— a+ul 

/Sf'—ul' = «• — } (^ + ^+ ^) = "-—^ 
so that (806) applied ioA'BC giyes 

tan B » ^^i^ ^ innja 
cos (S' — A') — cos S 

and in like manner 

taniZ" 



tan B" i^ ^ 

— cos S 

Substituting for tan J a, &c., by (89), or for cos iS^by (69), 

„, cos (S — A) 2 sin ^ a cos ^ 6 cos | c 
tan B s=: ^—=r= =a = ^ i— 

If H 

p// _ cos (S—B) _ 2 cos ^ g sin } 6 cos ^ c 

iV" ~" n 

jy,f cos (5 — C) ^^ 2 cos jf g cos } 6 sin ^ c 

iV "*" n 




tan i a 


cos (S' — 


^') 


i%nib 




— cos S 




tan } e 





(8il) 



(812) 



170. Combining (310) with (812), we find the relation 

cot R cot B cot J2" cot i2'" s iV^ (818) 

If this be multiplied successively by the squares of (810) and (812), we obtain 

tan R cot B cot R" cot B" s cos* 8 
cot J2 tan i2' cot R" cot i2'" = cos* (S'-A) 
cot i2 cot B tan 5" cot i2'" =: cos* (S — ^) 
cot R cot fi' cot R" tan i2'" = cos* (8 — C) 



(81*) 
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171. Again, from (810) and (312) we find 

— tani2+tanJ2'+tanJ2"+tanJ2^ 

COa^+ C08(^ — ^)+ 008(5 — Jg)+ C08(5— C^) 

' If 

^ 2 008 M 008 i (Jg+ (7)-f 2008 i^ COS \{B^C) 

"If ■ 

ffhenoe 

— tan 22 + tan 5' + tan J2" + tan iJ"' « ^ cos M cos jf ^ co8 j g 
We shall find in a similar manner 
tan 5 — tan 5' + tan 5" 4- tan JT" =a if?LL£?? \B%m\C 



(815; 



4 sin ^ ^ C08 i Bb\xl\ C 

4 sin } ^ sin ^ jg COS } (7 

N 



tan J2 4- tan i2' — tan i2' 4- tan JT" 

tan £ -f tan i2' -f tan J2" — tan iT" 
It is also easily shown that 
tan« R + tan* R + tan* i2"+ tan« R'" b ^ + ^ ^os^ cos ^ cos (7 

1 72. To find the radius of the circle inscribed in a gioen spherical triangle, 

'*«• ^- - In Fig. 28, O being the pole of the required circle, 

draw OP^ OP" and OF" to the points of contact, and join 

OA, OB. We have OP'^ OP" and the triangles 

p, ^ Oi^' and -4 OP" right-angled at P' and P"; hence 



(81B\ 



(317) 




sinO^i^' 



sin OP' 



sin OP" 

^ s fonOAP" 



^B sin ul fAsiAO 

"^ therefore A P' r^ OA P", (for we cannot have 

CAP* sss ^ — OA P")j and the pole of the inscribed circle is consequently found 

by the same construction as in piano, namely, by bisecting the angles of the triangle. 

If then we put « =s } (a + 6 + c), and r ss radius of the inscribed circle, we 

have 

AP" + BP+ CPz=zAP"+a=:s, AP" ^M-^a 

and the right triangle A P" gives 

tan r s= sin (« — a) tan \ A 



corresponding with the formula of PI. Trig. (288). 
Substituting, in (818), the value of tan J A^ 



(818) 



tan r 



-X— 



— a) sin {s — h) sin (s — e\ 



or 



tan r : 



sin« 

ft 

sin« 



•') 



Substituting, in (818), the value of sin (« — a) given by (68), 

N 



tanr : 



2 cos } ^ cos iBcos\ O 

Also, by (61), we have iV := } sin ^ sin C sin a, which reduces (820) to 

sin } J? sin 1 (7 . 
tan r ss — ? — . .' sin a 
COS ^A 



(819) 
(820) 

(821) 
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178. Let the radii of the circles inscribed in the three triangles A BO, BAC^ 
CAB of Fig. 27, be r', f** and r'''. Then if %' denote the half sum of the sides of 
A'BQ, we haye 

2 <" s= 2 ir — 6 — 6 + a 

• — aasssr — }(a-|-&+^)^"^ — • 
10 that (318) applied to the three triangles, gives 

tan r' as sin « tan } A 
tan r'' s sin « tan } B 
tan r"' ss sin « tan } Q 

Sabstitating In these the yalues of tan } ul, &c., or of sin «, 



tanr" » ^^ 
tanr" 



N 



sin (« — a) 2 cos } ^ sin } ^ sin ^ (7 

n N 



tanr"': 



Also, by (821), 



I 



(822) 



sin (« ^ 6) 2 sin J ul cos } ^ sin } (7 

^ n N_ 

"" sin (« — c) ^ 2 sin } ul sin } ^ cos } (7 

. cos * JJ cos J (7 . 
tan f^ :s — 2 — 7— T-2 — sin a 
cos \A 

cos } B 

X _/// cos } ^ cos } ^ . 

tan f^" Bs ' — =-77^ — sin c 

cos J C7 , 

174. The product of (819) and (328) gives 

tan r tan f^ tan f^' tan f^'' s=s ~ bs n* 
n* 

whence, as in Art 170, 

cot r tan r' tan i^' tan r"' sa sin* « 

tan r cot r* tan r" tan r"' =s sin* (« — a) 

tan r tan r' cot i" tan r"' s sin* (« — 6) 

tan r tan r' tan r" cot f*"' ^ sin* (« — c) 

176. We find from (819) and (828), as in Art. 171, 

. , . X ^, • X _/« 4 sin J a sm i 5 sin * c 
— cot r + cot / + cot r" + cot r"' b 1. 2 2_ 



(823) 



(824) 



(825) 



- (826) 



oot r ^ cot f' + cot f^'+ cot r"' s 



4 sin } g cos } & cos jf c 



cot f + cot r' — cot f^' + cot r"' ^ 



4 cos } a sin } 5 cos } 



cot r + cot r' -f. cot i" — cot f^' 



,,, 4 cos ^ g cos } 6 sin } c 



2 -~ 2 cos a cos 6 cos 
cot* r + cot* ^ + cot* f^'+ cot* /" » t f ^osqws job o 



(82-0 



82 
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176. From (809) and (821), we find 

tan r 

— -rr B48m^^8in^S8m^(7GO8^aoo8}5oo8^0 (828) 

From (807) and the first of (827)» 

— cot r 4- cot r' + oot f^ + cot f^'' 8s 2 tan JZ (829) 

From (815) and (820), 

~ Un J2 4- tan ir + tan iZ" 4- ton R"' s 2 cot r (830) 

and other similar relations are fonnd bj comparing (812) with (827), and (810) 
with (828). 

177. The following relations are also worth remarking. 
[f j9 is the perpendicular from C upon e, 



„ . 2 sin i a sin i 5 

tan K smp ^ = — ; — =— 

cos J c 

2 cos ) ^ cos i B 

eot r sini> = -in 

^ sin J (7 



. (881) 



178. The poU of the circle inscribed in a epherical triangle it alto the pole of the drde 
dreumteribed about the polar triangle ; and the radii of thete circlet are complementt of each 
other. 

The arcs bisecting the angles of a giyen triangle will eyidentlj bisect the sides 
of the polar triangle, and will be perpendicular to those sides respectively; the 
common intersection of these arcs is therefore at once the pole of the circle in- 
scribed in the first and circumscribed about the second. 

Again, if we Join the angular points of the polar triangle with this common pole, 
the arcs thus drawn, being produced to meet the sides of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs = 90^, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is also obvious from the analytical expressions of the two 
radii. By means of it, we might have deduced all the formulsB for the inscribed 
from those for the circumscribed circle, or vice versa. 

179. To find the are Joining thepolet of the circles intcribed tn, and circumscribed about 
a given spherical triangle,* 

Fig ^. a Let be the pole of the circumscribed circle. 

Fig. 29, and (y that of the inscribed circle. Put 
OCy = D; then 
COB D =: COB AO COB A(y + sin AO sin AC cos OAC 

By Art. 166, we have OAB aat S^C^ whence 
OACy = S^C^iA^i{B—C) 
We have also 

CCS -40' = cos O'P cos AP ^ cos r cos (« ^ a) 

. sin O'P sinr 

sm ACr ^ -. — TiTTn ^ -: — r~i 
sm OAP Bm^A 
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rherrfore» 



eo8 D 



€08 i2 sin r 
Subvtitating by (819), (307), and (44), 



oot r 008 (« — a) 4- tan J2 ^-f— s — 



C08 D 
fi08 B sin r 



whence, '>y (58), 



Bin # C08 (# — a) + 2 8in } ft Bin } c 8in } (& + e) 
n 

8in a 4- sin ft + B^ ^ 
' 2» 



^ 008 D \*^-i l + sinasinft + sinasinc+sinftBinc- 
^ 008 i2 sin r) 2»* ^ 

by PL Trig. (179), = /8in#+2sin}a8in}ft8iniey 

B (ootr + taniZ)* 

co8*D 8s 008* (i2 — r) + C08»i28in*r 

sin* D SB sin* {R — r) — oos* R sin* r 

If the inscribed circle is inscribed in A'BCf Fig. 27, and its radius : 
**aTe, by a similar process, 

sin* /y =s sin* (i2 + r') — cos* 22 sin* f' 



- 008 a COB ft 008 e 



(»82) 
(M8) 



180. To find the equilateral spherical triangle inscribed in a given circle. 
If iZ ss radius of the giyen circle, and A =s one of the angles of the equilateral 
triangle, we haye, by (810), and PL Trig. Art. 76, 



^ » „ — cos } -4 8 cos A ^ — 4 cos" J A 

tan* R =8 ■ — = — =B ; — — 

cos" J A cos" J A 



whence 



'*^" J \4+tan*^ / 



(8341 



181. To find the equilateral spherical triangle circumscribed about a given circle. 

If r ^ radius of the giyen circle, and a =s one of the sides of the triangle, we find 



^^^ = J( 4+c!t*r ) 



(886) 



182. Oiven the base and area of a spherical triangle, to find the locus of the vertex, 

««.«>• ^ Let a =: the giyen base, and JT = area of ABC, Fig. 30. 

Produce AB and ^C7 to meet in A\ Let be the pole 
of the circle described about A'BC, The radius of this 
circle is giyen by the first equation of (811), which, by 
(224) becomes 




^. tan i a 



(886) 



The second member of this equation, being constant for 
all the triangles of the same base a, and the same area K, 
shows that R'ia also constant, and ^consequently, that the 
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point A is aliraTS found npon the circiimference of the same small «irele A'BO. 
But A and A* being the extremities of the same diameter of the sphere, A is als* 
l>und npon a small circle, eqnal and parallel to the circle A'BC. 
The perpendicular distance {f) of from the base ^(7, is found by the equati^ii 

_, COB jr 

cosy SB — 

•^ cos Ja 

and the pole of the locus of ^ is in the same perpendicular, at a distance from 
BC sa w — j/ =» p, whence 

The equations (836) and (887) determine the radius and position of the pole of the 
required locus, which may therefore be constructed. 

This elegant proposition is due to Lezell, 

188. To find the angU between ike ehorde of two ndu of a epherieal triangle. 

ng.81. 




In Fig. 81, being the center of the circumscribed circle, the angle between tne 
dhords of the sides AO and BC is half the spherical angle AOB. If, then, 

d ^ angle between the chords of a and h 
we have 

cos C, =■ cos ^OP =a sin OAP cos AP 

VT, by Art. 166, cos Ot » sin (/9— C) cos } e (838) 

By (72) this becomes 

cos Ca Bs sin } a sin } 6 4~ cos } a cos i b oobC (339) 

184. The preceding problem is employed for geodetical triangles, in which C, 
differs yery littie from (7, in which case it is expedient to compute the small differ- 
ence O^ Ct^x. We easily reduce (839) to the following : 

dos (7, = cos i(a—'b) cos* J (7— cos J(a+i)sin»} (7 

= cos* J C7 — 2 8in*t(tf— 6) cos* J C— sin*} (7+2sin* J(a+ i) sin* J C 
Subtracting cos C as eos* } C7 — sin* } C7, we haye, 

8in}((7+ C.) sin} ((7— C.) = 8in*t(a+i) sin*}(7— sin*K«— *)o<8*}^ 
or approximately, taking 

sin } ((7+ aj = sin C =s 2 sin } Coos } (7 
and sin } ((7— (7.) =a } a; sin 1" 

X being expressed in seconds, 

*«ii^.«in^i(«+ *)tan}C-g^sin*i(a-&)oot}(7 '840J 
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The arc FG is analogous to the parallel to 



YWl .Jf M grtat eSreU (DB, Fig. 82) bisect the bate of a tpheriedl trianffk st righi 
nngUa^ anjf great eirele (FO), perpendicular to it, divides the tides {AC, BC) into seg* 
mmis whoH sines ore proportioned; that is, 

sin FA : sin FC = sm GBitanOC (841) 

Let P be the pole of £D, {DP = 90O), and ^- ^ 

POF any great circle drawn through P, and 
therefore perpendicular to DJE, Then, since 

P!ff + P^ = 2 PD = 180« 

we haye, by (8), 

sin Psin FA = sinPsin PA =s sinPsin PB 
SB sin (? sin OB 

sinPsin PC7 = sin 6^ sin 6^(7 
whence, by division, the theorem (841). 
the base in plane triangles. 

186. Jftwo ares of great circles, {AB, CD, Fig. 88), terminated hy any circle, intersect, 
the products of the tangents of the semi-segments are equal to one another; that is, 

tan}^^tan}JS^j?=ston}C7^tan}^Z> (842) 

Let P be the pole of the circle DACB. Join PS '^' ^ 

and draw the perpendiculars PF, PO, bisecting the 
arcs AB and CD, Then we have 

cobFE __ cos PE _ cos PE ^ cos GE 
cobFB "" cosPfi "" cosPi> ~" COB.GD 

cos FE — cos FB _ cosg^ — cosg^ 
cos FE + cos FB "" cos GE + cos GD 

which, by PI. Trig. (110), gives (842). 

187. Jf three arcs be drawn from the angles of a tpherieal triangle through the same 
point, to meet the opposite sides, the products of the tines of the aUemate segments of the sides 
will he equal. 

Thus, in Fig. 34, we shall have 

sin AB' sin CA' sin BC ^ em CB' fan BA' On AC (843) 

For we easily find 

sin^^ sin^P sin ^P5' ^^^'^ 




smCB 

sin CA' 
sin BA' 

sin BC 



sin CP 

sin CP 

'' sin BP 

sin BP 



sin CPB^ 

sin CPA' 
sin BPA' 

BinBPC 




BinAC fm AP * sin APC 

Multiplying these equations together, the product of the second members is unity, 
whence ( 



Thf) same property is easily extended to the segments of the angles. 

188. It follows, that when three arcs are drawn from the three angles, so as to 
satisfy the condition (848), they must intersect in the same point. This occurs in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
■ides are bisected : when the three arcs are drawn from the angles to the points of 

W 
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oontaet of theinaoribed circle ; and when the three ftros are the three perpendicuAn 

upon the eidea. 
The first three of these cases are obTions. To prove the last, if A\ B and C\ 

Ilg. 84, are right angles, we have 

cosAg ^ cos CA* ^ cwBC _ cobAB ^ cos CA ^ cos BO 
cos CB" * cos BA' ' ^»A0' "^ cos CB ' eos BA * cos AC ™ 

whence eos AS cos CA' cos ^C7' = ooa C^ oos BA' cos AC 
and in the same manner we find 

tan AB' tan CA' tan BC = tan CB'tauBA' tanAC' 
The product of these two equations giyes the condition (343), and therefore the per- 
pendiculars intersect in the same point 

189. 7^ find the are dravm from any angle of a apkericaU triangU to a gwen pomi m 
the oppotiUtide, 
In the triangle FA A", Fig. 85, let PA' be drawn; we hare 

rig. 86. 




Jff A' 

COS PA' sin ^^" « cos PA' an(AA'+ A'A'^ 

B cos P A\ cos A' A" sin ^ -1' + cos P ^' cos -4 A' sin A' A" 
• But in the triangles PA A', PA' A" we have, by (4), 

cos PA' cos AA' snz cos PA — sin PA' sin A A' cos PA' A 
cos PA' cos A'A" s= cos PA" + sin PA' sin A'A" cos PA' A 
which substituted above give 

cos P ^' sin ^ .4" « cos PA sin A'A" + cos PA" sin A A' (844) 

which determines PA', the sides PA and P-4" and the segments of the side A A" 
being given. 

190. Let three arcs PA, PA', PA", Fig. 85, passing through the same point P. 
be intersected by two others -4^" and BB" whose intersection ia Q; we have seve- 
ral symmetrical relations among the parts of the figure which find their applicatioa 
in astronomy. 
Let the points A, A', A" be given in position by their distances from Q, and j^n% 
AQ^n AB ^H PB t^y 

A'Q=^a' A'Bf^fl PB^ ^y' 

A"Q ss a" A'BT ss fg* PS' a y" 

By PL Trig. (171), we have 

sin ft sin (*' — *") + sin *' sin (*"—«) + sin *" sin («— ft') » 
and in Fig. 35, 
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whence 



«Bd fimilftrly 



an a' '. 



8ma" = 



whiohy snbstitvted aboTe, giye 



Bin 
sin y 

sin^y 
sin^' 

Bin£[ 
Biny 



-:— ^ Bin («' — «") + . , Bin (« 
Bin ^ ^ ' ' Bin y ^ 



sin 


y" Bin 5" 




sin Q 


Bin 


y" Bin ^' 




Bin Q 


Bin 


y" Bin ^' 




8in$ 




.)4.«^^" 




*^ + sin v" 



77 sin (« — «r) a (315 



Again, if we ezpreBB (344) in the notation of thiB article, it becomes 
cos (^+ y) Bin («'— *")+coB (^8'+ y') Bin (*"—*) + cos {jS*^ >") sin (*-«'), 
which, added to (346), giyes 



bO (846; 



*) + = 



tany 



8in(«-«')a.0(847) 



90® 



tan^ ^ ' • tany 

191. If P ia the pole of A Q, we haye 

and (345) and (847) both give 

tan Bin (*' — *") + tan ifl' Bin (*" — «) + tan /8" sin (* — «') =a (848) 

192. To find the inclination of two acffaeent faeeB of a regular polyhedron^ and the radii 
tfthe inscribed and circumscribed spheres. 

Let O and JS, Fig. 86, be the centres of two adjacent faces whose common edge is 
/LB; the centre of the inscribed and circumscribed spheres. Draw D bi- 
secting J.^ at right angles; draw C D^ ED, which will also evidently be per> 
pendicular to ^ ^ ; and put 

/ as inclination of the faces ss CD^ 

R = radius of the circumscribed sphere ^ OA^s OB 

r sss radius of the inscribed sphere &a ss» OS 

a as one of the edges ss AB 

m = number of faces that form a solid angle 

n =s number of sides of a face 

Suppose a sphere to be described about the centre 
with any radius, and cad the triangle formed upon its sur • 
face by* the planes COD, CO A, AOD; this triangle is 
vight-angled at d and gives 

cos e a i^ 



But cose d i 



QOB ed 
i COB CO D, and 
COD^ ^(P-^CDO 
ead 



eizLoed 



i angle of the planes OAC and OAM 
2 n "^ m 




2 n n 
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therefiie 



Bin^/s 



cos — 
m 



(84») 



Then from the triangles C D, A C D^ &c,, we find 

r 



|.tan}/cot-^ 



s R 008 a e •. 



B cot aed eoi cad ss R ooi — cot — 
fi m 



R^ ^tui^/tan-^ 
2 ' m 



(860) 



(861) 



1 98. To find the turfojee and volume of a regular polyhedron. 

Let /ss number of faces of the polyhedro^i : ^ «== the surface, and Fss the 
▼olnme ; then the area of each face (the notation of the preceding article being 
eontinued) is eqnal to 



} ^.ff X C'D X n = fl^ • ■?• cot — 
4 n 



whence 

and since Fsr 5 X i ^» 



iS = a* • -f- cot — 
4 » 

r=a»-^tan}icof- 
24 ** n 



(852) 



(868) 



194. 7^0 ;?n(f the surface and volume of a paraUehpiped, given the edges anfi their weH' 
nations to each other, 

K«-»7- Let OP, Kg. 87, be a pirallelopipoJ, 

whose edges OA = a, OB r= b, = e, 
and their inclinations B0CjssA,A0C=z/Sf 
A OB ^ y, are given. 
p The area of any face, as B 0, is found by 
the formula be sin or, and therefore foi 
the whole surface, we have 
8i=2(bcBma'\-acBin0'\'abBmy) (85d) 
To find the Tolume, let CD be the aid- 
tude, then 
F=ba8e-4^X Ci> = a5sin>.x OD 
Suppose a sphere to be described about 0, whose intersections with the planet 
BOO, AOC, AOB and DOC are B'C = «, A'C =s A A'B' = >, and C'D^. The 
triangle A' CD' is right-angled at Z>', whence 

CD =z e sin CD' =s c sin /8 sin CA'B' 

or by (46), if r=: }(* + /« + >')» 

(72> = -|i- V^[sinir sin (•■— «) sin (^— /S) sin (r — >)] 

Fs= 2 a Jc v^[sinir sin (ir — «t) sin (•■ — fi) sin (^ — >)] (855) 

THE END. 




whence 



r 



^i 
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